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Ananuzupyemcs: npumenenue npuHUUNaG cummempuu (KCOCUMMEMPUU) 8 MPEXMEPHBIX HeIUHEUNDIX CUCTEMAX.
Paseumue npunyuna ces3ano ¢ YcmanoieHueMm Cyuecmeosanust Ammpaxmopa u onpedeieHHoll CUMMEMpPUU €20
NPOEKUUIL HA KOOPOUHAMIHBLE NIOCKOCTUL.

Kniouegvie caoea: neiuneinas mpexmepuast cucmema, OUQyprauist, nPUHYUN CUMMEMpPULL.

[Toka HeT pe3ysbrara MOCTPOEHUST KAa4YeCTBEHHOU TEOPUU TPEXMEPHBIX CUCTEM TaKOH, Kak JIJist
JIBYMEPHBIX CHCTEM, TIPEJIMETOM aHajm3a OyryT 6a3oBble MO/, KOTOPbIE OTPAKAIOT XapaKTep-
Hble 0COOEHHOCTH TO¥T MO0 NHOI obJracTu rccieoBanust. ITo cucrema Jlopentia, cucrema Yya,
crcteMa PukuTaky, ypaBHEHUsT MOJIEJIEN TeHePaTOPOB MePHOINYecKnX Kosebanmii. B pesysbra-
Te MHOTOUYHUCJIEHHBIX MCCJIEJ0BAHUIL, CBSA3aHHBIX ¢ OUMYPKAIMAME HEJMHEHHBIX CUCTeM, ObLIO
chopmyIpoBaHo 0600IIIEH e TPUHITUITA CHMMETPHH JIJIST TPEXMEPHBIX CHCTEM.

[Tpuniunbl cumMeTpun (KOCOCUMMETPUN) ISt ABYMEPHBIX cucteM [1, 2] MoryT ObITh 1pu-
MEHEHBI JIJIsT aHa/In3a OudypKaiuii 1 yCTAaHOBJIEHUST 3aMbIKAHUSI TPAEKTOPUI B TPEXMEPHBIX CH-
cremax. Kpurepun ycroitunBoct opOUThI (3aMbIKaHUS) B JABYMEPHBIX CHCTEMaX HM3JI0KEHbI B
MoHorpaduu [1]. anuiem AByXMEPHYIO CUCTEMY B CJIeIYIOIIEeM BU/IE:

dxy /dt = F(x), dxy/dt =Fy(x), (1)

e F, e C(R%R), F,eC(R*R) u F,(0)=0 (i=1,2).

[TpuBenem reomeTpudecKnii MPUHIIAT CHMMETPUH, HA OCHOBE KOTOPOTO MOKHO YCTAaHOBUTH
YCJIOBUS 3aMbIKaHUsT (Da30BOI TPAEKTOPUU.

B cucmeme (1) cywecmeyem 3amknymas mpaekmopusi, eciu 8biNOIHSIOMCSL YCIOBUS YEHOCIU
Qynxuyuu Fi(x) omuocumenvro x; u neuemmocmu Qynxuuu Fy(x) omnocumenvno xy,T. €. Xy, Xy € R

Fi(=xy, 09) = F (201, x9), Fy(=21, x9) = —F (2, x9) . (2)
JlanHoe yTBep:k/ieHne OCHOBAHO Ha TOM, 4TO Ha IJI0CKOCTH Oxy Xy 0cb Oxy 3TO OCh CUMMe-
Tpuu, N BCAKasl MHTEI'Pa/IbHaA KpUBas CJI€Ba OT OCU X9 ABJIACTCA 3€PKaJIbHbBIM OTO6pa>KeHI/IeM
KPUBON CITpaBa.
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Ha ocHoBe mpuHIMTIa CHMMETPUN MOXKHO 3aKJIIOUNTD, 4TO ¢ cucmeme (1) cyujecmeyem 3am-
KHYmas mpaexmopust, eciu 6binOIHAIOMC YCA06Us uemnocmu Qymukyuu Fy(x) ommocumenvo x,
u Heuemnocmu F(x) omuocumenvro x, , T.e.

F(xy, —x9) = —F(x1,x9), Fp(xy,—x9) = F(xy, X9). 3)

3aech (cormacHo (3)) ocb Ox; SABIAETCA OCbIO CUMMETPUM.

[TpUHIUTT KOCOCUMMETPUN JIJIST HEJTMHEIHBIX CHCTEM MpUMeHeH B paborte [2]. B neaunetinou
cucmeme (1) cywecmeyem 3amxnymas mpaekmopusi, eciu QYHKUUU, Cmosiujue 8 npagoll Yacmu cu-
cmemot (1), cesizaivl CredyouUUMU YCLOBUIMU:

F(xy, —x9) = —F (=21, X9), Fy(xy, —x9) = —F (=2, X9) . (4)

Kococummerpus cBssana ¢ AByMs ocaMu koopauHart. To ects, ecan ocb Oxy ABJISAETCA OCbIO
KOCOCUMMeTpuH, To ocb Oxy TakxKe SIBJISETCS OCbI0 KOCOCUMMETPUU.

B nenuneiinot cucmeme (1) cywecmeyem samxnymas mpaekmopust, eciu pynkyuu, cmoswue 6
npasoii uacmu cucmemvt (1), c8s13anvlL C1eOYIOUUMU YCLOBUAMIU:

F(=xy, x9) = —F(x1, = X9), Fy(=xy, x9) = —Fy(xy, - X9) . ()

[TpuHIIUTT KOCOCUMMETPUN TPUMEHUM JIUIIb JIJIs HeJIMHEHHON JByXMepHoi cuctembl. Ha-
npumep, /s ocimiigTopa Ban nep o

PaccmoTpum moctpoene KpuTepus 3aMbIKaHUST TPAEKTOPUU B TPEXMEPHBIX CUCTEMAX.

TpexmepHbie cucTeMbl. BBesieM ciemyroriye mpeanoiosKeH s

IIpennonoxxenue 1. Tpexmepnyio neauneiinyio cucmemy

dx/dt:fx(x’ Y, 2), dy/dtzfy(x, Y,2), dz/dt:fz(xv Y, 2). (6)

rie x,yeR n [, eC(RR), [f,€C(RR), f,€C(R R), MOXKHO NPEACTABUTb B BUJIE TPEX
JABYXMEPHBIX ITO/ICUCTEM

dx /dt = fi(x,y), dy/dt= fo(x,y);
dr /dt = fy(x,2), dz/dt=fy(x,2); (7
dy/dt:fS(y? Z)’ dz/dtszi(y’ Z)'

IIpeamnonoskenne 2. Ocobas mouxa mpexmepnoi cucmemwt (6) 0(0,0,0) — cedrogoryc.

Mpunun cummerpun 1. [lycmv cnpasednuswvr npeononoxcenus 1 u 2. Ecau na kaxcootl 0eyx-
MepHotl Koopounamioil niockocmu cucmem (7) npasvie uacmu yoosiemeopsiom yciosusm (4)
(ubo (5)) u na xkaxcooi NAOCKOCMU UMEIOM MeCmO YCMOUUsble 0co0ble MOUKIUL, MO MPACKMOPUSL
3amwvikaemcs u 00pasyem KoCoOCUMMEMPUIO Ha KOOPOUHAMHBIX NLOCKOCTISIX.

[IpencraBaenne cuctemsl (6) B Buzie (7) IO3BOJISET Pa3eIuTh TPEXMEPHYIO CCTEMY Ha TPH
JIBYXMEpHBIE U TTPEIJIOKUTH MCCIeI0BaHNe KaKI0 Ha TIPeJIMeT 3aMbIKaHUs Ha IBYXMEPHOH KO-
OPAMHATHOM TIJIOCKOCTH B CUJTY KOCOCUMMETPU.

Ipumep 1. /[unamuka renn Yya nccsegoBasach Bo MHOTHX paborax |3, 4]. Paccmorpum cu-
cremy TpéX auddepeHInantbHbIX HeTMHEHHBIX Oe3pasMepHbIX ypaBHeHuii Yya

dx _ o pe— b Y_ . _ d__
dt—(x(ax bx° +y), dt_x y+z, i By . (8)
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Hpumgun CUMMEMPUU 8 MPEXMEPHLLX cCUCMeMAX

[Ipencrasum cucremy (8) B Buse (7)

dx_ _ 3 d_y_ .

0 =a(ax—bx’ +y), dt_x y; 9)
dx_ _ 3 é_ .

0 =a(ax—bx?), a’t_o’ (10)
dy dz

“Y__ 2 - _By. 11
P AR By (11)

B cucreme (9) tpu ocobsre Touku: 0;(0,0), E(\/(a+1)/b, Ja+1)/b), F(=J(a+1)/b,
—\/(a+1)/b). Xapakrepuctuueckne rokazaresnu (XII) ocob6oit Touku O; BBIYUCISIOTCS COTIIAC-
HO CJIE/IYIOIIEMY BbIPAKEHUIO:

—1+aa —1+o0a 2
7\,1‘2: 9 + ( ) +(X(a+1).

2
XII touek E, F umeior BUL

MZ:(—1—2a0c—30c)i\/((—1—2610(—3(1)

2
) : ) —20(a+1).

Beemem crenyromue 3Hadenust napamerpon: (a,b,o,B)=(1/6,1/6,6,7). Ocobbie TouKn
E, F — ycroituusble pokychl; Touka O — ceao.

Cucrema (9) yaosierBopsiet yciaoBusm (4) (6o (5)).

B cucreme (10) ocobast touka 0,(0,0) umeer XII A =aa, Ay =0. Ocobsie Touku G, H
(x=%a/b, z=0) umeror XII A; <0, Ay=0.

Cucrema (10) ynosierBopster ycaoBusim (4) (760 (5)).

B cucreme (11) nuHeiHbIN AMCCUTTATUBHBIN OCIUILIATOP Z+2z+Pz=0. KpyroBast Tpaek-
topust cucrembl (11) cTpemuTcest K HYJIIO MMesl TEHAEHIUIO K KococummMerpur. Ocobasi Touka
03(0,0) cucremsr (11) — ycroitunsslii hoxyc.

Toraa Ha KasK/10#1 IBYXMEPHON TIJIOCKOCTH CUCTEMBI (8) nMeeM yCTOUnBbIE 0COObIE TOUKHU 1
BbinosiHenue ycaosus (4) m6o (5). Cucrema (8) uMeer 3aMKHYTYIO TPAEKTOPHUIO ¢ KOCOCUMME-
Tpuell Ha KayKJ0i KOOPAMHATHOM TIJIOCKOCTH.

Ha puc. 1 mpuBejieHbl KOCOCUMMETPUYHBIE KOOPJIMHATHBIE TIOPTPETHI CUCTEMBI (8).

-2 -1 0 1 2 x -2 -1 01 2 «x -2 -1 0 1 2%V
a 0 8

Puc. 1
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[TpuBeseM TPUHIIUT CUMMETPUH (KOCOCUMMETPHUN ) JIJII TPEXMEPHON CUCTEMbI, B KOTOPOW Ha
JIBYX KOOPAMHATHBIX IJIOCKOCTSIX 3aMKHYTasl TPAEKTOPUS CUMMETPUYHA, HA TPETheil — KOCOCHM-
MeTPUYHA.

Ipeanonozkenne 3. Ocobas mouxa mpexmepnoi cucmemor 0(0,0,0) — cednoysen.

Ipunuun cummerpun 2. [Tycmo cnpasediuso npeononoscenue 3. [punyun xococummempuu
(cummempuu) MOHCHO CHOPMYIUPOBAMb MAK: eCU HA O8YX OBYXMEPHBIX KOOPOUHAMHBIX NIOCKO-
cmsx cucmemwt (6) npasvie wacmu yoosiemeopsom yciosusm euoa (2), na mpemoeil niocKocmu
npasvie wacmu yoosiemsopsiiom ycaosusm (4) (oo (5)) u na 08yx KOOPOUHAMHLLY NIOCKOCTSX
UMEI0m MeCcmo Ycmouuusvie 0cooble MOUKU, Mo MPAEKMOPUs MONHCEM 3AMbIKAMbCS U 00pasyem Ko-
COCUMMEMPUIO U CUMMEMPUIO HA COOMBEMCMBYIOULUX KOOPOUHAMHBIX NIOCKOCMSX.

IIpumep 2. Paccmorpum cuctemy Jlopentia:

d—x:s(—x+y), Q:m—y—xz, gz—bz+xy. (12)

dt dt dt

[Ipencrasum cuctemy (12) B Buje Tpex AByXMepHbIX ypaBHeHuil (K Buay (7) cucrema (12) ne
IpejicTaBuMa):

dr dy

E_S( x+y), dt—rx Y, (13)
dx dz

E——sx, %——bz, (14)
dy dz

oy o) 15

Cucrema (13) ynosierBopsiet ycaoBusim (4) (1160 (5)). O6o3HaunM IIpaBbie YacTH B CHCTE-
me (14): F.=-sx, F,=-bz. B cucreme (14) BbInoaHSIOTCST yeaoBusi yetHocTH byHKImn F,
OTHOCUTEJIbHO z U HeueTHOCTU PyHKIUU F, OTHOCUTENbHO Z, T. €.

Fe(w,—2)=F(x,2), F(y-2)=-F(x2).

B cucreme (14) ocb Oz na mmockoctu Oxz sBisiercst ockio cummerpun (em. (2)).O603Haunm
mpasbie yacTh B cucteme (13): F,=-y, F,= —bz . B cucreme (15) BBITTOJHSIIOTCS YCIOBHST Y€T-
HocTu yHKuun F, OTHOCHTENBHO z U HedeTHOCTH GyHKINU F, OTHOCUTENBHO Z, T. €.

E,(x,-2)=F, (x,2), F,(y-2)=-F,(x,2).

B cucteme (15) ocb Oz na mnockoctu Oyz siBisieTcst ocbio cummetpun (em. (2)). Ha mockoctsix
XY, XZ, Yz UMEIOT MECTO yCTOIunBbIe 0coObie Toukn (cormacHo cucteM (13)—(15)). B cucremax
(14)—(15) BeImosIHSAIOTC Yea0Bus Buja (2) u B 9TUX cucteMax ocb Oz SBJSETCS OChIO CUMMe-
tpun. Ocobast Touka B HyJie cucteMbl (13) — ceio. 3xech mapaMeTp 7 iMeeT OOJIBIIY IO BEJTMYNHY.
V3BecTHO, 4TO 11pH 7 >>1 TpPaeKTOPHUsl OMUCHIBAET TETIN U OHU 00PA3yIOT 3aMKHYTYIO0 KPUBYIO.
Takux aTTpakToOpoB HeCcKoJbKO. IIpn sHauenusix (b,7,s)=(8/3; 154,5, 10) B cucreme (12)
obpasyetcst cemyoOoKyCHast MeT/ist. ITa TPAEKTOPHUS COTJIACHO TIPUHITUILY CUMMETPUH 2 UMeEeT
OTIpeIeJIEHHYI0 CUMMETPUIO Ha KOOPIMHATHBIX MJI0CKOCTSAX. Ha puc. 2 mpuBeseHbl MOPTPEThI Ha
KOOPAMHATHBIX IJIOCKOCTIX cucteMbl (12).
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Ipunyun cummempuu 8 mpexmepHulx CUCMeMaAx

Y z z

60 - 200 + : 200

ol 180 -\ N w0 /AN

ol 160 | 160 | ‘ ’ )
—920 L 140 + 140 |
—40 F 120 + 120 +
-60 |- ; ' . : 100 o X M 100 . ; :

—40 =20 0 20 40x -40-20 0 20 40x —40 0 40 Y
a 6 6

Puc. 2

[TpunIM cMMeTpHK 2 yCTAaHABJIUBAET CYIIECTBOBAHKE PETYJISIPHOTO aTTPAKTOPA B CJIydae
obpaszoBanus 1etiu. B aByxmepabie cucrempr (13)—(15) He Bolwu ciaraemble Xz, Xy, KOTOpbIe
BJIMSIIOT Ha 0Opas3oBanue metesb 1 X 11 0co60it TOUKH TpeXMepHOI crcTeMbl. [IpuBe/eM ele o/inH
MPUHITATT CAMMETPHH [IJIsT TPEXMEPHOI CUCTEMBI.

Ipunnun cummerpuu 3. Ilycmov cnpasednusvr npeononoxcenus 1 u 2. IHpunyun cummempuu
MONCHO CHOPMYIUPOBAT® MAK: ECIIU HA 08YX OBYXMEPHBIX KOOPOUHAMHBIX NA0OCKOCMX cucmembl (7)
npasgvie yacmu yYyoosiemaopsiom Ycio8UsIM CUMMEMPUL, U HA KAHCOOT U3 HUX UMEIOM MECMO YCMOUU-
8ble 0c00ble MOUKU; HA MPembell KoOpounammuoi niockocmu 0se ocu cummempuu u XII ocoboit mouxu
+i, MO Mpaekmopust 3amviKaemcst 00PA3ysk CUMMEMPUI HA MPEX KOOPOUHAMHBIX NILOCKOCISX.

ITpumep 3. PaccMOTprM MateMaTHUYECKYI0 MOJIEJb TeHepaTopa SJIeKTPOMAarHUTHBIX KoJsieha-
HUI ¢ KBa[PaTUYHOI HEJMHENHOCTHIO, TPUBEIEHHYIO, HAIIPUMED, B 5]

dy dz

%:mx—xz+y, E:—x, E:—b(z—xZ), (16)

rne m=1, b=0,2. Xapakrepucruyeckoe ypaBHenune cuctembl (16)
AA-m+1)(A+b)=0

paznensgercs B Touke 0(0,0,0) Tak, yto

m m. o
AMo=—=x,—) =1; Aa=-b.
1275 \ 2) 3

[pu m /2 <1 kopun Ay 5 KOMILIEKCHO-conpstkennbie. [IpencraBum cucremy (16) B Buze (7)

dx dy

—=mx+y, —=-X; 17

dt Y an

dx dz 9

—=mx-xz, —=-b(z- : 18

e (z—x7) (18)

dy dz

<=0, —=-bz. 19

dt i (19)
B cucreme (17) Ha mockoctr Oxy JNByXMepHAsi CUCTEMA SABJISETCS INHEUHBIM OCITUJIJISITOPOM

d2_x -m dx +x=0

dr? d
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¢ 0co6oil TOYKON — HeycToiumBbIil (hokyc. 3aMeHuM TepeMeHHyio z. Beegem ¢=z—m . Torma
JIByMepHasi crcTeMa Ha IIJIOCKOCTU XY IIPUMET BUJ

dx @_

PR (20)

B rouke 0;(0,0) nByxmepnoii cucremsl (20) XII nmeer Buj

7\’1,2 :i\/j

Oboznaunm mpaseie gactu cucrems (20) B Buse hyukuuii F,(x, y), F,(x,y). B cucreme (20)
(ynknua F, 4eTHasd OTHOCUTENBHO X

Fx(_x’ y)zFx(xr y),

(bYHKIII/IH Fy HeYyeTHad OTHOCHUTE/JIbHO X

Fy(_xv y):_Fy(xv y)

3necs ocb Oy na mwiockoctn Opxy siBisieTcst ocbio cummerpuit. B cucreme (20) dynkuus F,
Y€THas 110 OTHOHIEHUIO Y

Fy(xv_y):Fy(xvy)7

Gynxius F, HeweTHas 110 OTHOLIEHHIO X

F,(x,~y)=—F,(x,9).

Torma ocs Opx Ha mmockocti Opxy SIBISIETCS] OCBIO CUMMeTpUH. Takum 06pa3oM, Ha MJIOCKOCTH
O,xy 1Be ocU CUMMETPUMU.

Ha miockoctu xz MMeIOT MecTo ocobbie ycroituusbie Touku: A(vm,m), B(—~/m,m). 3a-
MUIIIEM YPaBHEHMs B BapUAIUAX Ha MJI0CKOCTH Oxz

dd%: mdx —zdx — x0z, %:_b(&—%_c&c)

" XapaKTEPUCTUYECKOE YpaBHEHNE 9TOU CUCTEMBI
M+ (b-m+2)—b(m—2)+2b(%)* =0, (21)

rae X,z — yacTtHble pemenus. [loncrasnags B ypaBaenne (21) koopamHaTe Touek A n B, Haxo-
JIIM, 4TO 0coOble Toukn A, B, — ycroituussie (GOKychl, KoTopbie umetoT X 1T

Mo=—b/2%(b/2)*~2bm .
[Tpasbie wactu cuctemsr (18) mpumyT B

F,=-xz,F,=-bm—-bz+ bx?.
@Oynknusa F, — 4yeTHast OTHOCUTEJIBHO X

F,(-x,z)=F,(x,2).
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Ipunyun cummempuu 8 mpexmepHulx CUCMeMaAx

z y z
1,2 b 15 b 1,2
1,0 F
11+ 05 L 1,1
1,0 0 F 1,0
—0,5 L
09 - 1ok 09
0,8 i i 1,5 i . i 0,8 i i
-10 1,0 x -0 0 10« -10 1,0 y
a 6 6
Puc. 3

Oynknusa F, — HeyeTHast OTHOCUTENbHO X
F.(-x,2)=-F (x,2).

Torza ocb Oz sBiIAETCS OCHIO CUMMETPUM.

Ypasuenud (19) Ha MIIOCKOCTH Yz yIOBJIETBOPSIOT YCJIOBUAM CUMMETpUU Bujia (3) U UMEIOT
YCTOWYMBBIE TOUKK Ha TIOCKOCTH Yz . Takum oOpasom, cucteMa (16) yIoBIETBOPSIET YCIOBUSM
MPUHITATIA CAMMETPUH 3 U TIOPOJKIAET 3aMBbIKaHle B TPeXMEPHOM TIpocTpancTBe. Ha puc. 3 mpu-
BeJICHBI TIOPTPETHI HA KOOPAMHATHBIX TJIOCKOCTSIX cuctembl (16).

[TpuBeneHHbIE BBIIIE TIPUHITUTIB CUMMeTPUH (IpUHIHIG! 1 1 3) He TpeOYIOT 10Ka3aTeIbCTBA,
TaK KaK MMeIOT OIpe/iesIeHHbIN (DU3NYEeCKII CMBICJI: €CJId TPeXMepHasi TPAeKTOPUS UMeeT 3aMbl-
KaHMe Ha KasKJ0H KOOPANHATHON IIJIOCKOCTH B CUJTY OTIPe/IeJIeHHON CUMMETPUHN, TO OHA 3aMbIKa-
€TCsl B TPEXMEPHOM ITPOCTPAHCTBeE.

V3BecTHO, 4TO TPEXMEPHBIE CHCTEMBI TOPOKIAIOT CTPAHHbIE aTTPAKTOPHI |6, 7]. B paboTte 06-
CY3K/IQJIOCh JIUIIb CYIECTBOBAHUE PETYJISIPHBIX aTTPAKTOPOB C OIpe/leIeHHOM cuMMeTpueil. AT-
TPAKTOPBI COTIACHO MpUHIMTAM 1 1 3 He TepeposKIaoTCs B CTPaHHBIE aTTPaKTOPhl. MexaHnnsm
06pa3oBaHsI CTPAHHBIX ATTPAKTOPOB He CBSI3aH ¢ CHMMETPHUEH.
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IPUHIMWIT CAMETPIT Y TPUBUMIPHNX CUCTEMAX

Amnasi3y€eThcs 3aCTOCYBaHHS IPUHITAITY CIMeTPii (KococnMeTpii) B TPUBUMIPHUX HEJTIHIHIX cucTeMax. Po3Bu-
TOK TIPUHITUITY TIOB’I3aHO 3 BCTAHOBJICHHSIM iCHYBaHHS aTTPAKTOPa i TIeBHOI CUMETPIi 1OTo TTPOeKIliil Ha KOOpAu-
HaTHI IJIOUIMHU.

Kantouosi crosa: neniniiina mpusumipna cucmema, 6iypkaiis, npunyun cumempii.
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THE PRINCIPLE OF SYMMETRY IN THREE-DIMENSIONAL SYSTEMS

The application of the principle of symmetry (skew symmetry) in three-dimensional nonlinear systems is ana-
lyzed. The development of the principle is associated with the establishment of the existence of an attractor and
a certain symmetry of its projections on the coordinate planes.

Keywords: three-dimensional nonlinear system, bifurcation, symmetry principles.
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