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Composites with a continuously varying volume fraction are called functionally graded materials. As part of research
on functionally graded materials, the influence of a continuous axial gradient in elastic properties and a thin, duc-
tile repair layer on a penny-shaped crack is being examined. The body is modeled as an isotropic solid whose shear
modulus varies along an axis perpendicular to the crack according to a power-law relationship, while Poisson’s ratio
is fixed. The solidified injected filler occupies the crack cavity as a thin layer of variable thickness and transmits
tensile forces between the crack surfaces in accordance with the Winkler-type contact reaction. Hankel transforms
applied together with the interlayer-modified condition on the crack faces, reduce the problem to a Fredholm integral
equation of the second kind for the crack-opening displacement. The equation is solved numerically by a quadrature
method, and the normalized stress intensity factor is evaluated as a function of the grading parameter, the filler stiff-
ness and the relative interlayer thickness. The analysis shows that the solution depends on the filler only through an
effective stiffness combining these two parameters, so filler stiffness and interlayer thinness are interchangeable: the
thinner the interlayer, the more compliant the filler that suffices for the same healing effect. Numerical results show
that the recovery effect is sharply nonlinear: even a very ductile filler eliminates most of the stress concentration near
the crack perimeter, whereas a further increase in the filler’s stiffness or a reduction in the interlayer thickness yields
an increasingly smaller effect. For very thin interlayers, the residual stress concentration decreases to a small fraction
of the level characteristic of an open crack. Material grading increases the stress intensity level in an unhealed crack;
however, the relative effectiveness of healing increases as the degree of grading increases: when using the same filler,
the residual SIF in a body with a strong gradation decreases to a smaller fraction of its value in the ungraded state
than in a homogeneous body; therefore, grouting by injection proves to be even more effective in functionally graded
materials. The results obtained confirm the possibility of strengthening, through injection, cracked structural elements
made of continuously heterogeneous materials.
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Introduction. To meet the high demands of modern and, in particular, future technologies in
the energy, transportation, construction, and aerospace sectors, it is necessary to develop new
materials with a functionally graded structure tailored to specific applications. Such materials are
primarily composites or intermetallics with a smoothly varying volume fraction of one or more
phases. A number of problems in the field of fracture mechanics for these materials still require
investigation. These include identifying the interaction between continuous material heteroge-
neity and cracks, including prolonged cracks, as well as determining the characteristics of their
deformation and fracture near defects.

The present work investigates the extent to which the load-bearing capacity of a continuously
heterogeneous fractured body can be restored by injecting a restorative material into the fracture
cavity. For homogeneous materials, similar studies have been conducted in a number of papers
[1—5] and have demonstrated the high effectiveness of injection-based reinforcement technology
for crack-damaged isotropic and anisotropic materials.

Problem formulation and methods of research. Let a long cylinder of radius R contain a
penny-shaped crack of radius a, as shown in Fig. 1, located in the plane z = 0 of the Cartesian
coordinate system (x, y, z).

The material of the cylinder is isotropic and nonhomogeneous, with the shear modulus
varying continuously along the z-axis according to the power law pi(z) = p |z/a|", while Poisson’s
ratio v, remains constant; i, is a constant; 0 < n < 1. Tensile forces of intensity p are applied to
the ends of the cylinder farthest from the crack. No external forces act on the lateral surfaces of
the cylinder.

For the case when the crack size is small compared with the diameter of the cylinder (R >> a),
an expression for the asymptotic representation of the normal stresses 6, near the crack contour
was obtained in [6]:

0,(r,0)= (ZI:)B +O(r10), B=0.5(1-n), 0<P<0.5, (1)

Fig. 1. Geometry of a penny-shaped crack in a con-  «x
tinuously nonhomogeneous cylindrical body under w
tension
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where the coefficient k, takes the value

kl = M p ab. (2)
B
Note that the singularity of the normal stresses G, as follows from (1), is rl[3 and differs from
the singularity of the stresses o, in a homogeneous material, which is known to be rl_”2 .
Let the crack cavity be filled with an injection material that, upon hardening, bonds the op-
posite crack faces and forms a healing interlayer of thickness 2h(r). Its mechanical response is
described according to the Winkler model:

E| is the Youngs modulus of the injection material.

By virtue of the symmetry of the problem with respect to the plane z = 0, the problem
can be reduced to the following boundary value problem for the half-space z > 0 with mixed
conditions:

u,(r)E,

0,(r,0)=—p+ o)

, r<a; t1,(r,00=0, 0<r<ow; u (r0)=0, r>a (3)

Problem solution. With the assumption that
W@ =y lzal", 0<sn<l, v=v,=1/Q2+n), (4)

equilibrium equations of the nonhomogeneous body, with axial symmetry of the problem consid-
ered, take the form:

0 0
Viu, + L e u  nfouy  Ou =0, (5a)
1-2v,or ¢* z\ 0z or

Vzuz + —
1-2v, 0z z

, (5b)

1 6e+2_n Vo€ +6uz _o, ez@ur +&+6&
1-2v, 0z or r 0z
where V* is the Laplace operator in cylindrical polar coordinates V> = 9°/0r" + (1/r)3/dr + 0°/0Z".

Due to the symmetry of the problem with respect to the plane z = 0 the shear stress vanishes
on the crack plane, the representations [6]:

ur(r,2)=za—w, uz(r,Z)=—w+za—W, (6)
or 0z
satisfy equations (5) if
# 10 no 0o
— e —t——t— ,2)=0. 7
[arz ror zoz 8z2]\v(r ) )
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It follows from (7) that the solution for vy, has the form:

y(r,z)= 2P ISBD(S)K[B (sz)],(sr)ds, B=051-n), 0<p<0.5, (8)
0

in which Kj; denotes the modified Bessel function of the second kind of order f, ], is the Bessel
function ofl3 the first kind of order zero and D(s) an unknown spectral density fixed by the mixed
conditions (3).

Enforcement of conditions (3) on the representation (8) produces the system of dual integral
equations

ID(S)]O(rs)ds =0, r=>a, (9a)
0

° a" u, (r)E

-([SzﬁD(S)]O(T’S)dS = 22_(3}10 r(z_[s) |:p - h(i’) 1:|> r<a, (9b)

I' (2 - B) — gamma function. Copson’s reduction [7] then converts (9) into a Fredholm integral
equation of the second kind for the crack-opening displacement

u,(r)=—a"n2"" [ (sin(np)T (1 - B))I " ﬁIM
ity (1)

E,
l p-p+Eyu, (p)) & ’;(p))d" o (st)dt (rs) ds. (10)
The stress intensity factor, determined from the asymptotics (1) with the crack opening u (r)
found from (10), takes the form

aP sin(nB) _ 2y, sin(mP)e ]1- ru,(r)

p
k =
! np naP 0 h(r)(a® —r?)'®

(11)

where € = E,/y, is dimensionless filler stiffness.

Numerical results and discussion. Equation (10) was solved using the Nystrém method (a
quadrature method) with collocation points coinciding with the quadrature nodes. The com-
posite Gauss—Legendre rule was used. The diagonal elements of the weakly singular kernel
were fixed using the exact identity of the free term (the solution in closed form for € = 0). The
accuracy was verified by recomputmg the solution on a refined grid by a factor of two, the dif-
ference did not exceed 1-10™

The hardened filler is modelled as an interlayer of constant thickness h(r) = h, character-
ized by the relative thinness A = a/h ; the solution depends on the filler only through the prod-
uct e\. The following parameter Values were taken: for the stiffness sweep, an 1nterlayer with
hy, = a/100 (A = 100) and ¢ from 0 to 0.1; for the thinness sweep, A from 10* to 10° (ultra-thin
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Fig. 2. Normalized SIF k, versus the filler stiffness e. Constant-thickness film
h=hy\ =100
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Fig. 3. Normalized SIF k, versus the relative interlayer thinness \ = a/h,.
Constant-thickness film h = h, p = 0.5

interlayers, h, = a/10*...a/10”) with & = 0.001, 0.003, 0.005 and 0.01; the nonhomogeneity expo-

nent  from 0.1 to 0.5.

Fig. 2 shows the dependence of the normalized SIF k, on the filler stiffness € at A = 100 for
B =0.1...0.5. The dependence is sharply nonlinear: the sharpest decrease occurs at the very be-
ginning of the stiffness range, so even an extremely compliant filler eliminates most of the stress
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concentration, whereas as stiffness increases further, the curves level off, and the SIF approaches
zero only asymptotically.

Fig. 3 shows El over the whole range A = 10*...10° at p = 0.5. The curves for different stiff-
nesses are nested and do not intersect: a stiffer filler retains its advantage over the whole range of
thinness, while the relative benefit of thinning is the same for every stiffness, so a stiffer injection
material and a thinner hardened interlayer may be traded against each other.

Conclusions. The influence of the material gradient and the stiffness of the filler on
the normalized stress intensity factor was analyzed. The homogeneous body is contained as
the case B = 0.5. For an unhealed crack (¢ = 0) the stress intensity factor k, leads to k; =
= paﬁsin(nB)(nB)_l, which reproduces the known closed-form result for the singular stress
field around a penny-shaped crack in an axially graded medium [6]. A distinctive feature of a
non-homogeneous body is that the order of the stress singularity is determined by the gradient
parameter #; as a result, the stress distribution near the boundary differs qualitatively from that
in a homogeneous solid.

The healing effect is governed by a single parameter — the product e\ — so filler stiftness
and interlayer thinness are interchangeable: a compliant but very thin layer is mechanically
equivalent to a stiffer, thicker one. Even an extremely compliant filler removes most of the stress
concentration, whereas further increases in stiffness or reductions in thickness yield increas-
ingly smaller effects. Material gradation increases the stress intensity level in an unhealed crack;
however, the relative effectiveness of healing increases with the degree of gradation, since a
gradient body is more compliant near the crack plane; therefore, healing by injection in a func-
tionally graded material proves to be more, rather than less, effective than in a homogeneous
material. For ultra-thin interlayers the residual stress concentration is a small fraction of that
of the open crack, which confirms the efficiency of injection strengthening of crack-damaged
nonhomogeneous bodies.

The work was carried out under budget funding 2026-2028 Ne I1I-2-26.
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3AJIIKOBYBAHHA NVMCKOTIIOAIBHOT TPIIIMHN
Y OYHKUIOHAJIbHO-TPAJIEHTHOMY MATEPIAJII

KoMmosnTy 3i 3MiHHUMM 3a HellepepBHUM 3aKOHOM 00 €MHMMM 4aCTKaMIU HAasMBAIOTh (YHKIIOHAIBHO-TPai-
€HTHUMIU MaTepianamiu. [ pyHKIIOHATbHO-TPaJieHTHUX MaTepiasiiB JOCTiI>KeHO BIUIMB HellepepBHOI 0CbOBOI
rpagaril Ipy>KHIUX BIaCTUBOCTEN Ta TOHKOTO IIOAAT/IMBOTO 3a/1iKOBYBa/IbHOTO IIPOLIAPKY HA JUCKOIOAIOHY Tpi-
muHYy. Tino MoemoeTbcs AK i30TpoIHe cepefioBuIle, MOLY/Ib 3CYBY AKOTO 3MiHIOETLCA 32 CTEIIEHEBMM 3aKOHOM
Y3IOBX OCi, IePIEeHAUKYAAPHOL 1O IUIOIMHN TPIilMHMA, TOAI AK koedirieHt ITyaccona 3anmima€eTbcsa CTaauM.
3arBeppinumii iH €KLilIHNMIT HATTOBHIOBAY 3aII0BHIOE IIOPO>KHUHY TPIIMHY Y BUIJIAZI TOHKOTO LIapy 3MiHHOI TOB-
I[MHY | TIepefae 3yCH/UIs MX Geperami TPIlVHY BiTIOBIZHO KO KOHTAKTHOI Mofieni Binktepa. 3acTocyBaHH:
iHTerpambHMX NepeTBOpeHb [aHKes pasoM i3 MoaMGiKoBaHOW MPOIIaPKOM YMOBOIO Ha Oeperax TpilllMHI 3BO-
IUTDb 3afla4y [0 iHTerpasbHOro piBHAHHA PpearonbMa pyroro popy BifHOCHO PO3KPUTTA TpiljuHu. PiBHAHHA
PO3B’s3aHO YMCETbHO KBAIPATYPHUM METOJOM i 06UMCIeHO HOpMOBaHMII Koe(illieHT iHTeHCUBHOCTI Hampy-
>KeHb SIK (PYHKIIIIO ITapaMeTpa rpafiallii, >)KOPCTKOCTI HAIIOBHIOBAYA Ta BifHOCHOI TOBLIVMHY IIPOIIAPKY. AHasTi3
IIOKas3ye, 110 PO3B 30K 3a/IKUTD BiJl HATIOBHIOBAYA JIMIIe Yepe3 epeKTUBHY KOPCTKICTD, AKa TOETHYE 1Ii IBa
IapaMeTpy, TOMY >KOPCTKICTh HallOBHIOBA4a i TOBIIMHA NPOLIAPKY € B3a€EMO3aMiHHMMMU: 10 TOHIINM € IIPOIIa-
POK, TO TTOJAT/IMBIIIOTO HAIIOBHIOBAYA JOCTATHBO JIA JOCATHEHHS TOTO CaMoro eeKTy 3amikyBaHHA. Yucmosi
pesyIbTaTy MOKa3y0Th, 10 e(deKT 3a/liKyBaHHA € Pi3KO HeMiHITHMM: HaBiTh Ay>Ke ITOJATINBUII HAIIOBHIOBAY
3HiIMae Oi/IbIy YaCTMHY KOHIIEHTpAaLlil Hapy>keHb [0OIN3Y KOHTYPY TPilMHY, TOA1 AK MOAablie 30iNblIeHH
SKOPCTKOCTI HAITOBHIOBAYa 4 3MEHIIEHHsI TOBIIMHI MIPOLIAPKY Aa€ Aefasti MeHIunit edext. s gy>Ke TOHKUX
NIPOLIAPKIB 3a/IMIIKOBA KOHLEHTpallisd HAalPy>KeHb 3HVDKYETHCA O MajIol YaCTKM BiJ piBHA HE3aIIOBHEHOI TPi-
myHn. IpafieHTHICTS Marepiany HifBUINYe piBeHb IHTEHCMBHOCTI HAIpY)XeHb Oi/ls He3aTiKOBAHOI TPILINHI,
IIpOTe BiTHOCHA e(DeKTUBHICTD 3a/TiKOBYBaHHSA 3POCTAE 31 301/IbIIEHHAM CTYIEHA IPafiiEHTHOCTI: 32 TOTO CAMOrO
HaINOBHIOBAYA 3a/MMIIKOBUI KoeillieHT iHTeHCMBHOCTI HaNPy)XeHb Y CMIbHO TPAIiEHTHOMY Ti/li 3MEHITY€EThCA
IO MEHIIIOI YaCTKM CBOTO 3HAYeHHs /I He3a/IiKOBaHOI TPIilMHM, HK B OGZHOPIFHOMY Tifi, TOX iH €KIjiliHe 3a-
NiKOBYBaHHs BUSIB/IAETHCS 1ile e(DeKTUBHINIMM Y PyHKIIOHA/IPHO-TPafieHTHUX MaTepianax. OTpuMaHi pesyib-
TaTM OOIPYHTOBYIOTD HOLIIBHICTD 1H €KLINIHOTO 3MillHEHH S TIOLIKOKEHNUX TPIill[iHaMU eJIeMEeHTiB KOHCTPYKIIii
i3 HemepepBHO HEOJHOPITHUX MaTepiaiB.

Kniouosi cnosa: mpiwsuna, pyHkyionanvHo-epadieHmuuii mamepian, 3aniko8y8anHsa mpiujuHu, Koepiyicnm in-
MeHCUBHOCI HANPYKHeHb.
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