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PREDICTION OF POLLUTION LEVEL BETWEEN
MEASUREMENT POINTS BY MATHEMATICAL MODELING
USING INTERPOLATION AND RECURSION

Introduction. There are different mathematical modeling methods for assessing riverbed pollution consequences.
Among them, there is the series of Harvey Jobson’s empirical hydrological equations, which allows measurements
between a spill point and a measurement point. The measurement between two necessary points located consecu-
tively along the riverbed is made by two calculations for these points and results comparison. Is makes it possible
to predict the dynamics of the riverbed pollution spread in time and space.

Problem Statement. The forecast by two points is, likely, inconclusive because the result is an array of insuf-
ficient size. Thus, there is a need to expand a result dataset to improve understanding the accuracy of calculations
of pollution spread dynamics.

Purpose. The purpose is to develop a method that determines pollution level between certain measurement
points and does not require additional data. The output data for the array are the peak concentration and the time
Jor the concentration to reach its peak at a particular point in the body of water.

Material and Methods. The mathematical method is based on the interpolation results in combination with
the recursion method, as a result. The output data of the method are the concentration peak and the time for the
concentration to reach its peak.

Results. In this research, the method has been developed and validated through a series of simulations. The
method validity has been proven by the graphical method, with graphs similarity as main criterion.

Conclusions. Using the method together with a series of Harvey Jobson’s empirical hydrological equations as
part of intelligent processing of the results makes it possible to predict pollution level between specific riverbed
points, by mathematical modeling, with the help of interpolation and recursion methods and thereby to increase
emergency consequences prediction accuracy.

Keywords: water quality assessment, riverbed, water pollution consequences forecasting, mathematical modeling,
interpolation, and recursion.
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There are different mathematical modeling meth-
ods for assessing riverbed pollution consequenc-
es. Among them, there is the series of Harvey Job-
son’s empirical hydrological equations, which al-
lows measurements between a spill point and a
required measurement point. The output data of
the method are the concentration peak and the
time for the concentration to reach its peak.

Predicting the results by two points is likely to
be unconvincing because the result is an array of
insufficient size. This problem is especially rele-
vant if the measured points are at a great distance
from each other.

Thus, the purpose of this research is to expand
the array of results for improving the understand-
ing of the pollution spread dynamics.

Fick’s second law modified by Taylor can be
used to determine gradient values dynamics,
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Fig. 1. Riverbed as a series of sections

Fig. 2. Trapezoidal channel model
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which requires more detailed riverbed data, the
function of which is used to characterize the ri-
verbed itself.

The task is to develop a method that deter-
mines the results of pollution between defined
measurement points and to create an array of the
values. The result for the measurement point is
the peak concentration and the time for the con-
centration to reach its peak.

The existing solution for this problem has been
implemented in such software modelsas QUAL2K
[3, 4], WASPS [5], Visual Plumes [6], etc.

The principle underlying the QUAL2K model
is to consider the riverbed as a series of proportio-
nal segments. Each section has constant hydro-
logical characteristics that simulate the process
of migration of substances in water bodies. The
river can be considered both with and without
tributaries [7]. The scheme is shown in Fig. 1.

The section corresponds to a trapezoidal chan-
nel with constant properties.

WASPS considers a riverbed to be a collection
of channels. In addition, the section is divided into
six different types, or “fields” that describe the mi-
gration of water bodies at different depths, from
surface water to sediments. Also, if the channel is
wide, it may be considered a set of segments lo-
cated in parallel while modeling their sequence in
the stream. An example scheme showing how a
wide riverbed is branched into 3 sets of segments
and then merged is shown in Fig. 3.

The Visual Plumes model considers the river to
be a three-dimensional plume described by static
hydrological parameters in a static or dynamic
state, depending on the model used. The plume is
also a set of sequences of elements.

Also, the following Fick’s second law of diffu-
sion formula derived by Taylor can be used, which
allows creating a substance concentration gradi-
ent in the riverbed:

dc,  dC__dC_ _ dC
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Fig. 3. Grid model that represents the riverbed

where x, y, and z are the stream directions, u, v, and
w are the constant velocities in directions x, 7, and
z, respectively, Cis the average concentration, D is
the longitudinal diffusion coefficient, ¢ is time.

At the same time, the gradient is described in
three directions, each having its own diffusion coef-
ficient that is derived from specialized formulas,
such as those described by Kashefipour and Fal-
coner [8].

Other models for water quality assessment in a
river work in a similar way. The described prin-
ciple has a sufficiently high level of accuracy in
the case of modeling the processes of migration of
substances, i.e. the channel is considered in suffi-
cient detail. The level of detail increases due to
the description of the channel itself. At the same
time, this approach may be disadvantageous if
the hydrological characteristics of the riverbed
are unknown, but information about released to-
xic substances effect is necessary.

Given the tasks and shortcomings of the construc-
tion of a gradient of values, the most successful
principle underlying this mathematical method is
the results interpolation method [9]. The general
formula for the interpolation is as follows:

1 n
Y=nZi. Y, (2)
The purpose of the modification is to find a

value in the middle between two points. The for-
mula for finding the concentration peak (Cp) for

ISSN 2409-9066. Sci. innov. 2023. 19 (3)

\ Set
fs ts
of segments Set 4
of seg- River
ments water flow
Set > >
of seg-
ments
2 Set
of segments
3
Set
of segments
3
[ 1 |
Y Ymid Y

Fig. 4. The searched parameter for y  between y, and y,

mid

i {1 l
Ymid Ymia+ Y

Fig. 5.The searched parameter fory, , betweeny,  andy,

i {1 i
Yy Ymid- Ymid

Fig. 6. The scarched parameter fory ., betweeny, andy,

an arbitrary point in the middle between two po-
ints has the following form:
Cp, +Cp
Cpy= g 3)
where Cp, is the concentration peak in point 1,
Cp, is the concentration peak in point 2, Cp,__ is
the concentration peak in the middle point.
Similarly, we may determine the time when the
concentration of the substance reaches its peak.
The formula has the following form:
Tp, + Tp
Ip, =5 (4)
where Tp, is the time when the concentration
reaches its peak in point 1, Tp, is the time when the
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Fig. 7. Relationship between peak concentration on dis-
tance, without the use of the method
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Fig. 8. Relationship between the time when the concentration
reaches its peak and the distance, without using the method

Table 1. Input Values of Point 1 and Point 2

Distance

Time when the

Point No. from the concentration Pesk G
initial point reaches its peak concentration
1 6950.318 4.28 2297
2 226580.5 126.07 0.64
Table 2. Results Calculated at the First Level
of recursion with the Use of the Method
Distance Time when the Peak
Point No. from the concentration e? (i
initial point reaches its peak concentration
1 6950.318196 4.28 22.97
61857.8639 34.7275 17.3875
116765.4096 65.175 11.805
171672.9553 95.6225 6.2225
2 226580.501 126.07 0.64
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concentration reaches its peak in point 2, Tp,__ is
the time when the concentration reaches its peak
in the middle point.

The place is determined by the logic of devia-
tion from the first point in a similar way. However,
it is necessary to determine the distance from point
1 to point 2. The calculation formula is as follows:

D=D,-D, (5)
where D, is the distance from the first point to
point 1, D, is the distance from the first point to
point 2, D is the distance from point 1 to point 2.
The middle between points 1 and 2 is calculated
by the formula:

_D
D,,=5

mid (6)
where D is the distance to the middle. The dis-
tance from point 1 to the searched point is deter-

mined by the formula:

D,=D +D,_, ()
where D, is the distance from the first point to
point 1, D . is the distance to the middle point,
D is the distance to the searched point between
points D, and D,.

The described approach allows determining
the middle point between points D, and D,. Thus,
we have a 1.5-time larger array that reflects the
dynamics. The array size may be not enough, es-
pecially when it is necessary to determine the
concentration of the substance located in the riv-
erbed over long distances.

In this case, it is necessary to use the recursion
algorithm that allows determining the middle
point between point 1 and the middle point be-
tween point 1 and 2.

In the same way, we may find the middle point
between D, and D,, as well as between Dgand D,
The formulas representing this principle have the
following form:

J’_
R ®)
where y, is the searched parameter in point 1,y
is the searched parameter in the middle point be-
tweeny, and y,,y ., isthe searched parameter in
the middle point between y, and y

mid®
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Similarly:
ymid + y2

= —y

ymid+ 2

)
where y, is the substance concentration in point
2,y ... is the searched parameter in the middle
point between y_ and y,. Schematically, the in-
terpolation logic is shown in Figs. 4, 5, and 6.

Thus, using this logic, it is possible to obtain a suf-
ficient array of values to reflect substance concentra-
tion distribution dynamics in the riverbed. The dis-
tance difference can be a condition to complete re-
cursion. A 200 m distance difference between neigh-
boring points may mean that the recursion cor-
responding level calculations are the last ones.

The correctness of the method can be proven
graphically. The main criterion is the graphs similar-
ity displaying the values without interpolation and
the output array formed as an interpolation result.

In Table 1, there are given values in 2 points,
the peak concentration and the time when the
concentration reaches its peak.

The graphs for the given points are shown in
Figs. 7 and 8.

Using the method at the first regression level is
sufficient to prove the method correctness and to
obtain the results array shown in Table 2.

The mentioned results are shown in Figs. 9 and 10.

Having analyzed the graphs in Figs. 7—8 and
9—10, we find that they are identical. This means that
the method does not create errors, and therefore the
correctness of this method can be considered proven.

Therefore, using the method together with a se-
ries of Harvey Jobson’s empirical hydrological equa-
tions, as part of results intelligent processing makes
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it possible to predict the pollution level between
riverbed specific points by mathematical modeling,
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This method involves creating the data array
that describes pollution spread dynamics in time
and space. The method gives results for the peak
concentration, the time when the concentration
reaches its peak, and the distance between points.
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IMTPOTHO3YBAHH PIBHA 3ABPYAHEHHA MIJK TOYUKAMM METOZIOM
MATEMATUYHOTO MOJIEJTIOBAHHS 3A JIOITOMOTOIO THTEPTIOJISIIIT TA PEKYPCIT

Beryn. [cHyioTh pisHi METOAM MaTEMaTUYHOTO MOJEIIOBAHHS OIIHKY HACIIAKIB 3a0pyAHeHHs pycia pidok. OIHUM 3 TaKUX
€ cepist eMITiPUYHUX TiZAPOoJIoTiYHIX PiBHsAHD Xapsi [sKo6CcoHa, 1110 103BOJISE 3/I11ICHIOBATH PO3PAXyHKN MiK TOYKOIO 3a0py/I-
HEHHsI Ta HeOOXiZIHOI TOUKOI0 obuncaeHHs. OOUKCIIEHHST PE3YJIbTaTIB MiJK [BOMA HEOOXITHUMM TOYKAMHU, 1110 3HAXOSTHCS
MOCJTIZIOBHO 32 PYCJIOM PIYKU JOCSITAETHCS MUISIXOM TTPOBEIEHHS ABOX 00YNCIIEHD IS IIX TOYOK Ta CIIBCTABJIEHHST Pe3yJib-
TaTiB, 110 1€ MOKJIUBICT IIPOTHO3YBaHHS AIMHAMIKHU HONIMPEHHS 3a0PYIHEHHS PyCJ/ia PIYKK B Y4aci Ta IPOCTOPi.

IIpo6aemaTuka. [IporHo3yBatHs pe3y IbraTiB 3a [BOMa TOYKAMH, BIPOTiHO, Oy/ie HEEPEKOHIUBIM OCKIIBKU PE3YJIbTa-
TOM € MaCUB HEJOCTATHLOT BeJndnHu. TAKMM YMHOM, BUHUKAE TTOTPe6a POIMIUPEHHS D3y IbraTiB MACUBY JaHUX JJist 301/1b-
[IEHHS YSIBJIEHHSI [IPO TOYHICTD PO3PAXyHKIB IMHAMIKY MOMIUPEHHST 320Dy AHEHHSL.

Mera. Po3po6ka MeTojy, 1110 BU3HAYA€E PiBEHb 3a0PyAHEHH MK BU3HAYCHUMU TOUYKaMK BUMIPIOBaHHS Ta He TOTpeOye
JTOJITATKOBUX JaHUX. Pe3ysIsTyiounMu XapakTepucTUKaMHU JIJIsT MACUBY € ITiK KOHIIEHTpallii Ta yac, uepe3 sIKMi KOHIIeHTpallist
Haly/ie CBOrO MKy B IIEBHIii TOYIl BOAOWMU.

Marepiam i1 Mmeroau. OCHOBOIO /11 TOOYI0BY MATEMAaTUYHOTO METO/LY € METO/[ IHTEPIOJISALIT Pe3yJIBTaTiB B OEAHAHHI
3 METO/IOM PeKypCii, B pe3yJIbTaTi 40ro CTBOPIOETHCS MACUB 3HAUEHD JIJIS TIPOMIKHUX TOYOK 32 XapPaKTePUCTUKAMHU ITiKY KOH-
HeHTpallii Ta yacy, yepes sIKUil KOHIIeHTpPaIlisi Haby/le CBOTO MiKy.

Pesyabratu. Po3po6iieno ta anpoboBaHo METO PO3PaXyHKy PiBHSA 3a0pyAHEHHS B ABOX MOCAIZOBHUX TOYKAX HLISXOM
IIPOBEJIEHHS cepii cuMyJidiii. BasiHicTs MeToy 10BeieHO TpadiuHo, 1€ TOJIOBHUM KPUTEPIEM € CXOKICTb TpadikKiB.

BucnoBku. Po3po6iieHuii MeTo | Ipu BUKOPUCTAHHI PA30M i3 CEPi€r0 eMITPUYHUX IiAPOJIOriYHUX piBHsAHb Xapsi K00~
COHa SIK YaCTHHA IHTEIEKTYaTbHOI 0OPOOKH Pe3yJIBTaTy A€ MOXKJIMBICTH TIPOTHO3YBATH PiBEHb 3a0pY/AHEHHST MiK KOHKPET-
HUMU TOYKAMH PYCJIa PIYKH 3a JI0TIOMOT0I0 METO/IiB IHTepIOJIALIl Ta peKypCii, BAKOPUCTOBYIOUN MaTeMaTH4YHE MO/IeJIIOBAH-
Hsl, 1[0 TiIBUIILYE MPOTHO3YBAHHS PE3YJIbTaTiB HACIIKIB HA/I3BUYANHUX CUTYAITill.

Kniouoei crosa: ominka sIKOCTi BOZOWM, PYCJIO PiuKH, TPOTHO3YBaHHs HACJIAKIB 3a0pyAHEHHsT BOJOIM, MaTeMaTHYHE MOJIe-
JIIOBAHHS, IHTEPIOJIALIS, PEKYPCis.
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