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B3BeleHHbI€ NICEBI000PATHBIE MATPHILbI
CO 3HAKOHEOIIPE/IeJIEHHBIMH BeCaMu

IIpedcmasneno unenom-xoppecnondenmom HAH Yepaunot A.H. Xumuuem

Onpedensiomcest u ucciedyiomest 636eueHHbie Nceso000PaAmvle MAMPULbL ¢ HEBLIPOICOCHHBIMU SHAKOHEONnpede-
aenHvimu secamu. Jlokazana meopema cyuecmeosanus u eOUHCmeenHocmu smux mampuy,. /lamno npedcmasienue
B36EULEHHBIX NCEBO00OPAMHBIX MAMPUY, C UHOCPUHUMHBIMU BECAMU 8 MEPMUHAX KOIDDUUUeHMOs xapakmepu-
CTUMECKUX MHOZOULEHOG CUMMEMPUSYEMBIX MAMPUY, NOLYUEHbL PASLONCEHUS YKASAHHBIX MAMPUL, 6 MATPUUHDLE
cmenenHule PsoblL U NPoU3sedeHus, npedeivrvle NPeOCmasieHUst IMUX MAMPUL,

Kntoueevie caosa: sssewenivle nces0ooopammbie Mampuiibl ¢ HeGbIPONCOCHHBIMU UHOCDUHUMHBIMU 6ECAML, MATN -
puuvLe cmenentvle Povl U NPoU3EedeHUst, NPedeivivle NPeOCMasIenst 636eULeHHBIY NCEEO00OPAMHBIX MAMPUL,

OmnpesesieHne B3BEIIEHHON TICEBA00OPATHON MATPUIII C TOJOKUTETHHO OTPEIeICHHBIMY Be-
camu BIepBble ObLI0 HaHo B pabote [1]. B paGore [2] BBegeHO HOHSATHE KOCOM 1ICEBL00OPATHOI
Mmatpuiibl. B [3] mokazaHo, 4T0 MHOKECTBO B3BEIIECHHBIX TICEBAO0OOPATHBIX MATPHIL, ONIPe/Ie/IeH-
HBIX B [1], coOBmazaeT ¢ MHOKECTBOM KOCBIX IICEBI00OPATHBIX MATPWIIL, ONpe/eseHHbIX B [2]. B
pabote [4] mano onpeesienne B3BEIEHHON MCEBI00OPATHON MATPHIIBI C BBIPOKIEHHBIMHU BECAMU
(C TIOIOKUTEIHHO MOJIYOITPEIEIEHHBIMU BECOBBIMI MaTpHUIlaMu). TaM ke orpejieieHbl HeoOXo-
JIMMbIE M JIOCTaTOYHbBIE YCJIOBUS CYIIECTBOBAHUSI PACCMOTPEHHOTO BapuaHTa MCEBI00OPATHBIX
MAaTpHIl ¢ BBIPOJKIEHHBIMU BecaMu. B paborax [5—7] uccienoBanbl Apyrie BapuaHThI TICEBIO-
06paTHBIX MAaTPUIL C BEIPOKICHHBIME Becamu. OnpeieieHbl HeOOXOMMbIE 1 I0OCTaTOYHBIE YCJI0-
BHUsI CYIIECTBOBAHMS PACCMOTPEHHBIX TICEBA000OPATHBIX MATPHIL C BBIPOKIEHHBIMU BECAMHU, @ TaK-
JKe B3BellleHHble HOPMaJbHbIE TICEBJIOPEIIEHNS C BBIPOXKIECHHBIMU BecaMu W yCTAaHOBJIEHA WX
CBSI3b CO B3BEIIEHHBIMU TCEBA00OpaTHhIMI MaTpuilamu. B pabote [8] BBemerno mnomsitie ML-
B3BEIIIEHHOIT 1IceB006paTHOI MaTpuibl. B paborax [9, 10] B3BeleHHasT ICEBIOMHBEPCHUS C BbI-
PO’K/IEHHBIMH BECAMU, KOT/IA BECA €CTh JIUArOHAIbHBIE MATPUIIBI, UCTIOJIB3YETCS TIPU TTOCTPOEHNHT
UTEPAIMOHHBIX METO/OB JIJISI PEIleHNs JIMHEHHbIX 3a1a4u. B paborax [11, 12] npoBenen anaims
BJIMSTHUAS BO3MYIIEHUI MCXOMHBIX JIAHHBIX HA PENIeHUS 3314 BBIYMCIEHNS] B3BENTEHHBIX HOP-
MaJIbHBIX TICEBIOPEIIEHUT C TIOJIOKUTEIBHO OIpe/ieIEHHBIMU BeCaMU.
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B nacrosiiiem coobIeHnn OmnpeesisiioTesl U UCCIEAYIOTCST B3BENIEHHbIE TICEBAI000paTHbIe
MaTpHIlbl C HEBBIPOKICHHBIMU 3HAKOHEOIPEIEJCHHBIMU BecaMu. BBeseM HEOOXOAUMBbIE ISt
NaJbHEHIIEro U3JI0KEHST OTTPeIesIeH s], 0003HAUEHMSI U BCIIOMOTATENbHBIE YTBEPSKIECHHSI.

O6o3Haurm yepe3 R" n-MepHOE BEKTOPHOE MPOCTPAHCTBO HAJL MOJIEM JIEHCTBUTEBHBIX YH-
ces. Ilycte H — cuMMeTpUyHasl MOJIOKUTEIbHO-OIPEeeHHAs, TOJOKUTETBHO TOIyoTIpe/ie-
JIEHHaSs1, UJIM Ke 3HAKOHeOolpe/IeIeHHas HeBbIPOsKAeHHast MaTpuia. B R” BBezeM ckansipHoe po-
ussezienue 1o popmyae (u, v)y = (Hu, V), rae (u, V) = ulv, E — equnnanast MaTpula.

OrnpenesiMM B3BEIIEHHYI0 HOPMY IIPSIMOYTOJIBHOM MATPUIIBI ¢ CUMMETPUYHBIMU HEBBIPOK-
JIeHHBIME BecoBbIME Matpuiamit. IIycte Ae R™" a H=H! eR™™ y V=VT eR"" — ye-
BBIPOXKIEHHBIE MAaTPUIIbL. /[Jis1 MHOKecTBa MaTpull A HOpMY BBe/leM COOTHOIIIEHUEM

lava , |Hav (VATH? AV x,2)1?
H Em TEy
HAH =sup =sup =sup , @)
LA 1Y w0 o 220 I+

rae x € R" | a HusKHMIT MHAEKC IPU eAMHUYHON MaTpUIle 03HAYAET €€ PA3MEPHOCTb.

BsBemennas cniektpanbHas HopMma (1) matpuiibl A ompesesnsercst popmyion

T 72 1/2
4], = (VAT H2 AV, 2)

rfie Aoy (L) — MakcuMaabHOe COOCTBEHHOE 3HAY€HNE MATPUILL L .

Jdemma 1. Ilycmy AcR™" g H=H' eR™™ 4 V=V eR™" — neguponcientoie mam-
puypt. Tozoa pynxyus (1) sersemcs adoumuenoii (0606weHHO) MAMPUUHOL HOPMOTL.

Jlemma 2. I[lycmv AcR™ P, BeRP*" a HeR™ ™, VeR"™", M eR*P — cummempuu-
Hble HEBLLPONCOEHHBLE MAMPULDL, MO2OA CNPABEONUBHL COOMHOULCHUS

[ 4Bl w<] 4], |8 128] <L A8 @

ITpu noKas3aTeabCTBE TEOPEMBI O CYHIECTBOBAHUU U €MHCTBEHHOCTH B3BEHIEHHOI MCEBIO-
06paTHON MaTPHIIbI CO 3HAKOHEOTIPE/IeJICHHBIMI BECAMU MCIIOIb30BAHbI YTBEPIKICHHSL.

Jlemma 3. Ilycmo Ons xeadpammuvix mampuy, K, L, M evinoansiomces ycarosus KM = MK,
LM = ML . Tozoa us pasencmea KM 2= IM? caedyem pasencmeo KM = LM .

Jemma 4. Ilycmy AeR™", a B=Bl e R™™ y C=C! e R™" — neswipoocoennvie 3uaxo-
neonpedenennvie mampuupt. Toeda paneu mampuy, A u AT BACAT cosnadawom.

I[Tpu passioKeHU M B3BEIIEHHBIX [ICEB00OPATHBIX MATPUI] B MATPUYHBIE CTETIEHHbBIE TPOM3BE-
JIEHVST UCTIOJIb30BAHBI CJIEYOIINE YTBEPKICHUSI.

Jlemma 5. /[na mobvix mampuy, PeR™", W e R™™ u deiicmeumenvnozo uucia —oo <0<
< 0 <o wmeem mecmo moxoecmeo

n—1 2n
[T{E+6% P+ EY @)P+8EY ' W= 6" 1(P+3EY W, n=1,2.... (4)
k=0 k=1

Jemma 6. /[ns mobvix mampuy, LeR™ ™, M eR™™ u deiicmeumenviozo uucia —oo <0<
< & < o0 umeem mecmo moscoecmaeo

n—1 2"
ML+8E) T[{E+8% (L+8EYy @ = MY 6 (L+8EY, n=12,... (5)
k=0 k=1
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OrnpesiesTiM cMMMeTpPU3yeMble W B3BEIIIEHHbBIE OPTOTOHATbHbBIE MATPHITHI.

Onpenenenne 1. Kasparnyio BeniectBernyio matpuily U Oy/eM Ha3blBaTh CUMMETPU3Ye-
MOJI cjieBa WJIM CIpaBa, €CJU CYIIEeCTBYET TaKass CUMMETPUYHAs HEBbIPOKIeHHasd MaTpuiia H,
YTO BBITIOTHSIIOTCSI COOTBETCTBEHHO paBeHcTBa HU =U T , UH=HU T

Omnpenenenune 2. KBagparnyio BenectBenuyio marpuity Q Oynem HaszbiBaTh H-B3BeleH-
HOI OPTOTOHAIBHOI (OPTOTOHAJIBHON ¢ BecoM H), ecyii BBITIOTHSAETCS YCI0BUE QTH Q=E, rne
H — cuvmMeTpryHast HEBBIPOXKIEHHAS MaTPHUIIA.

[Ipu pasyioKeHUr B3BENIEHHBIX MICEBA00OPATHBIX MATPHUI[ B MATPUYHBIE CTETIEHHDIE PSI/IBI 1
MTPOU3BE/ICHUS MCITOIH30BAHO B3BEIEHHOE CIIEKTPAJBbHOE Pa3sioKeHre MaTpHIl, chOpPMYyInpo-
BaHHOE B CJIeIyIolleil JeMMe.

Jlemma 7. Cummempusyemast ciea noioNUmenssHo onpeoeientoin cummempusamopom H mam-
puua U mosxcem 6vimv npusedena x ouazonanvnoii popme ¢ nomowpto H-e36euentozo opmozo-
HaILHOZ0 npeobpaszosanust, m.e. cywecmsyem maxas H -e36ewennas opmozonaivias Mampuya
Q,umo QTHUQ = A, u mampuya U npedcmasuma 6 sude U=QAQ" H, 20e A= diag(X;), A; —
cobcmeennvle 3navenus mampuypt U, a cmonbyvt mampuupt Q o6pasyiom noinyro cucmemy coo-
cmeennvlx sexmopos mampuypt U.

Temeps mepeiizieM K M3I0KEHUIO OCHOBHBIX PE3yJIbTaTOB MCCJIEOBAHNS, 2 MMEHHO K OTIpejie-
JIEHWIO W YCTAHOBJIEHWIO CBOWCTB B3BEIIEHHBIX TICEBIOOOPATHBIX MATPUI C HEBBIPOKIEHHBIMU
3HAKOHEOTIPe/IeJIEHHBIMU BECaMHU.

Iycts AeR™", XeR™™ a BeR™"™ u CeR™" — cumMmeTpuuHble 3HAKOHEOIPEIE-
JIEHHbIE HEBBIPOJKIEHHBIE MATPUIILL. B3BeleHHyI0 1mceB1o00paTHyo MaTpuily K Matpuite A ofr-
pellesIuM KaK MaTPUILY, YZOBJIETBOPSIONIYIO CUCTEME MATPUYHBIX YPABHEHU

AXA=A, XAX =X, (BAX)' =BAX, (CXA)! =CXA. (6)

CuietoBaTesibHO, COTJIACHO Ompe/iesieHnio 1 paccMaTpuBaeTcsl BADUAHT B3BEIIEHHOM TICEBIO-
nHBepcud, korga Matpuiibl AX n XA cumMmerpusyemble CIeBa COOTBETCTBEHHO 3HAKOHeOIIpe-
JIeTIeHHBIMU HEBBIPOKIEHHBIMU cuMMeTpu3aTopamMu B n C.

Jlokazana Teopema o CyIecTBOBAHUM €IMHCTBEHHOTO PelleHus CUCTEMbl MATPUUYHBIX YPaB-
Henuii (6). IIpu nqokasaTesbCTBE UCTIOIB3YIOTCS YTBEPKIACHUS JIeMM 3 U 4, CKeJIETHOE PasJioske-
HUe MaTPUIL, a Takke TeopeMa lamniasrona— Kasi, Ha 0CHOBaHNM Yero NOJIyYeHO Mpe/ICTaBIeHne
B3BEIIEHHOI TICeBI00OPATHON MATPUIIHI ¢ WHASDUHUTHBIMU BECAMHU B TeEPMUHAX KOd(huiimen-
TOB XapaKTEePUCTUYECKNX MHOTOYJIEHOB CUMMETPU3YEeMbIX MATPHII.

Teopema 1. Cucmema mampuunvix ypasnenuii (6) umeem eduncmeennoe pewenue X = Afe,
npuwem mampuya A , yoosremsopsiowas (6), npedcmasuma 6 6ude

Ao =C7lsATB, (7)
20e S = f(ATBAC™YY — mnozounen om mampuypr AT BAC™ suoa

S =—a;'[(ATBACTY ! o, (AT BACTY 2 oy E,
O, P= 1, ..., n, — KO3 PuUUernmbL XapaKxmepucmuuecKkoz0 MHO20UIeHA

FW)=A"+a A"+ o, =det[AE-ATBACT,
a o, — NocaeoHUll, OMAUUHBLI OM HYJLS KOIPDUUUEH FMO20 MHOZOUTIEHA.
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Teriepb ToJIyduM passioskeHUue MATPUI] ¢ HEBBIPOKIECHHBIMU 3HAKOHEOTIPE/IeJIEHHBIMU Beca-
MU B MaTpUYHbIE CTEIleHHbIE Ps/bl U MaTPUUHble CTelleHHble MpousBeleHus. s atoro uc-
I0JIB3YETCS MPe/ICTABIEHNE B3BENIEHHOI TIC€BA00OPATHOI MATPUIILI CO 3HAKOHEOTIPE/IEI€HHbI-
MU BecaMU B TepMUHAX KO(M(HUIIMEHTOB XapaKTePUCTUYECKUX MHOTOYJIEHOB CUMMETPU3YeMbIX
MAaTpHII, TTOJTy4eHHOe B TeopeMe 1, n yrBepkaeHust semm 2 u 5—7. ObocHyeM pas3iosKeHre B3Be-
IIEHHBIX TICEBI00OPATHBIX MATPHIL, KOT/Ia 00 BECOBBIE MATPHUIIBI CUMMETPUYHBIE, IPUYEM OJ[HA
13 HUX [10JIOKUTEJIbHO OllpejiesieHa, a BTopasi — HeBBIPOKAeHHas 3HakoHeolpe/eseHHas. CHa-
yaja pacCMOTPUM cJyyail, Koraa Marpuiia C — MOJIOKUTEIbHO ollpe/iesieHa, a B — 3HaKoHeolI-
penesieHHasl.

Teopema 2. /[ns npouseonvioti mampuypt A#0eR™ ", cummempuunoii snaxoneonpedenern-
Hoti nesviposcoennoii mampuupt B e R™™, cummempuunoii nonojcumensio onpedenennoti mam-

o 1 _
puypt C e R™™ u deticmeumenviiozo uucna 8, yoosremeopsaowezo yciosuio 0 < ‘ ) ‘ < ) u(C 1ATBA),
UMem Mecmo COOMHOUEHUS.

oo

Afe =Y 81 ATBA+SEY AT B, (8)
k=1
+ + p 14T - +
[ 45c-43,| . <[8]" wecaBay )7 | ] sy ©

p

20e A =Y FUCTATBA+SEY *CTIATB, p=1,2,..; w(L)= min{‘ ) \ Az0eo(L)}, A, —
k=1

coocmeennvie snavenus mampuipl C ~14"BA ; V= VI eR™™ — mobas CUMMEMPUUHAST HEBDL-

POodAHCOeHHAsE MAMPUYQA.

[Ipu BBIMOTHEHUM TIpeTIoNOKeHNT TeopeMbl 1 B cuiy (4) n (8) umeem cienyroiee pasmio-
’KeHue B3BEIIeHHOI TICeBI00OPATHOI MATPHIIBI CO 3HAKOHEOIPEIEIEHHOW CUMMETPIUYHON HEBBI-
posIeHHOl Becooii Matpunein B e R™ ™ u monoxurensno onpenenennoii marpuneii C € R™"
B MATPUYHOE CTEIIEHHOE TPOU3BE/IEHNE:

= k k
Ape ={E+8* (C'A"BA+SEYy ® )y (CT'A"BA+SE) AT B. (10)
k=0
n—1 i b
O6osnaunm Af , = [J{E+8* (C'ATBA+8E)y * ) (C'ATBA+SE)'C7'ATB, n=1,2,...
k=0
Torna B cusy TosxzectBa (4) u cootTHotenust (9) moayanm
<8 (u(C'ATBA)Y+8)" )
cV2y
3 onenku (9) caemyer, uto st 0600 p =1,2,... ¥MeeM clenyoliee TpeaebHoe Tpel-
CTaBJIeHHE B3BEIIEHHON MCEBI00OPATHOI MATPHUIIHL:

+ + +
ABC - AS, n ABC

(11)

c2y

p
Afe =1im Y 81 ATBA+SEY * 7' AT B, (12)
8—>0k_1
a us onerku (11) mst moboro n=1,2,... umeem
n—1 i i
Ape = %m% [T(E+8* (C'ATBA+SE)y )y (CT'ATBA+SE)'c'A"B. (13)
~YE=0
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Temeph paccMOTpUM cJTydaif, KOra MaTpuila B — TOJIOKUTENBbHO ofipesiesieHa, a C — HeBbI-
POsK/IeHHAs! 3HAKOHeOoIpe/lesIeHHasl.

Teopema 3. /15 npoussonvnoti mampuupr A#0eR™ ", cummempuuroii nonojcumenvno on-
pedenennoti mampuypt B e R™™ , cummempuunoii snaxoneonpedeiennoii HeGbipoICOeHHOL MAMpU-

o 1 _
upt C e R™" y deticmeumenvnozo uucia 8, yooenemeopsiouezo ycioeuio 0 < ‘ ) ‘ < ) n(AC 1ATB),
UMenm Mecmo cOOMHOULEHUS.

Afe =Y 8¢ ATB(ACT AT B+SEYF, (14)
k=1
p _ -
i = 5] o< 8] weaca” ey 7| g e, (15)

p
20e Agp = Zﬁk_iC_iATB(AC_lATB+SE)_k, p=12,.; w(L) onpedeneno ¢ meopeme 2, \; —
k=1

cobcmeennvie snavenus mampuupt AC SATB, H=HT eR™" — mobas CUMMEMPUUHASL HEBDL-
POACOEHHASL MAMPUYQA.

[Tpu BbITIOJIHEHNN TTPEATIONOKEHUI TeopeMbl 3 B cuity (5) u (14) umeeMm ciieyioliee pasJio-
JKeHue B3BEIeHHOI 11ceB000PaTHON MAaTPUILBI C ITOJOKUTEIHHO OIPeIeIeHHON CUMMETPHYHON
BecoBoil Marputieii B e R™*™ u 3nakoHeonpe/ie/ieHHON CUMMETPUYHOI HeBLIPOKAEHHOIH Beco-
Boii matpuneii C e R™*" B MaTpuuHOe CTEEHHOE IPOU3BEIeHNUE:

Ao =C AT BAC AT B+ 8 EY ' [[{E+2 (AC AT B+ 8 EY D). (16)
k=0

n—1
OGosauimy A7, =C ATB(ACTATB+8 EY ' [[{E+82 (ACT AT B+8EY D), n=1,2, .
k=0
Torpa B cuimy Toxkaectsa (5) u cootnotenust (15) mosyunm

U3 onenxu (15) ciemyer, uro ajs aoboro p=1,2, ... uMeeM ciiefyioliee IpeaeIbHOe IPe/l-
CTaBJIeHKEe B3BEIIEHHON 11CeB000PaTHON MAaTPHUIbI:

Ape =A< ((ACTATB)+8Y | Age| (17)

u

p
Ao =1limC'ATBY 81 (ACTATB+SEY*, (18)
0—0 =t
a uz onerku (17) mst moboro n=1,2,... umeem
n—1
Afe = élsir%(AC‘1ATB+6E)_1C_1ATBH{E+62k (ACT' AT B+8EY 2y, (19)
- k=0

W3 npenenpubix mpeacrasienuii (9), (11), (18), (19) B3BereHHbIX MICEBI00OPATHBIX MATPHIL
CJIE/IyeT, 4TO MPU J0CTATOUHO MAJIOM TapameTpe § Marpuibt Age u Ay ,, A§ , MOTYT KaK yroi-
HO MaJIO OTJINYATHCS IPYT OT IPYyTa U HA OCHOBAHWY TIPEIJIOKEHHBIX TIPE/IeJIbHBIX TIPe/ICTaBICHUI
MOJKHO BBIYHCJISATH TIPUOJIMKEHUST K B3BEIIEHHBIM 1TCeB1000paTHBIM MaTpuiiam. OteHkn 61130-
CTH B3BEIEHHBIX MCEBIO0OPATHBIX MATPUIL U UX MPUOIVMIKEHHBIX 3HAYEHUN TaHbl (JOPMyTaMu
(9), (11), (15), (17).
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3BAJKEHIIICEBAOOBEPHEHI MATPUIII
31 BHAKOHEBM3HAYEHVMU BATAMU

BusHauaoThCs Ta JOCTIUKYIOTHCST 3BasKEHI MICeBI000EPHEHT MATPUII 3 HEBUPO/KEHUMI 3HAKOHEBU3HAUCHUMU
Baramu. J[oBeleHO TeopeMy iCHYBaHHSI Ta €AMHOCTI INX MaTPHIlh. [[aHo 306paskeHHs 3BasKEHUX TICEBIOOGEPHE-
HUX MaTPUIlh 31 3HAKOHEBM3HAYEHNMU BaraMi B TePMiHaX KOe(illi€HTIB XapaKTePUCTUYHIX MHOTOUJIEHIB Ma-
TPUILb, IO CUMETPUBYIOTHCST, O/IEP/KAHO POSBUHEHHS 3a3HAYEHNX MATPUIlb Y MaTPUYHI CTENeHeBi psau ta 100yT-
KM, TPAaHUYHI 300pakeHHsI IIMX MAaTPUIIb.

Kmouosi croea: ssadceri ncesdoobepneni mampuuyi 3 HesupooNcenuMmu in0eQinimnum 6azamu, Mampuuii cmene-
Hesl psou i 000YymK, 2paHUUHT 300PANCEHIA 36ANCEHUX NCEEO00OCPHEHUX MAMPULD.

A.N. Khimich, E.F. Galba, N.A. Vareniuk

Glushkov Institute of Cybernetics of the NAS of Ukraine, Kiev
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WEIGHTED PSEUDOINVERSE MATRICES
WITH INDEFINITE WEIGHTS

Weighted pseudoinverse matrices with nonsingular indefinite weights are defined and analyzed. The theorem
of existence and uniqueness of these matrices is proved. A representation of weighted pseudoinverse matrices
with indefinite weights is given in terms of coefficients of the characteristic polynomials of symmetrizable matri-
ces. Their expansions in matrix power series or products are obtained. The limiting representations of those ma-
trices are obtained.

Keywords: weighted pseudoinverse matrices with nonsingular indefinite weights, matrix power series and products,
limiting representations of weighted pseudoinverse matrices.
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