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HesiBHOe JMHeliHOE pa3HOCTHOE ypaBHeHHE B mpocTpaHcTBax Dpeinre

IIpedcmasneno axademuxom HAH Yipaunwt EA. Xpyciosoim

ZonawH Kpumepm? cywecmeosanusl u eouncmeenHocmu peueHust Hest6H0Z0 JUHELH020 PA3HOCMHOZ0 YPABHEHUA

Ax, ., + Bx, = g, ¢ nenpepvienvimu onepamopnvimu kodgguyuenmamu A, B, deiicmsyowum 6 npocmpancmeax

Dpewe. Yrazanvl a6Hvle POpMYIvL OIS peulenus Imoeo ypagrenus. Llonyuennvie pesyrvmamol yYymounsomes ons
CIYUas 6AHAX08bIX NPOCTPAHCNE.

Kmoueente cnosa: nesigroe pasnocmmuoe ypasmnenue, npocmpancmeo CDpewe.

1. [Tyctb X u Y — xomriutekcubie ipoctpancTBa Dpeliie, T.e. MOJIHBIE METPU3YEMbIE JIOKAIBHO
BBITTYKJ/IbIe TIPOCTPaHCcTBa, X — conpsskenHoe k X mpoctpanctso, L(X,Y) — IpocTpancTBo -
HEWHBIX HEMTPEPBIBHBIX 0TIepaTopoB, AetictByonux u3 X B Y, n S (Y) — mpoctpancTBo nocueno-
BaTeJbHOCTEN 37IeMEeHTOB 13 Y . PaccMOTpUM HesTBHOE Pa3HOCTHOE ypaBHEHUE

Ax,+Bx, =g, n=012.., (1)

rne A, Be L(X,Y) nu {g,},.0€ S).

MHorouncieHHbIe Pe3yIBTaThl O CYIIECTBOBAHWH, €IMHCTBEHHOCTH U MTPE/ICTABJIEHUN peTiie-
Huit ypaBuenust (1) B ciydae 6anaxoBbix mpocTpaHcTB X, Y ¥ pasiinvHbIX OrpaHUYEHHSIX Ha TI0-
CJIe/I0BaTeIbHOCTD {g, }7_, omucanbl B [1—11] 1 B gpyrux paborax. B nacrosmem coobuiennu
MOJTy4YeH KPUTEPUT CYIIeCTBOBAHUS W eIMHCTBEHHOCTH pelieHns ypaBHeHud (1) B mpocTpaHcTBe
Bcex nocaenoBarenbHocTeir S (Y) (em. caenctsue 1) u asras dhopmysa s penterus (hopmyra
(9)). B ciryuae 6anaxoBbix mpocTpacTB X U Y 9TOT pe3ysibraT yTOUHSAETCs B CJECTBUM 2.

2. lIpeanonoxum cHadana, uto X =Y 1 pacCMOTPUM YacTHBIN ciaydail ypaBHeHus (1):

Ax,=x,—f,, n=0,12 .., (2)
e {f, Yoo € S(X). Uepes A” Gyem 0603HauaTh OMEpaTOp, CONPsKEHHbIN K onepatopy A. B cire-
AYIOTIEH TeopeMe YCTaHABIMBAETCST HEOOXOINMOE 1 IOCTATOYHOE YCIOBUE OHO3HATHOM paspe-
IIMOCTH ypaBHeHus (2) npu Jo0oil 3alaHHOI TocTe[0BaTeTbHOCTH {f, ) -

Teopema 1. /[ns mozo umobvt pasnocmuoe ypasnenue (2) umeno eounHcmeennoe peulenue
{x, )0 Mpu a10601 nocredosamenvrnocmu {f,},—q, Heobxooumo, a 6 cayuae ciabol cexeHyu-
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anvrot nomromul npocmpancmea X u docmamouno, umoovt 01t 1100020 JUHETUHO20 HENPEPLIBHO20
*
pynxuuonana de X~ cyuwecmeosano maxoe uucio k="~k(dp)eN, umo

(49" ¢=0. (3)
IIpu smom pewenue ypasuenus (2) daemcs popmynoi
x,= Y A S n=0,12,. (4)
k=0

2de cxodumocms psda 6 npasou wacmu pasencmea (4) noHUMaemcs: 8 MmonoLOZUU NPOCMPAHcmMea
Dpewe X .

oxkaszarenabcTBo. Heobxodumocmw. Ilpoctparcrso S (X) sapasgercs npocrpanctsom Dperne
¢ METPUKOU

- - o 1 dy(x,,y,)
d({xn}n: ’{yn}n: )= _My
o= B (i)

e dx(-,-) —merpuka B X . Tak kak Ae L(X, X), To simHeiHBII o1tepaTop
F:5(X)-=>5X), (Ix),=x,-Ax,,, x€S5(X)

SIBJIETCSI HeIpepbIBHBIM B 1ipocTpancTBe S (X). B cuiy npe/nosioxkeHnst TeEOpEeMbl CYIIeCTBY -
eT oGpartslii orepatop F~!, onpenenennslii na scem npocrpancrse ®Opee S(X). Tloatomy 110
Teopeme Banaxa 06 oGparHom onepatope oneparop F~! TakiKke siB/ISIeTCS HEIPEPHIBHBIM.

It mobeix meN u f={f, € S(X) paccmorpum mocenoBarenbiocts f 7 ={f,"}r_ €
e S(X),rne

fm: fn’ ngm’
! 0, n>m.

HernocpencTBeHHOIT TIPOBEPKOIT yOexkmaeMcst, 4To mpu jo60oM me N pelreHneM pasHOCTHOTO
ypaBHEHUS

m m m
Ax,y=x, =/, , n=0,1,2..,

SIBJISIETCSI TIOCJIEI0BATENBHOCTD X ={x, }g, T/IE

)

m—n
k

m _ zAfn+k’ n<m,

X k=0

n =

0, n>m.
A1o o3uavaer, uto F~'f™ = x™. Tak kak oneparop F~' nenpepsisen u lim /™ = f 8 S(X), 10 B
m—eo

npocrparctBe S(X) cymectsyer lim x™. B wactHOCTH, OTCIOZA TIOMy9aeM, 94TO CYIIECTBYET
Mm—soo oo

lim xg'. C yuerom npezcraienns (5) A1t X(' IOTyHaeM, 4TO PSiz Y Ak S cxomuTest ipu o6bIX
M—>o0
k=0

Jre X(k=0,1,2,..). llonoxum f, =0y f, rae f — npousBosbHbIA ameMeHT U3 X, a {0}y —

MIPOM3BOJIbHAS TTOCJIEIOBATELHOCTh KOMILJIEKCHBIX 4uces. Toraa st Jro00ro JMHEHHOTO He-

npepuBHOTO (yHKIMOHaMa ¢ X CXOAUTCS YMCAOBOI P Zockq)(Akf). CrenoBaTesbHO,
k=0
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%im o, q)(Akf):O. B cumy mponsBOIbHOCTH YNCIOBON MOCTELOBATENbHOCTH {0l )5 o MOJY-
—>00
yaem, uto s 00bix  fe X, de X maiinercs takoe k=k(f,0)eN, uto &(A*f)=0.

%
3adpukcupyem dyuknnonan ¢pe X . [liasa mroboro ke N paccMOTpUM 3aMKHYTOE MHOKECTBO

X, ={feX: q)(Akf) =0}. Torna X = U X, . lTockonbky X — 1osiHoe METpUYECKOE MPOCTPaH-
k=1
CTBO, TO 110 TeopeMe bapa oHO ABjseTCS MHOKECTBOM BTOPOIT kKareropun. CiieZioBaTesIbHO, TPU

HEeKOTOpPOM k = k(¢)€ N MHOXKeCcTBO X}, COAEPIKUT IIap
B, (xg)={xe X :dy(x,x5)<r}.

[Toatomy ¢(Akx) =0 npu Bcex x€ B,(x;). YunuTbiBasg HelPpepbIBHOCTD OIIEPAIUN YMHOKEHUS

BEKTOPA Ha cKaJIsIp B ipocTpancTBe Dpeliie, 3aKI09aeM, 4TO q)(Ak x)=0 1pu Bcex x € X, 1oaro-
#\k

My (A) ¢=0.

Jocmamourocms. PaccMOTPUM T1OCTIEI0BATEIHHOCTD BEKTOPOB
m
Ym ::22114kj% €X.
k=0
B cuny yenosus (3) ans moboro gynkimonana ¢ X uncI0Bast MOCIe[0BATeIbHOCTD
m m
O(m) = 2, 0(A f)= Y (AN 0 (/)
k=0 k=0

CTaOUIT3UPYETCS: ¢(ym):¢(yk(¢)),m>k(¢). [TosTomy nocsenoBaTe/IbHOCTD ¥, (QyHIaMeHTa-
JIbHA OTHOCHUTENBHO cytaboii cxomumocTr B X . Tak Kak mpocTpancTBO X sIBisieTCst c1abo cek-
BEHI[MAJIBHO TIOJHBIM, TO CYLECTBYET 3JIeMeHT X € X, K KOTOPOMY I10CJIe/[0BaTeIbHOCTD ¥,

c1ab0 CXOAMTCS. DTO O3HAYAET, YTO PSIJL 2 Ak /1, c1abo CXOANTCS K dIEMEHTY Xy . AHAJIOTUYHO 110
k=0
opmyie (4) onpenengaioTcs aneMenTsl X, rae n=1,2,.... Henocpeacrsennoii mogcranoskoii (4)

B ypaBHeHUe (2) ¢ yueTOM HelPepbIBHOCTHU oriepatopa A MPOBEPSIETCs, UTO IMOCIE0BATETbHOCTD
{x,}=0 €CTD pelIeHIe Pa3HOCTHOTO ypaBHeHus (2).

[lokaxem elMHCTBEHHOCTD pellieHus ypaBHeHus (2). [lns aToro paccMOTpuM OJHOPOJHOE
ypaBHeHUe

Ax, 1 =x,, n=0,12 .. (6)

Torma x,= Akxn+k, n,k=0,12,... Otciona ¢ yderom (3) moinyuaem, 4to O(x,)=0
(n=0,1,2,...)n1a moboro dynkumonana ¢€ X . B cumy teopembr Xanma—Banaxa x, =0,
n=0,12,..., T.e. ogHOpoHOE ypaBHeHUe (6) uMeeT TOJIbKO TpUBHAIbHOE pelenue. [loaTomy
pasHocTHOe ypaBHeHHe (2) MMeeT eIMHCTBEHHOE PeIleHue Mpu JoOoi TMOoCae[0BaTeTbHOCTA
{f,1}mep - OTCIONA U3 y3Ke TOKA3aHHOI HEOOXOIMMOCTH YTBEPIKACHUS TEOPEMBI TT0JIYYAEM, UTO Psi/L

ZAk Jp cxomures B Tonosorun npocrpancrea X npu mobsix fr e X(k=0,1,2,...). Crenosa-
k=0
TeJIbHO, pu JII0O0M 7€ N psiji B TIpaBOil YacTu paBeHCTBa (4) TakKe CXOIUTCS B TOTIOJIOTHN TIPO-

crpanctBa X . Teopema MOJIHOCTBIO I0Ka3aHa.
Crepyronmii mpuMep 1oKasbIBaeT, 4To ypaBHeHue (2) MoKeT MMeThb e/JMHCTBEHHOE PelleH1e
IpH JII0O0H OCTIeI0BATEIBHOCTH { f, };—( , HO OmlepaTop A MOXeT He OBITh HUJIBIOTEHTHDIM.
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Ipumep 1. [Iyctp X =s=5(C) — mpocTpaHCTBO BCEX YUCTOBBIX TTOCTEI0BATETHHOCTEN,
A — onepatop casura: ecau u = (U, Uy, Uy,...)€ s, 70 Au=(0,uy, uy, uy,...) . OnepaTop BcroLy
oTIpe/iesieH U HelIPePbIBEH B IIPOCTPAHCTBE S, & CAMO IPOCTPAHCTBO $ SIBJSETCS MIPOCTPAHCT-
som Dpernre. C nomonbio npeacTaBienuii x, ={x, ,,}m-0, fy ={/p mm=o 271€MEHTOB U3 S ypaB-
HeHne (2) TepenuchIBaeTcs B BUIE

xn,Oan,O’ xn+1,m—1:xn,m_fn,m’ me N’ (7’l=0,1,2,...). (7)

Torna ipu m06bIX f, ={/, ntm=0 € (n =0, 1, 2, ...) cymecTByer eMHCTBEHHOE PEIIEHNE X, =
={Xp mtm=0 € (n=0,1,2,...) ypaBnenus (2), KOTOpOe ONpe/eJIAeTCsA U3 COOTHOMmEHN (7):

m
Xpm =D uskometr Mmm=0,1,2,...
k=0

Opanako oneparop A He sIBISIETCS HUJIBIIOTEHTHBIM 1, Gosiee Toro, A”x #0 npu Bcex ne N n
O+xes.

Crenytorasi TeopeMa TOKa3bIBaET, 4TO B YACTHOM cJIydae, Korga X — GaHaxoBO MPOCTPaH-
CTBO, CYII[ECTBOBAHUE U €[MHCTBEHHOCTD PellieHust ypaBuenusi (2) mpu Jo6oil 3aiaHHoil mocre-
noBatesbHOCTH {f),},_( BJedeT 3a COOOI HIJIBIIOTEHTHOCTD oneparopa A .

Teopema 2. I[lycmv X — 6anaxoeo npocmpancmeo u Ae L(X, X). s mozo umobvt pas-
nocmnoe ypasuenue (2) umeno eduncmeennoe pewenue {x,},_q npu 110060t nociedosamenvbHocmu
{1 Ve HEOOX00UMO U DOCTAmMOUNO, UmobvL onepamop A Ovin nurvnomenmmuvim. lpu smom ecau
r+1 — undexc nunvnomenmmuocmu onepamopa A , mo peuenue paHocmmozo ypasuenust (2) onpe-
densiemcs hopmynoi

-
k
xn=2A Jorr, n=0,12,.... (8)
k=0

3. 3 Teopem 1 u 2 BBITEKAIOT CIENCTBUS, YCTAHABINBAIONIE COOTBETCTBYIOININE KPUTEPUHT
CYIIECTBOBAHUS U €JIMHCTBEHHOCTH peleHust ypasuenus (1).

CaencrBue 1. /lns mozo umobor pasnocmmnoe ypasuenue (1) umeno edurncmeennoe peutenue
{x, oo Mpu 110608 nocredosamenvrocmu {8, g, He0O6X00UMO, a 8 ciyuae ciabOU CeKBeHyu-
anvrotl nornomuL npocmpancmea X u 0ocmamouno, ¥moowvl Cyuecmeosal 0Opamuvlii onepamop
Ble LY, X) u0nam06020 muneiinozo nenpepwienozo pyuxyuonaia e X cyuecmsosano maxoe

k=Fk(0)e N, umo ((B1A)* Yed=0. Ipu smom pewenue ypasnenust (1) daemcst popmynoi

S el gk pel
Xy =Y, (~BA)' BT g,y n=0,12,.., 9)
k=0
20e cxodumocmv psida 6 npasoil uacmu pasencmea (9) NOHUMAEmcs 8 MONOLOZUU NPOCPANCTEA
Dpewe X .

Caencrue 2. I[lycmv X,Y — 6anaxoev. npocmpancmea, A, Be L(X,Y). /s mozo umobut
pasnocmnoe ypasnenue (1) umeno eduncmeennoe pewenue {x,}n-o npu 1060t nocredosamenrHoc-
mu {8, }neq » HEOOXOO0UMO U DOCMAMOUHO, 4MOObL CYULECMBOBAN OOPAMHBLI ONEPATNOP BleL(v,X)
u onepamop B~A 6vu nunvnomenmuvin. IIpu smom ecmu r+1 — undexc nurvbnomenmmocmu one-
pamopa B7'A, mo pewenue pasnocmiozo ypasnenust (1) onpedensiemcs popmynoi

-
= 2 (B BTG, n=012,..
k=0
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3ameuanue 1. B yciaoBusax caencrsus 1 nHavdanbHas sajgada xg=a€ X 11a ypasHenus (1)

pa3peninMa B TOM 1 TOJIBKO B TOM CJIy4ae, Korja

a=Y (-B'A)B g,
k=0
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HEABHE JITHIMHE PI3SHUIIEBE PIBHAHHS
Y ITPOCTOPAX ®PEIIE

Hoseneno kpuTepiit icHyBaHHS Ta €IMHOCTI PO3B’I3KY HESIBHOTO JIHITHOTO pisHMIEeBOrO piBHARHA Ax, ., + Bx, =
= g, 3 HerlepepBHUME onepaTopHumu Koedinientamu A, B, mo aitors y npocropax @peme. Brasano asni dop-
MYJIH [I7IsE PO3B’I3KY 11b0TO piBHsHHS. OTpUMaHi Pe3yIbTaTH YTOUHIOIOTCS TSI BUTIAZIKY GaHAXOBWX TIPOCTOPIB.

Knrouoei crosa: nesisue pisnuyese piensnus, npocmip @peue.

S.L. Gefter, A.L.Piven
V.N. Karazin Kharkiv National University
E-mail: gefter@karazin.ua, aleksei.piven@karazin.ua

IMPLICIT LINEAR DIFFERENCE EQUATION
IN FRECHET SPACES

An criterion of the existence and the uniqueness for a solution of the implicit linear difference equation Ax, ,, +
+ Bx, = g,, where A and B are continuous operators, which act on Frechet spaces, is proved. Explicit formulas
for the solution of this equation are found. For the case of Banach spaces, the results are specified.

Keywords: implicit dif ference equation, Frechet space.
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