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Let ( )p pL L= T , 1 p≤ ≤ ∞, be the space of all functions f , given on the torus T, with the usual 
norm
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Further, let 1f L∈ . The Fourier coefficients of f  are given by
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Here, we study approximative properties of the Taylor — Abel — Poisson operators ,rA� , 
which are defined in the following way [1, 2]:

For [0,1)∈� , r ∈N  and 1f L∈ , we set
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where, for 0, 1 , , 1k r= … − , the numbers , ( ) 1k rλ ≡�  and
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We denote, by ( , )f x� , 0 1≤ <� , the Poisson integral (the Poisson operator) of f , i.e.,
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 is the Poisson kernel.

Leis [3] considered the transformation
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is the normal derivative of the function f .
Butzer and Sunouchi [4] considered the transformation
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where { } ( )k kf f= , if 2k +∈ Z  and { } ( )k kf f= � , if ( 1) 2k +− ∈ Z .
The relation between the operators ,rA�  and the operators ,rL�  and ,rB�  is shown in the 

following relation:
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which holds for any function 1f L∈  and for all numbers r ∈N , [0,1)∈� , and x ∈T .
If, for a function 1f L∈  and for a positive integer n , there exists the function 1g L∈  such 

that
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then we say that, for the function f , there exists the radial derivative g of order n, for which we 
use the notation [ ]nf . Here, we use the term ‘‘radial derivative» in view of the following fact.

If the function [ ]
1

rf L∈ , then its Poisson integral can be presented as
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Hence, by virtue of the theorem of limit values of a Poisson integral (see, for example, [5, 
p. 27]), for almost all x ∈T , we have [ ] [ ]

1
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→ −

=
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In the space pL , the K-functional of a function f  (see, for example, [6, Ch. 6]) generated by 
the radial derivative of order n  is the following quantity:
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Theorem 1. Assume that pf L∈ , 1 p ∞� �  ,n r ∈N , n r� , and 0 n< α < . If
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Theorem 2. Assume that pf L∈ , 1 p ∞� � , ,n r ∈N, n r� , and 0 n< α < . If relation (3) holds, 
then [ ]r n

pf L− ∈ , and relation (2) also holds.
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In such case, the theorems are easily true. This fact is related to the so-called saturation property of 
the approximation method generated by the operator ,rA� . In particular, in [1], it was shown that 
the operator ,rA�  generates the linear approximation method of holomorphic functions, which is 
saturated in the space pH with the saturation order (1 )r−�  and the saturation class 1Lip1r

pH − .
It is of interest to consider the case 1n = . In this case, by virtue of Theorem 2.4 (Сh. 6 §2 [6]), 

the set of all functions pf L∈  satisfying the condition 1 , ( ), 0 ,( 0)K f O αδ = δ δ→ + α > , is equiva-
lent to the Lipschitz class
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Corollary 1. Assume that pf L∈ , 1 p ∞� � , r ∈N  and 0 1< α < . The following statements are 
equivalent:

1) 1
, ( ) ((1 ) ), 1 ;r
r p

f A f O − +α− = − → −� � �

2) [ 1] Lip( , )rf p− ∈ α .
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НАБЛИЖЕННЯ 2π-ПЕРІОДИЧНИХ ФУНКЦІЙ ОПЕРАТОРАМИ 
ТЕЙЛОРА — АБЕЛЯ — ПУАССОНА В ІНТЕГРАЛЬНІЙ МЕТРИЦІ

Отримано прямі та обернені теореми наближення 2π-періодичних функцій операторами Тейлора — Абе-
ля — Пуассона в інтегральній метриці.
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Получены прямые и обратные теоремы приближения 2π-периодических функций операторами Тейлора — 
Абеля — Пуассона в интегральной метрике.
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