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USING THE FOURIER POLYNOMIAL
WITH FRACTIONAL TERMS
FOR IMPLICIT SURFACE MODELING

Implicit surfaces are widely used in computer modeling due to their ability to model complex
objects with relatively little data. Also, in contrast with explicit ways of modelling, such as
with triangle meshes and boundary representation of parametric surfaces, the implicit surfaces
are guaranteed to keep continuity and smoothness under the operations of deformation or
replication.

The explicit modeling, however, such as triangle mesh or boundary representation of
parametric surfaces, is the de facto current standard of computer modeling. The problem of
conversion from the explicit representation to an implicit one is therefore a cutting-edge
engineering problem. New approaches and specific methods are published every year, inclu-
ding those that are based on machine learning or artificial intelligence in general.
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In this work, we explore the limits of a triangle mesh to implicit surface conversion based
on Fourier polynomial approximation, although the polynomial we propose contains frac-
tional terms. The prospects of using a polynomial with solely integer terms are limited by
the Fourier polynomial’s tendency to overfit. We show that adding fractional terms to the
integer ones in a single function allows for reaching the modeling quality that could be
satisfactory for some practical scenarios, while keeping the total amount of polynomial
coefficients relatively small too.

In theory, using the Fourier polynomial with fractional terms could be used not only
for smooth surface modeling but for smooth connection of different triply periodic surfaces
along a selected plane due to the planned loss of periodicity along the normal axis. This,
however, requires studying the question of specific per-axis polynomial configuration, which
extends beyond the scope of this particular paper.

Keywords: modeling, geometric modeling, Fourier polynomial, approximation, implicit
surfaces, smooth surfaces.

Introduction

One well-known method of turning an explicit geometric model, such as
a triangle mesh, into an implicit surface is meta-balls [1] or similar me-
ta-objects based on triangles [2]. An alternative, but also well-establi-
shed, approach would be building an implicit surface as the convolu-
tion surface of a Gaussian kernel [3]. This approach can be extended to
use other kernels as well.

A similar approach would be building implicit surfaces based on
radial basis functions [4]. The target implicit surface is then an isosurface
of a spatial interpolating function. To localize the influence of each radial
basis function, and save computing time, respectively, as otherwise all
basis functions would have been computed for every queried point in
space, in practice, the compactly supported radial functions are often
used instead of globally supported functions [5, 6].

Contemporary approaches usually rely on neural networks to rep-
resent a signed distance function of an implicit surface, or the occupancy
probability for the target shape [7, 8]. The downsides of machine learning
methods are high consumption of computer memory and processing time,
both for training the neural network and computing the resulting model.
This effect is more pronounced on highly detailed models, so to mitigate
it, the neural networks are often enhanced by employing Fourier basis
functions for greater detail [9, 10, 11].

The Fourier polynomial by itself is periodic and could be used for
triply periodic surfaces modeling purely by itself, without neural net-
works or any other means of machine learning. A simple least squares
approximation combined with an interpolating polynomial retrieved by
solving a linear system often grants a viable result on its own [12].

Using the Fourier approximation alone to model non-periodic sur-
faces, however, is questionable not only due ot its periodicity, after all,
every closed surface can be represented as a periodic one with its own
bounding box dimensions being the per-axis periods, but mostly due to
the Fourier polynomial tendency to overfit.
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Problem Statement

Let there be a model of a 3D body presented by the triangle mesh of its
surface, TM. The triangle mesh consists of n vertices v, = (x, y, z), i =1... n,
and m trinagles t= [vﬂ, Uiy 0]3], j=1.. m. The triangle mesh is closed, mean-
ing that there is a clear distinction between the points in space lying in-
side the modeled body and the points outside. Topological inconsisten-
cies that don’t affect this distinction, such as non-manifold edges, dup-
licate triangles, or degenerate triangles, are allowed.

The function that defines a signed distance to TM for the value of
every point in space is called a signed distance function: SDF,,,(x, v, z).
We expect the function to signify inner body points with a negative sign
and outer ones with a positive. Of course, all points of the TM triangles
have an SDF;,,, value of 0.

Our goal is to find a function F(x, y, z) that models the SDF,,,(x, y, z)
in the axis-oriented bounding box of a modeled body, specifically.

To oversee the overfitting effect, the quality of modeling should be
assessed by the set of points and corresponding SDF,, values indepen-
dent from the ones used to find the F(x, y, z).

Purpose of the Paper

This paper is meant to demonstrate how adding terms with fractional
variable multipliers allows both to move away from periodicity and im-
prove the modeling quality. With these terms, modeling smooth surfaces
represented by triangle meshes with approximating Fourier polynomials
becomes possible up to some level of accuracy, and this could be enough
for some practical applications. The model then remains compact me-
mory-wise and relatively simple to compute.

Results

The univariate Fourier polynomial is a partial sum of the Fourier series.
The exact formula depends on whether the degree of the polynomial p is
even (1) or odd (2):

F (x)=a, +a, cos(x)+a, sin(x)+
+a, cos(2x)+a, sin(2x)+...+a cos(ﬁx) +a sin(ﬁx) 1)
, . wta, 5 ’ 5

or

F (x)=a, +a, cos(x)+a,sin(x) +

+1
+a, cos(2x)+a, sin(2x)+...+ap cos(p2 x). ()
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Fig. 1. A Fourier polynomial of degree 5 approxima-
ting the sine function represented by 16 points with
random noise
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Fig. 2. A Fourier polynomial of degree 10 approxi-
mating the sine function represented by 16 points with
random noise

F(x)
1.0 F

0.5
orf
-0.5

—1.0'| 1 1 1 1 1 1
0 1 2 3 4 5 6 x

Fig. 3. A Fourier polynomial of degree 15 approxi-
mating the sine function represented by 16 points with
random noise

This polynomial is periodic with period [0..2x]. It is also a single in-
terpolating polynomial for a set of p + 1 points. And while the Fourier se-
ries converges to any algebraic function, the Fourier polynomial shows a
tendency to overfit when using it to approximate a function by its values
with noise (Fig. 1-3).

We can build a similar polynomial based on Fourier terms where the
degree of the term becomes not a multiplier but a divisor of an argument
in the corresponding trigonometric function (3), (4). Let’s call this polyno-
mial a fractional Fourier polynomial (FFP).

F (x)=a, +a, cos(x) +a, sin(x) + a,cos(x / 2) +

+a,sin(x/2)+..+a, cos(z—x}+ap sin(z—x) . ©)]
p p
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Fig. 4. An FFP of degree 15 approximating the sine
function represented by 16 points with random noise

E (x)=a, +a, cos(x)+a,sin(x) +

+a,cos(x/2)+a, sin(x/2)+...+ap cos( 2x ] 4)
p+1

This polynomial shows less tendency to overfit (Fig. 4) but also loses
the [0..2w] periodicity. Of course, for the purpose of modeling a non-
specific smooth surface given by a triangular mesh, periodicity isn’t a de-
sired property.

Experiments show, however, that this polynomial has less descriptive
potential, especially regarding small model features. To mitigate this is-
sue, we can build a polynomial that includes both regular Fourier terms
(with multipliers) and fractional ones (with divisors) (5). Let’s call this
polynomial a Fourier polynomial with fractional terms (FPFT):

F(x)=a, +a, cos(x)+a, sin(x) +...+

p+1 . (ptl 4x [ 4x
+a, ,co8| “—x |+a, ,sin| “—x |+a,  cos +a,sin| — 1. )
b 4 4 p+1 p+1

To evaluate the descriptive potential of this polynomial, we conducted
a series of computational experiments. As a prototype for modeling, we
chose a triangle mesh representing a “Stanford
bunny” (Fig. 5).

To model this particular mesh with FPFT
implicit surface, we first rescaled the model so
it would fit the [-7/8m; 7 / 8w X [—7 / 8T; 7 / 8T] X
X [-7/8m;7/8mn] cube. The coefficient 7/8 was
picked to retain a 1/4 margin in the [-m; ] X
X[-m; ] X [-7; T] cube, where otherwise we
would have faced distortions caused by 27 -pe-
riodic terms of the FPFT.

Then, in the [—7; ] X [—T; ] X [-7; ] cube,
we generated a regular grid of points with own
dimensions: 32 x 32 x 64. The last dimension is

Fig. 5. A finely detailed tri-
angle mesh of the “Stan-
intentionally disproportionate so we could eas-  ford bunny”
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ily divide the grid into two independent sets of points: one for approxima-
tion and the other for validation. Each even point of the grid, along with
the signed distance value to the model from that point, was included in
the approximation set. Each even point, along with its signed distance
value, was included in the validation set.

Just like that, each even vertex of the source triangle mesh, along with
value 0, joined the approximation set, and each even vertex, also with a
signed distance value of 0, joined the validation set.

In our experiment, we tried all three polynomials: Fourier polynomial
(FP), fractional Fourier polynomial (FFP) and Fourier polynomial with
fractional terms (FPFT), each generalized to the tree argument function by
using a full Cartesian product of its terms. Specifically, we tested polyno-
mials (1), (3) and (5), all with odd degrees, specifically: 7,11, 15, 19. Degree
7 was picked as a minimal one since this is the first even degree, for which
FPFT becomes different from a regular Fourier polynomial. By the same
logic, the degree increment of 4 is the minimal increment that keeps all
three polynomials different.

For each polynomial, we built an implicit surface by fitting the po-
lynomial into the approximation point set by using conventional least
square approximation. For the set of approximating points (x, v, z,)
along with signed distance to the source mesh values v, i = 1..N, the co-
efficients of polynomials F were obtained by the following criterion (6):

(F(x,,y,,z,)—v,)" — min. (6)

Then, to validate the modeling accuracy, for each found polynomial,
the root mean square error was computed in all the points of both ap-
proximation (RMSEa) and validation (RMSEvV) sets. The collected data is
presented in Table 1.

The same RMSEa data is also shown in Figure 6.

Surprisingly, the data shows that the Fourier polynomial of degree 19
doesn’t show signs of overfitting, although its error still remains larger
than for every other polynomial. The FFP doesn’t show a consistent pic-
ture regarding the modeling accuracy, and the FPFT shows the signs of
overfitting in degree 19, while still retaining the least error in lesser de-
grees.

Table 1. Root mean square error values for Fourier polynomials

FP FFP FPFT
Degree
RMSEa RMSEv RMSEa RMSEv RMSEa RMSEv
7 6.10E-05 | 6.93E-05 | 2.50E-06 2.60E-06 1.78E-06 | 1.82E-06
11 3.73E-05 | 4.55E-05 | 3.78E-06 4.20E-06 5.08E-07 | 5.63E-07

15 243E-05 | 3.24E-05 | 7.44E-06 8.77E-06 9.63E-07 | 2.21E-06
19 1.62E-05 | 2.40E-05 | 3.26E-06 | 4.05E-06 3.71E-06 | 2.07E-05
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Fig. 7. Visual comparison of Fourier polynomials' modeling quality

For the visual comparison, we provide three reconstructions of im-
plicit surfaces obtained with different polynomials of degree 15.

In Figure 7, A is the product of regular Fourier polynomial appro-
ximation, B is FFP, and C is FPFT. It's apparent that the Fourier polyno-
mial with fractional terms is the most applicable for surface modeling
among the three.

Conclusions

The quality of implicit surface modeling with a trigonometric polynomial
could be enhanced drastically by introducing fractional terms into the
approximating polynomial. The improvement, however, is still limited
by the overfitting effect, especially on the models with highly detailed
surfaces, or on non-smooth surfaces where the regularity of the under-
lying function isn’t wanted.

The interesting practical problem to solve would be to find a way to
configure the polynomial for the target model to approximate automa-
tically. In this work, we decided to limit the polynomials to 7, 11, 15 and
19 degrees specifically so the number of integer and fractional terms
would be even. But is this necessary or even desired? Perhaps this parti-
cular surface could have been better modeled with a different polynomial
configuration. This question requires a separate investigation.
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3ACTOCYBAHHII ITTOJITHOMA ®YP'E€
I3 APOBHVMWM YJIEHAMM TSI MOOEJTIOBAHHSI
TEOMETPMYHIMX OB’ €KTIB IMITTIHMTHVIMM ITOBEPXHAIMI

IMIUTIIMTHI HOBEPXHI IIMPOKO 3aCTOCOBYIOTHCA Y KOMII IOTEPHOMY MOJIe/IIOBaHHI
3aBISAKM TX BJIACTMBOCTI MOIEIIOBATY CKJIaIgHi 00’ €TV BiIHOCHO MaJIOIO KiJIbKiCTIO
maHvx. TakoXX BayKIMBO, 110 Ha BiMiHYy Bill MOJesIen i3 eKCIUTIIUTHUM ITpeJICTaBIeH-
HSM eJIeMeHTIB, IMIUIINTHI II0BepXHi He BTpavdaroTh HellepepBHOCTI, MJIaAKOCTi 4m
PeryJIgapHOCTI IIpu onepariisix fedopmarii abo pervrikariii. Pasom i3 M, eKCIUmiImT-
Hi MojIesli, HalpuKJIal Ha OCHOBI TPUKYTHMKOBOI CiTKM, a00 Ha OCHOBI ITapaMeTpiud-
HOTO TPaHWYHOTO IIPEJCTaBJIeHHS € 30JI0TMM CTaHAAPTOM KOMIT IOTEPHOTO MOjie-
moBaHHA. 15 poboTi 3 TakmMMM MopernsiMu icHye Oesrtiu iHcTpymeHTiB, 6i0mioTex
IIPOrpaMHOTrO KOy, 3arajlbHOBimOMMX ayropuTMiB Tomo. [InTanma xoHBepTalii i3
eKCIUIIWUTHOIO IIpeACTaB/IeHHs FeOMeTPUYHOI MOJIeJli B IMIUIIITHE JIMIIAEThC IIV-
TaHH:M IIepeIoBOro Kpafo HayKw, IIOPOKY IyO/IKYIOTbCS HOBi Cy4acHi MeTOIMK,
gKi 'PYHTYIOTBCSI 30KpeMa 1 Ha JIoCArHeHHsX y ccpepi MaIllMHHOTO HaBYaHH: i IIITy4-
HOTO iHTeJIeKTy.

Merta gaHOI poOOTM — HOCIIAVTY MeXi MOJIeIIOBaHHS IIOBEPXHi, II0UaTKOBO 3a-
JaHOI TPUKYTHMUKOBOIO CIiTKOIO, arpOKCUMMAaLiTHUM MOAMQIKOBAaHMUM II0JIiHOMOM
Dyp’e, axmit MicTuTh B cobi npobHi wienn. IToinom dyp’e 3agae PyHKITIIO 3HAKOBOL
BiflcTaHi, HyJIbOBa i30JTiHig Takoi PYHKIIIT Mae ONMCyBaTV BXiAHY IOBEPXHIO, IT0YaT-
KOBO 3aJJaHy TPMKYTHVMKOBOIO CITKOIO, SKHaVIMOTa TOYHiIIIe.

Metony. OCHOBHVIM METOIOM JOCIIIKEHHS € IIOPIBHUTbHII aHaJIi3 IeIKVIX MOV
dixarivt morriHoMa Pyp’e, 3miTICHEHe 3a JOTIOMOTO0 O0UNCITIOBAJTEHVIX €KCITePVIMEHTIB.

PesynwsraTn. [lepcniekTvBu 3acTocyBaHHs mosliHoMa Dyp’e Oe3 go1aTKOBMX MO-
nmdikariin € BeJIbMy OOMeXKeHVIMM 3aBIISIKV CXVITBHOCTI allpOKCUMAIIiIHOTO TTOJIIHO-
Ma 10 oBepiTiHry, ajle MM II0Ka3y€eMO, 1110 JOIaBaHH: APOOHIX WIeHiB 110 IIoJIiHOMa
JIO3BOJIsIE€ JOCATHY TV 3aI0BUIBHOT [IJIsI IIeBHMX 3a7ja4 TOUHOCTI MOe/TIOBaHHsI ITPU BU-
KOPWCTaHHi BITHOCHO HEBEJIMKOI KIJTBKOCTI KoedillieHTiB mosliHOMa.

BucHoBKkM. 3acrocyBanHs noiniHoma dyp’e i3 mpobHMMM WieHaMM HO3BOJISLE
He IIPOCTO MOZEIIOBATV 3aMKHeHi reoMeTpUYHi 00 €KTN 3 IIaIKVMI IIOBEPXHIMIA,
a i, B IepcIieKTuBi, OymyBaTyi IIOBEPXHI CIIPSDKEHHS IS IHIIVX TPU-IIePiOAMIHIX IO-
BEpXOHB ITPU BTPaTi HepioAMIHOCTI IO OTHIV 3 OCerl.

Katouo6i caoBa: modesrobanns, ecomempuune nodesobanus, nosinom Pyp'e, anpokcuma-
1yis, HeABHe 3a60aHHA 106epXOHb, 2Aa0Ki NOBepxHi.
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