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Let L,=L,(T), 1< p<eo, be the space of all functions f, given on the torus T, with the usual
norm

2n
1
S [ @fde | 1< p<en,
||f||p = "f”Lp(’]I‘) = 0

ess sup|f(x)|, p=co.
x€[0,2x]

Further, let f €L;. The Fourier coefficients of f are given by
2n
7 1 ik
Je== [ f)e™dx, kel
2m 5

Here, we study approximative properties of the Taylor — Abel — Poisson operators 4, ,,
which are defined in the following way [1, 2]:
For 0€[0,1), reN and feL,, weset

Ag,r (f)(X) = Z?\“k‘yr(g)fkeikx,

keZ
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where, for k=0,1,...,7—1, the numbers A;,(¢)=1 and

Mg, (0):= 2( )(1 oY 0", k=rr+1,..., 0€[01].

We denote, by f(o,x), 0<p<1, the Poisson integral (the Poisson operator) of f,i.e.,

21
f0.)= - [ FOP@. -0,
n 0

2
where P(o,t)= 1—92 is the Poisson kernel.
‘1 _ Qelt

Leis [3] considered the transformation

k 1
L, ())@)= zdf(")( kf), eN,
k=0

where

df (o) f(0,x)
dn 20

o=1
is the normal derivative of the function f.
Butzer and Sunouchi [4] considered the transformation

r—1 k+1

BN =3 7 S y(Ino)” 1”9)

where f{k}:f(k),if ke?2Z, and f{k}:f(k),if (k-1)e2Z,.
The relation between the operators A,, and the operators L,, and B,, is shown in the
following relation:

akf(g,x) (1-0)*
kRl

which holds for any function f €L, and for all numbers reN, p€[0,1),and x€T.
If, for a function f €L, and for a positive integer n, there exists the function geL, such
that

A4, (D=3 ()
k=0

|kl!
(H=n)!
then we say that, for the function f , there exists the radial derivative g of order n, for which we

use the notation f1"!. Here, we use the term “radial derivative» in view of the following fact.
If the function f1"1e L, then its Poisson integral can be presented as

§k:0,if|k|<n and gk fk,lflkl n, keZ,

o) =(fo) N @)y=o &L (;’ o[04, xeT.
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Hence, by virtue of the theorem of limit values of a Poisson integral (see, for example, [5,
p. 27]), for almost all xe T, we have fI"l(x)= 111111 o, x).
0—1-

In the space L, , the K-functional of a function f (see, for example, [6, Ch. 6]) generated by
the radial derivative of order 7 is the following quantity:

k0.0, =il 5 il e, | o

Theorem 1. Assume that feLp, 1<p<eonreN,n<r,and O<o<n.If

K, (f"),=0(8%), 8§—0+, (2)
then

[/ =4,(N], =0=0y %), 01~ 3)

Theorem 2. Assume that [ € L,, 1<p<e, nreN,n<r, and 0<o<n. If relation (3) holds,
then flrle L, , and relation (2) also holds.

Note that the relation || [=A(f )|| =0((1-0)"), 0—1—, holds only in the trivial case
where i’
/= z ]A{keikx .
|k|<r—1

In such case, the theorems are easily true. This fact is related to the so-called saturation property of
the approximation method generated by the operator A, , . In particular, in [1], it was shown that
the operator A,, generates the linear approximation method of holomorphic functions, which is
saturated in the space H, with the saturation order (1-9)" and the saturation class H ;_1Lip1 .

It is of interest to consider the case n=1. In this case, by virtue of Theorem 2.4 (Ch. 6 §2 [6]),
the set of all functions f € L, satistying the condition K;(8, /)=0(8"), 8 >0+, a>0,is equiva-
lent to the Lipschitz class

Lip(a, p) = {f eL,:0(f,8)=sup|/(+h)~f()],=0@E"), & —>0+}.

Ihl<d

Corollary 1. Assume that f€L,, 1< p<e, reN and 0<a.<1. The following statements are
equivalent:

0 |f-4,,(f )||p =0((1-0)" "), 01
2) fYUeLip(o,p).
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HABJVKEHHS 22-TTEPIOIMYHMX OYHKIIIN OITEPATOPAMI
TENJIOPA — ABEJIS — [IYACCOHA B IHTETPAJIbHII METPUIII

OtpuMaHo npsimMi Ta 06epHeHi TeopeMu HabAMKeHHsT 2-TiepiognyHnX (yHKILH oneparopamu Teitnopa — AGe-
s — Ilyaccona B iHTerpajbHiil MeTpHUIL.

Kantouosi cnosa: npsima meopema nabauxncenns, obepuena meopema nabugicenns, K-gynxyionan, niniinui memoo
HAOIUHCEHHS.

10. IIpecmun’, B.B. Casuyx?, AJI. Iludnuu?

! MncruryT matematuku, YausepcureT ropoza Jlobek, lepmanus
2 WNucturyt marematnkn HAH Yikpaunsr, Kues
E-mail: prestin@math.uni-luebeck.de, vicsavchuk@gmail.com, shidlich@gmail.com

MMPUBJNKEHUE 27-TTEPUONYECKNX OYHKIININ OITEPATOPAMUI
TENJIOPA — ABEJIS — IYACCOHA B MHTETPAJIbHOV METPUKE

[TosryueHbI IpsiMbIe 1 0OPATHBIE TEOPEMBbI TPUOJIMKEHNS 2TT-TIEPUOMIECKUX (hYHKITHIT onepaTopamu Tefiimopa —
Abena — TlyaccoHa B MHTErpaabHON METPUKE.

Kmioueswie crosa: npsmas meopema npubnuicenus, oopamiuas meopema npubnuicenus,, K-gynxyuonan, muneti-
HbLL MeMOO NPUOTUNCEHUS.
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