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We give a short description of our recent results obtained by a new approach to the boundary-value problems, such
as the Dirichlet, Hilbert, Neumann, Poincaré and Riemann problems, for the Beltrami equations and for analogs
of the Laplace equation in anisotropic and inhomogeneous media. We show that the approach makes it possible to
study many problems of mathematical physics with arbitrary boundary data which are measurable with respect to
logarithmic capacity.
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1. Introduction. Here, we give our recent results obtained by a new approach on boundary-value
problems for the Beltrami equations and for analogs of the Laplace equation in anisotropic and
inhomogeneous media, cf. [8] and [13].

Let D be a domain in the complex plane C and let pw: D — C be a measurable function with
|lu(z)|<1 a.e. The equation of the form

=)/, (D
where fzzgf:(fx+ify)/2, f=0f =(/y—if,) /2, z=x+iy, [, and [, are partial deriva-

tives of the function f with respect to x and y, respectively, is said to be a Beltrami equation.
The Beltrami equation (1) is said to be nondegenerate if ||, <1.

Note that a great number of new theorems on the existence and on the boundary behavior of
homeomorphic solutions and, on this basis, on the Dirichlet problem for the Beltrami equations
with essentially unbounded distortion quotients K, (2)=(1+|u(2)|) / (1~ |w(2)[) (see, e.g. [6,7,10]
and references therein) were recently established. However, under the study of other boundary-
value problems for (1), we restrict ourselves to the nondegenerate case, because this research leads
in the contrary case to a problem on the distortion of boundary measures. Recall that the (continu-
ous, discrete, open) homeomorphic solutions with distributional derivatives of the nondegenerate
Beltrami equations are called quasiconformal (functions) mappings (see, e.g., [1, 5, 9]).

The first relevant problem is the measurement of sets on boundaries of domains. Recall that
the sets of the length measure zero, as well as of the harmonic measure zero, are invariant under
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conformal mappings. However, they are not invariant under quasiconformal mappings, as it fol-
lows from the famous Ahlfors—Beurling example of quasisymmetric mappings of the real axis that
are not absolutely continuous (see [2]). Hence, we are forced to apply the so-called absolute har-
monic measure by Nevanlinna instead of them, in other words, the logarithmic capacity (see, e.g.,
[11]), whose zero sets are invariant under quasiconformal mappings.

By the well-known Priwalow uniqueness theorem, the analytic functions in the unit disk
D={zeC:|z|<1} coincide if they have the equal boundary values along all nontangential paths to
aset E of pointsin dD of a positive length, see, e.g., Theorem 1V.2.5 in [12]. The theorem is valid
also for the analytic functions in Jordan domains with rectifiable boundaries (see, e.g., Section
IV.2.6 in [12]). However, the examples of Luzin and Priwalow show that there exist nontrivial
analytic functions in D, whose radial boundary values are equal to zero on sets E c 9D of a posi-
tive measure (see, e.g., Section IV.5 in [12]). Simultaneously, by Theorem IV.6.2 in [12] of Luzin
and Priwalow, the uniqueness result is valid if E is of the second category. Theorem 1 in [4] de-
monstrates that the latter condition is necessary.

Recall Baire’s terminology for categories of sets and functions. Namely, given a topological
space X, a set E < X is of the first category if it can be written as a countable union of nowhere
dense sets, and is of the second category it E is not of first category. Given topological spaces X
and X., /:X — X. is said to be a function of Baire class 1if f~'(U) for every open set U in X.
isan F; setin X, where Fj is the union of a sequence of closed sets.

Theorem 1 in [4] can be formulated in the following way:

Theorem A. Let D be a bounded domain in C , whose boundary consists of a finite number of
mutually disjoint Jordan curves, and let {Y¢}cop be a family of Jordan arcs of the Bagemihl—Seidel
classin D.

Suppose M is an Fy set of the first category on dD and ®(C) is a complex-valued function of
Baire class 1on M. Then there is a nonconstant single-valued analytic function [ :D — C such that,
Jorall Ge M along vy,

lin% J(2)=2(0). 2

We say that a family of Jordan arcs {J¢}rcc is of the Bagemihl—Seidel class, abbr. class BS,
if all J¢ lie in a ring R generated by C and a Jordan curve C. in C, C.nC=0, J is joining
C., LeC,every ze R belongs to asingle arc J¢, and, for a sequence of mutually disjoint Jordan
curves C, in R such that C, »C as n—>, J.NC, consists of a single point for each {eC and
n=1,2,..., cf. [4, pp. 740~741].

In particular, a family of Jordan arcs {J¢}cec is of class BS if J is generated by an isotopy of
C. For instance, every curvilinear ring R, one of whose boundary components is C, can be mapped
with a conformal mapping g onto a circular ring R and the inverse mapping g ' : R — R maps ra-
dial lines in R onto suitable Jordan arcs J; and centered circles in R onto Jordan curves giving
the corresponding isotopy of C to other boundary component of R. We may also choose a curve
in R, which is tangent to its boundary components and which intersects every centered circle in R
only one time, and to obtain the rest lines by its rotation.

Finally, if Q< C is an open set bounded by a finite collection of mutually disjoint Jordan
curves, then we say that a family of Jordan arcs {J¢}rcaq is of class BS if its restriction to each
component of dQ is so.
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On the basis of Theorem A, in the case of domains D whose boundaries consist of rectifiable
Jordan curves, Theorem 2 in [4] on the existence of analytic functions f:D — C such that (2)
holds a.e. on dD with respect to the natural parameter for each prescribed measurable function
®:9D — C was formulated.

2. Boundary-value problems for quasiconformal functions. The following statement is
similar to Theorem 2 in [4] but formulated in terms of a logarithmic capacity instead of a natural
parameter. It is worth nothing that this theorem does not assume that boundary Jordan curves are
rectifiable. This fact is key.

Theorem 1. Let D be a bounded domain in C , whose boundary consists of a finite number of
mutually disjoint Jordan curves, and let a function ®:9D — C be measurable with respect to the
logarithmic capacity.

Suppose that {Y¢}cop is a family of Jordan arcs of class BS in D . Then there is a nonconstant
single-valued analytic function f:D— C such that (2) holds along vy for a.e. {€dD with respect
to the logarithmic capacity.

Theorem 1 allows one to solve the Dirichlet, Hilbert, Riemann, Neumann, and Poincaré
boundary-value problems for analytic functions, as well as quasiconformal functions with an
arbitrary prescribed complex dilatation .

Theorem 2. Let D be a bounded domain in C , whose boundary consists of a finite number of
mutually disjoint_Jordan curves, let Ww: D — C be a (Lebesgue) measurable function with |u|..<1,
and let a function ®:9D — C be measurable with respect to the logarithmic capacity. Suppose that
{Y)eeap is a family of Jordan arcs of class BS in D . Then the Beltrami equation (1) has a regular
solution f:D— C such that (2) holds along vy for a.e. {edD with respect to the logarithmic ca-
pacity.

Recall that the classical statement of the Hilbert (Riemann— Hilbert) boundary-value problem
is to find analytic functions f in a domain D c C bounded by a rectifiable Jordan curve with the
boundary condition

linéRe{m‘f(Z)F(P(C), V{eaD, (3)

where the functions A and ¢ were continuously differentiable with respect to the natural para-
meter s on 9D and, moreover, |\ [0 everywhere on dD. Hence, without loss of generality, one
can assume that |A|=1 on aD.

Theorem 3. Let D be a bounded domain in C, whose boundary consists of a finite number of
mutually disjoint Jordan curves, let w: D — C be a (Lebesgue) measurable function with |u|..<1,
and let ):0D—C, |MC)|=1, ¢:0D - R and y:0D — R be functions that are measurable with
respect to the logarithmic capacity.

Suppose that {Y¢}ccop is a family of Jordan arcs of class BS in D. Then the Beltrami equation
(1) has a regular solution f:D — C such that

15% Re{L(D) f(2)}=9(0), (4)
@C Im{A Q) f(2)}=w(0) (5)

along v fora.e. {edD with respect to the logarithmic capacity.
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Remark 1. Thus, the space of all solutions f of the Hilbert problem (4) in the given sense
has the infinite dimension for any such prescribed ¢, A and {y¢};cp, because the space of all
functions y : 9D — R, which are measurable with respect to the logarithmic capacity (note that
continuous functions are so), has the infinite dimension. The same is valid for all other boundary-
value problems.

Theorem 4. Let D be a Jordan domainin C ,let w: D — C be a function of the Holder class C*
with e (0,1) and |u(z)|<k<1, zeD,v:0D—C, |v({)|=1, and let ®:0D — C be measurable
with respect to the logarithmic capacity.

Suppose that {Y¢}ccop is a family of Jordan arcs of class BS in D. Then the Beltrami equation
(1) has a regular solution f:D— C of the class C'** such that

9
lim 2 =) (6)
p e av
along v fora.e. {edD with respect to the logarithmic capacity.
Here, /A denotes the derivative of u at { in the direction v=v({):
\
£-v)—
o S-S -
oV 150 t

Corollary 1. For every measurable function ®:9D— C, one can find a nonconstant single-
valued analytic function ® :9D — C such that, for a.e. point { € 0D, there exist:
1) the finite radial limit

J(©):= £1_>rr} AGST (8)

2) the normal derivative

I gy D=L O gy ©
n t—0 t

3) the radial limit

i L 00=2 @, (10)

r—10n on

where n=n({) denotes the unit interior normal to o) at the point €.

Recall that the classical statement of the Riemann problem in a smooth Jordan domain D of
the complex plane C is to find analytic functions f*:D— C and f~:C\ D — C that admit con-
tinuous extensions to dD and satisty the boundary condition

[T@®=AQ) /~(©+BE), V{eaD, (11

with prescribed Hélder continuous functions A:9D — C and B:9D — C.

Theorem 5. Let D be a domain in C , whose boundary consists of a finite number of mutually
disjoint_Jordan curves, w:C — C be a (Lebesgue) measurable function with ||u|..<1, A:0D—C,
and B:9D — C be functions that are measurable with respect to the logarithmic capacity. Suppose
that {Yz}CeaD and {Y¢ Yccop are families of Jordan arcs of class BS in D and C\ D, correspond-

ingly.
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Then the Beltrami equation (1) has regular solutions f*:D— C and f~:C\ D — C that sat-
isfy (11) for a.e. { € dD with respect to the logarithmic capacity, where f*() and f~(§) are limits
of [T(2) and [~(2) as z—{ along yg and vy , correspondingly.

Furthermore, the space of all such couples (f*, /™) has the infinite dimension for every couple
(A,B) and any collections yg and ¢, {edD.

Remark 2. One can show that this approach makes it possible to solve other mixed and
nonlinear boundary-value problems for the Beltrami equations and, in particular, for analytic
functions.

3. Boundary-value problems for A-harmonic functions. Here, we give our results on the
boundary-value problems for the Laplace equation and its generalizations corresponding to prob-
lems of mathematical physics in inhomogeneous and anisotropic media.

As known (see, e.g., [3]),if f=u+i-v isaregular solution of the Beltrami equation (1), then
the function u is a continuous generalized solution of the divergence-type equation

div A(2)Vu=0 (12)
called A-harmonic function,i.e. ue C N whl and

[(A@)Vu,Vy=0 VoeC5 (D), (13)

D

where A(z) is the matrix function:

A:(!1—ul2/(1—!u\2) —2Imu/(1—\u!2)}
=20mp /(A= Py [t+uf /A=[uP)

As we see, the matrix A(z) is symmetric, detA(z)=1, and its entries a; =a;;(z) are domi-
nated by K, (2), i.e., they are bounded if the Beltrami equation (1) is not degenerate.
Vice versa, the uniformly elliptic equations (12) with symmetric A(z) and det A(z)=1 just

correspond to the nondegenerate Beltrami equations (1) with the coefficient

(14)

1 A9y —ay1 — 2ia
_ e — gy = B2 =0 21
det(1+ A4y (227 =) = oA

H (15)
where I denotes the identity 2x2 matrix, TrA =ay, +ay; (see, e.g., theorem 16.1.6 in [3]). Fol-
lowing [8], call all such matrix functions A(z) as those of class B. Recall that (12) is said to be
uniformly elliptic if a;; € L” and (A(z)n,m)>¢|n  for some €>0 and for all n e R2

The following statement on a potential boundary behavior of A-harmonic functions of the
Dirichlet type is a direct consequence of Theorem 2.

Corollary 2. Let D be a bounded domain in C, whose boundary consists of a finite number of
mutually disjoint Jordan curves, A(z), ze€ D, be a matrix function of class B, and let a function
©:9D — R be measurable with respect to the logarithmic capacity.

Suppose that {Y}ceop is a family of Jordan arcs of class BS in D . Then there exist A-harmonic
Jfunctions u:D — R such that

h_)né u(z)=9(¢) (16)

along ¢ fora.e. {edD with respect to the logarithmic capacity.
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Furthermore, the space of all such A-harmonic functions u has the infinite dimension for any
such prescribed A, @, and {Y¢}ceop -

The next conclusion in the particular case of the Poincaré problem on directional derivatives
follows directly from Theorem 3.

Corollary 3. Let D be a Jordan domainin C, A(z), z € D, be a matrix function of class BNC*,
oe(0,1),andlet v:0D—C, |v()|=1,and ¢ :0D — R be measurable with respect to the logarith-
mic capacity.

Suppose that {Y¢}reop is a family of Jordan arcs of class BS in D. Then there exist A-harmonic
functions u: D — R of the class C™™* such that

lim 2(2) = 9(0) (17)

z¢ ov
along ¢ fora.e. {edD with respect to the logarithmic capacity.

Furthermore, the space of all such A-harmonic functions u has the infinite dimension for any
such prescribed A, @, v, and {Y¢}reop -

Now, the following statement concerning the Neumann problem for A-harmonic functions is
a special significant case of Corollary 3.

Corollary 4. Let A(z), zeD, be amatrix function of class BNC*, 0. (0,1), and let ¢ : 0D — R
be measurable with respect to the logarithmic capacity.

Then there exist A-harmonic functions u:ID— R of the class
€ e dD with respect to the logarithmic capacity, there exist:

1) the finite radial limit

u(@):= hn} u(rg), (18)

2) the normal derivative

C™% such that, for a.e. point

(= i “EHED=E - o), (19)
n t—0 t

3) the radial limit

. ou _du

11—>Hi > (%)= ™ ©, (20)

where n=n({) denotes the unit interior normal to 9D at the point C .
Furthermore, the space of all such A-harmonic functions u has the infinite dimension for any
such prescribed A and .
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PO HOBUI IIJIX1/T1 /1O BUBYEHHSA KPAITOBYMX 3AJIAY HA TIJIOIIMHI

Hagemeno KopoTKuii ommc HEMOAABHIX Pe3yJIbTaTiB, OTPUMAHNX HOBUM METOIOM, TT0 KPAHOBUX 3ajlauax, TaKUX
sk 3agaui Tins6epra, [lipixie, Heiimana, [Tyankape ta Pimana, 1uist piBHsiHb Besbrpami i anasoris pisHsiab Jla-
IJ1aca B aHI30TPOITHUX i HEOAHOPIAHMX cepepoBuinax. ITokasano, o HaI MiIXi/ 1a€ MOKINBICTh BUBYaTH Gara-
TO pobJeM MaTeMaTUdHol (Gi3UKK 3 HOBLILHUMK TPAHUYHUMU JAHUMU, BUMIPHUMU BiZIHOCHO Jiorapu@MivHOl
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O HOBOM ITOAXOAE K N3YUYEHNIO KPAEBbBIX 3A/IAY HA IIJIOCKOCTU

[IpuBoauTCS KpaTKOE ONMCAHIIEe HANX HEJABHUX PE3yIBTaTOB, OJYYEHHBIX HOBBIM METOIOM, TIO KPAeBBIM 3a-
Jravam, TakuM Kak 3agaun [uiabsbepra, Jupuxie, Heitmana, [Tyankape n Pumana, auist ypasHeHuii Bensrpamu
aHaJIoroB ypaBHeHUIT Jlanmaca B aHM30TPOITHBIX U HEOHOPOIHBIX cpefax. [lokazano, 9To HaIl TTOAX07 TT03BOJIA-
€T U3y4yaTh MHOTHE TIPOGJIEMBI MATEMATHYECKOH (DU3UKH C TPOU3BOJIBHBIMI MPAHUYHBIMU TAHHBIMHU, H3MEPHMBbI-
MU OTHOCHUTEJIBHO JIOTapU(PMUIECKON eMKOCTH.
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