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The fundamental principles of storm water runoff theory and the mathematical problem of combined surface runoff
and rainwater filtration on sloping agricultural land in a hydraulic statement are formulated. An approximate solu-
tion to the problem has been obtained and justified. Based on this, a method has been developed and illustrated for the
engineering calculation of local and integral hydrological and filtration characteristics for the first stage of surface and
saturated flow formation (surface flooding). Recommendations are given for estimating the volumes of productive (soil
moisture) and unproductive (surface runoff) water for the first and, in part, the second (drainage) stages. With regard
to the climatic and soil-hydrophysical conditions of the western region of Ukraine, the reality of the significant influence
of capillary forces on infiltration and, in general, on the water-physical situation on a sloping site is shown.
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Introduction. Intense rainfall events on sloping agricultural land often lead to a complex redis-
tribution of precipitation between surface runoff and subsurface infiltration. Unlike flat terrains,
even relatively short periods of heavy rain on slopes may result in substantial surface flow, limiting
the effective use of atmospheric water by crops and altering local soil moisture regimes.

In today’s conditions of increasing moisture deficiency in soil ecosystems in areas of intensive
agricultural production, the rational use of water resources, which are generally limited, is becom-
ing extremely important. In order to make the most of the increasingly frequent intense prolonged
rainfall for the benefit of cultivated crops, surface water should be retained and subsequently used
for irrigation purposes.

When designing appropriate storage facilities, it is necessary to proceed from reliable data on
atmospheric water resources and the patterns in the precipitation distribution between surface and
subsurface runoff. Such information can only be obtained systematically and in advance through
the widespread use of mathematical modeling methods. The models are particularly important for
engineering applications related to water retention, erosion control, and estimation of productive
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and unproductive components of rainfall that describe the coupled dynamics of surface flow and
infiltration into initially unsaturated soils. Despite the large number of existing studies devoted to
rainfall-runoft processes on hillslopes, many practical calculations are still based on either purely
surface or purely subsurface approaches, which restricts their applicability under flooding condi-
tions. Given the exceptional significance of the aforementioned models and the corresponding
theoretical developments based on them for a variety of engineering applications, a huge number
of publications have been devoted to them and their information support. We will limit ourselves
to mentioning only a few characteristic diverse works [1—5]. At the same time, it is necessary
to highlight the long-standing fundamental work of Professor A.N. Befani, which systematically
presents the results of research on this problem using rigorous analytical methods, as well as ex-
perimental methods at numerous experimental sites [6].

The main objective of this article is to provide a generalized assessment of the consequences
of heavy precipitation for the regulated water regime on sloping land areas. A coupled hydrau-
lic—filtration framework is adopted to analyze the first stage of heavy rainfall on sloping land,
when surface flooding and intensive soil wetting occur simultaneously. Based on a simplified but
physically justified formulation of the governing equations, an approximate analytical solution is
derived and used to develop an engineering method for estimating local and integral hydrologi-
cal characteristics. Particluar attention is paid to the role of soil moisture conditions and capillary
forces, which may significantly affect infiltration rates and, consequently, the balance between
productive soil moisture and surface runoff.

Results and discussion. In accordance with modern concepts of combined surface and infil-
tration water flow, it is appropriate to represent the fundamental mathematical model in the form of
two interconnected compartments: hydrodynamic and filtration. The first compartment describes,
in a hydraulic approximation, the formation of a surface layer of water, which actually moves under
the action of two main forces and has a significant impact on the wetting of the porous medium.
Previous detailed analysis of the general equation of motion has allowed us to identify gravity and
resistance as the dominant forces [7]. If the surface is flat, then the specified equation and the con-
tinuity equation applicable to the surface flooding phase (I) take the following form [6, 8, 9]

iny- 2L~ (1)
siny 7— ,
o ot

Here v is the surface slope, h, are the head losses due to friction on the slope section under
consideration, Q is the specific discharge (per unit width of the surface flow), h,, is the water
level at the ground surface, V, is the average velocity of the surface water, I is the coordinate
along slope, ¢ is the constant (average) rainfall intensity for the calculation period, V; is the in-
filtration rate, g is the free fall acceleration,

Since the porous medium is initially unsaturated, i.e., its moisture content is less than its total
moisture capacity, and the water levels on the soil surface (h,,) and inside it (Z,,) are measured
from it, a homogeneous initial condition is added to system (1), (2) in the case of stage I.

t=0, h, =0. 3)
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Mechanical energy losses due to viscous forces on different types of natural and cultivated
surfaces have been thoroughly studied using experimental methods. An overview of the relevant
results is presented, for example, in [6, 10]. It has been established that head losses along the
length in such cases are determined by the average velocity and the height of the water layer on
the surface. The corresponding formula for specific losses applicable to flat, bumpy bare and grass-
covered surfaces, is usually taken into account in (3) in such generalized forms

dh; oy B o B

Wsz h, =AQ%h, ", (4)
where A, o, B are empirical constants. The drag coefficient A can vary significantly depending
on surface roughness, the presence of vegetation, and the phase of vegetation development. Unlike
A, exponents o, 3 are conservative, and it is often justified to assume a =2, B=-2 due to the
turbulent nature of surface flow.

The formation of a layer of water on the soil surface causes a corresponding increase in in-
filtration rates and the movement of the saturation (wetting) front. It is reasonable to assess this
effect based on the filtration compartment. When formulating it, the constancy of moisture in
the aeration zone and the uniformity of the soil are assumed. Then the specified compartment
includes the filtration equation in the form [11, 12]

az Z,+vyl-h,()+z,

n,—=*=-k (5)
dt Z, +vl
which is valid for small y and is supplemented for the first stage by the initial condition
t=0, Z,6 =-yl (6)

Here n, is the effective porosity (constant difference between the total and actual moisture ca-
pacity, taking into account trapped air), Z,, is the saturation front coordinate (coordinate axis is
directed vertically upward with its origin at the ground surface, so that Z,, <0), k is the hydrau-
lic conductivity; z,, is the increase in pressure at the saturation (wetting) front due to capillary
forces [13—15].

An approximate solution to the problem of joint rainwater runoff down a slope and its in-
tensive absorption by the soil was found in stages. In the first stage, the water exchange function
between the surface flow and adjacent environments (atmosphere, soil) € —V,(t,]) was assumed
to be constant and equal to € =g —k. It was this value € that appeared in equation (2) instead of
the variable quantity €—V,. Then the system (1), (2) was reduced to an equation, for example,
with respect to h,,

1
- B
Q—B v ahwa 5hw+5hw=§_ (7)
a A ol ot

The exact solution of equation (7) satisfying the homogeneous boundary conditions, name-

ly (3) and

[=0, Q=0, (8)
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represents the following continuous function [6]

[P, at 1< 1y(®),
hw(l’t)_{ét, at 1>1,(t), ©)
where
IR
wn{ﬁj“‘ﬁ & (10)
|

Its derivative diverges at [ =1 (¢), where

1

I (®) =(%)2§t2. ()

In general, this solution is obtained for the more general case & = £(¢) . However, neither it nor the
particular representation (9) essentially allow us to estimate the total volumes of productive and
unproductive moisture to be made.

It was relatively easy to develop an engineering method for separately calculating the volumes
of rainwater infiltrating and flowing down the slope by using average characteristics. First of all, the
quantities h,, and V; were averaged within the considered section on the slope L > 1 > 0, so that

L L
By ()=~ [, (¢, Dl V() =~ [V,(0, 1)l (12)
Ly Ly
Then equation (2) at average rate V;, was simplified as follows
0Q dh
—+—=g-V_(t). 13
ot oVl =

From (13) follows the equation regarding h,,

-B 1 a—

dhuvzg_viu_ 20L—B @ (Eja hav “ ) (14)
dt oa—B A L

which was solved under the initial condition

t=0,h, A =0. (15)

av

For arbitrary values of o, B, and V,, =V, (h,,) or const, solution (14), (15) is expressed by
the inverse integral function

h

av dc
t(hav)=L£ o . (16)

1
3 3 200—-B ) « E& %
=V,)L [a_BJ ¥
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In a common special case aa=—f=2 and ¢-V,, &, the relationship between t and h,,
can be represented using elementary functions in two equivalent forms, in particular,

1-e"
h, (t)=h,, (L) , (17)
1+e™
1 L L 1
E 2wy )4 2( A4 . = ..
where y=3 75 h,,..(L) :5 — | (EL)?. Taking into account the smallness of y (y << 1),
vy
expression (20) can be significantly simplified, so that
ho(t)=h, (L)V?t it (18)

Accepting h,,(t) according to (18) instead of (17) in the calculations leads to additional errors.
The characteristic time ¢, , starting from which &, will be calculated with an error 3 and greater,
can be easily determined by fitting from equation

A+9)h,, (A—em)=5t (1+eMm). (19)

ayoo

The approximate solution presented allows us to easily determine the proportions of rainfall
that form subsurface and surface runoft and, ultimately, the volumes of productive and unproduc-
tive rainwater. First, the intensity of water infiltration is determined simultaneously across the
entire area w; under consideration as follows

L

w(t)=[Vidl=V,L. (20)

0
Here, the average rate V,, is equal to n,— and is obtained as a result of a numerical solution to
the problem
dz Z,+z,—h,(t -
p 9Za o g Zate, Tha W g 5 L, (21)
dt V4

a

where h,,(t) is taken at o.=—f =2 according to (17) or (18). In a more complicated case of arbi-
trary values of a, B, it is necessary to use a solution in parametric form, where h,, serves as the
parameter. The pair of equations linking Z, and t with h_,, primarily includes equation (16), to
which the transformed equation (21) is added. Here, it is preliminarily assumed that e-V,, =€
and, in fact, a replacement of the independent variable is performed, according to which

dt= f(h,)dh,,,

ap 1 P
—_|s_ 20L—B “ry ahava
where f(h,,)=|¢€ [OL—B] (kj .
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Thus, equation (21) is reduced to the form

dz Z +z, —h
a _ _k h a ~W av 22
“dh f(ha) Z (22)

av a

n

and is solved provided that

h,=0, Z =0. (23)
Thus, the desired solution has a combined analytical-differential form. To establish the quanti-
ties Z,, t dependent on the introduced parameter h,,, its value is first specified, and then the
corresponding time ¢ is found from (16), and the corresponding unique value Z , is found by
numerical solution of (22) and (23). Finally, the value of V,, is calculated as the value of the
right-hand side of equation (22) with the opposite sign for the known values of Z_, h_,, and
corresponds to the previously found ¢ .

If h,, depends linearly on ¢ according to (9) or (18), then the relationship between Z ,and ¢
is represented strictly in implicit form. To derive the corresponding analytical expression, first in
(5) at h,, according to (18), the dependent and independent variables were replaced

Z, =7 —yl, t=F+2. (24)
Y
Then the new dependent variable was introduced

Z, =tQ(f). (25)

The problem regarding ) involved an equation with separable variables and an initial condition
in general form

;d_Q_ky—kQ—neQZ

- = ) 26
dt n,Q (26)

P=i,, Q=Q,. (27)

If capillary forces have a significant effect on soil saturation (z,, <0), then according to (25),
the initial condition should be taken as follows (€2, =0)

i=-%v  Q=0. (28)
Y
Then the relationship between Q and ¢ will be
ol ®
R UL (29)
o, , vt
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k
Here, the values o, , = 2—(—1 ++/A) are the roots of the quadratic equation n,Q* +kQ —ky =0,
ne
4yn, k . ~ . . .
A=1- P 0, — 0, ==JA. Returning from Q, ¢ to the previous variables, the following
n

e
representation was obtained for Z, (¢) in implicit form

2mE(Z, +yt) | 2A mE(Z, +yt) |2A oz,
1- 1+ =
k(A -1t -z,) k(1 +~A) @t - z,) z, &t

(30)

In a special case of negligible capillary forces (z,, =0) in the initial condition (at ¢, t=0) the
value € is initially unknown. Then the calculated equation relative to Q is reduced to the form
oN ,

(@, — Q)™ (@, — Q) =0, (31)

Since only the second root has physical meaning, the expression for Z, should be
Z,(t, z)=—w1—2k—t(1+JZ). (32)
ne

Then the average rate V;, will be constant

2n,y
V., =k| 14—t | 33
i (+k(1+\/X)) (3)

The highlighted case appears to be clearly preferable in practice, as there is no need to specify
the problematic empirical constant z,, (or possibly variable). However, the saturation front of-
ten moves significantly faster than in case z,, =0 (33), and therefore it is important to know the
actual value of z,,.

By the end of prolonged rainfall (t=t,), a significant amount of water may accumulate on
the surface. If the length of the full-runoff zone covers the entire slope (/,(¢,)>L), then the maxi-
mum level &, will be described at L > [ > 0 by equation (10). Thus, the maximum volume of
surface water W, will be

1. 20—
S T -
200-B\ v

The fundamental differences between the second (t > ¢t,) and first (¢, > t > 0) stages are, first,
the absence of atmospheric feeding of the surface flow, second, the presence of an initial volume
of water on the surface, which, despite € =0 ensures subsequent surface runoff and replenishment
of soil moisture reserves, and thirdly, a gradual decrease in both runoff quantities to 0 at the given
point in time (t =t,,), which, unlike the end time of the first stage, must be calculated.
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In general, two approaches are justified for establishing the final ratio between the volume
of rainwater that has saturated the soil and the volume of the water that has flowed beyond the
boundaries of the designated slope area. It is much easier to estimate this ratio based on known
total intensities of infiltration (w,), surface water accumulation (w,,) and its discharge through
the lower boundary of the site at the moment of precipitation cessation (¢t =t¢,).

However, the second approach is more reasonable from a physical point of view. Then, when
evaporation is neglected, the continuity equation analogous to (13) is of fundamental importance
for the second stage

0Q, dh,,
S Tk oy (1), V., >0 35
al dt za2( ) ia2 ( )
and the initial condition
t=t,, h,=h,,, (36)

where h,,, is the average water level on the surface at t =t,. Accordingly, the key subject of the cal-
culations is the average surface water level in the area under consideration h,,, as a function of ¢ .

In general, the desired h,,,, Z,, should be found by solving the system of ordinary equations

o—p 1 a—B

dhavz __ 2o _B “ Y e havZ —k Za2 + Zw _hav2 (t) ) (37)
dt o—p A L »
dZaZ _ _izaz +z, _hav2(t) (38)
dt n, Z,
under conditions (36) and
t=t,, Z,=2,0t)=2, (39)

by numerical methods using modern mathematical analysis software packages. However, another
approach can ensure high calculation accuracy with significantly less effort. It involves replacing

the variables h_,,, V; , with constant values as follows

h,. Vo

haa0) 525, V(1)
Such simplification is justified in view of the almost uniform decrease of h,,, from h,,, to 0 and
V., from V. . to 0. Then the solution of equation (37) under condition (36) will be

h
ay* dC
t(h,,)=t, + 2Lh | T (40)
av2 5 20(—[3 o (Wja CT _1v
o-PB A ave
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In the special case oo =—f =2, equation (38) reduces to a simpler form

dZy k22,422, ~hy. )
dt n Z

e a2

Solution (41) under condition (39) is presented in the form of the inverse function

b=t e 7 7 2w oy 220 ¥ 22 Ry | (42)
B 2 27,42z, —h,,,

Thanks to the use of (40) and (42), an important practical value can be easily calculated in
three steps, namely, the total specific volume of infiltration water from precipitation with a total
volume of ¢Lt, . In the first step, according to (40), the time ¢,, is calculated. In the second step,
by fitting from (42), the value of Z , corresponding to t,, is found. Finally, the total volume W,
is immediately determined as LZ (t,,) .

The purpose of the quantitative analysis, along with illustrating the derived calculation ex-
pressions, was also to evaluate possible errors in the calculations associated with the introduction
of effective values, the significance of the influence of capillary forces, and, most importantly, to
demonstrate the effectiveness of the new method for separately calculating productive (infiltrated
into the soil) and unproductive (flowing out) components of intense rainfall falling on a sloping
site. The duration of rainfall and the calculation period were taken to be equal to the time of for-
mation of the full-runoff zone on the entire slope under consideration L > /> 0, so that [,(¢,)=L.
The following typical values of model coefficients were preliminarily recorded: £=2-10" m/ s,
k=107 m/s (0.865 m/day) , ¥ =0.003, n, =0.25. The value A =3.46- 107° §* corresponded to a
flat, compacted, bare surface [6]. In addition, for a preliminary assessment of the significance of
the initial water-physical state of the soil, parameter z, was continuously varied.

First, the change in water rainfall intensity over time w;(¢) was determined across the entire
slope (L > [ > 0). Its value, calculated based on (9), was used as a reference for w;. At the same
time, the components of the runoffs within the full-runoff zone and partial runoft zone were
determined separately. The monotonic decrease of the calculated curves in Fig. 1 means that the
increase in the inlet head due to the accumulation of water on the ground surface does not com-
pensate for the decrease in the head gradient in the filtration field due to its expansion. First of all,
it should be noted that the reference (1) and approximate (2) curves are close to each other. Curve
2 is calculated according to (20), (21). It is also important to note that the curves intersect approxi-
mately in the middle of the calculation period. The maximum deviation between them occurred
at the end of the specified period and was amounted to 5 %. This clearly shows that the integral of
w(t), i.e., the total volume of water infiltrated into the soil in 30 minutes, calculated on the basis of
exact and approximate solutions, will practically coincide. It is the volume W, as the most indica-
tive characteristic that became the subject of calculations for the other two series of items.

In the first series, parameter z,, was used as an argument. Fig. 2 shows the plots of the increase
in the reduced volume W, / (n,L) calculated in accordance with (21) when z,, changes from 0 to
-0.01. This interval corresponds to the range of initial moisture content values in the soil aeration
zone, which must be determined experimentally. Due to the lack of suitable data on z,, the results
presented are hypothetical. However, they convincingly demonstrate the high sensitivity of the
hydrological and filtration conditions to the initial water-physical state of the soil. Consequently,
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Fig. 1. Change in rainwater infiltration inten-
sity over time under the influence of surface
runoff in the calculated site (L > 1> 0): 1 — re-
ference; 2 — approximate

Fig. 2. Dependence of W, /(n,L) on —z,: 1 —
t=t,=1794s;2 — t=1000s; 3 — t=100s

Fig. 3. Increase over time of specific reduced volumes of
rainwater (&t), infiltrated into the soil (W, / L), on the
surface (W, / L), flowing down the slope site (W, / L):
1—egt;2—W,/L;3—W, [Li4—W,/L
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there is a clear need for a detailed study of the intensive process of wetting soil that has been
drained to varying degrees, using experimental methods in order to establish reliable values of z,, .

In the last series of examples, various components of rainfall were determined. The curves
of increments of the total volumes of infiltration (W, / L), accumulation on the surface (W, / L),
and water flowing down the slope (W, / L) are shown in Fig. 3. To calculate them, (17) and (21)
were used. Here, the consumption of prolonged (30 minutes) heavy rainfall on subsurface, surface
runoffs, and the layer on the flooded surface is clearly presented. Due to the constancy of the rate
¢ (equal to 2-107 m/s ), the total volume of atmospheric recharge increases linearly according
to graph 1. During the first five minutes, rainwater is evenly distributed between the aforemen-
tioned layer and the soil. However, due to the high permeability of the porous medium, rainwater
is subsequently infiltrated into it. It should be noted that the calculations were performed exclu-
sively at z,, =0. It is obvious that the influence of capillary forces in accordance with Fig. 2 can
significantly change the nature of rainfall distribution in favor of subsurface runoft. By the end
of the calculation period, approximately one-third of the total rainfall volume is retained on the
surface. Therefore, in order to adequately assess its final distribution between both runoft flows, it
is advisable to carefully perform hydrological and filtration calculations for the second stage (after
heavy rains) as well. In fact, a special methodology should be used, a detailed description of which
is beyond the scope of this article due to its limited length.

Conclusions. Thus, due to changes in climatic conditions and, as a result, the nature of water
exchange between the atmosphere and the earth, the development of the storm runoft theory has
become relevant. An engineering method for calculating local and integral hydrological and filtra-
tion characteristics has been developed and tested, mainly for the stage of flooding of the sloping
surface of a porous medium. The moisture condition of the soil and the capillary forces acting in
the aeration zone deserve special attention due to their significant influence on rainwater infiltra-
tion. After the rainfall stops, surface and filtration flows continue for some time due to the water
accumulated on the surface, with an expansion of the saturation zone (surface drainage phase).
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MOJETIOBAHHA INIA3EMHOTI'O TA IIOBEPXHEBOT'O CTOKY
10 YAC CMJIbHVX OITAIIB HA CXMITAX

CoopmynpoBaHO 6a30Bi MOIO>KEHHsI TEOPii 3MMBOBMX CTOKIB i MaTeMaTH4YHy 3a/jady CIIIBHOTO ITOBEPXHEBOTO
CTOKY Ta ¢inbTpalil JOI0BOI BOAM HAa MOXMINX CiTbCHKOTOCIIOAAPCHKUX 3eM/ISAX Y TifpaBIivHill ITOCTAaHOBIII.
OtprmaHO Ta O6IPYHTOBAHO HAOMIDKEHUIT PO3B’A30K 3afadi. Ha 110ro ocHOBI po3po6ieHo i mpoimocTpoBaHO
METOJ {H)KeHEepHOTO PO3PaxXyHKy JIOKATbHUX Ta IHTETPaJbHUX TiAPONOridHMX, DIIBPTPALiiiHIX XapaKTePUCTHK
Wi mepiuoi cTapii GopMyBaHHA ITOBEPXHEBOTO Ta HACMYEHOTO I'PYHTOBOIO IOTOKIB (3aTOIUICHHA IOBEpPXHi).
[laHo pexoMeHpaLil I[ORO OLHIOBAHHS 00CATIB IPORXYKTUBHOI (IPYHTOBOI BO/IOTH) 1 HEIPORYKTUBHOI (1110 CTiKa€e
Ha30BHi) BOIM JU/IA MepIIoi i 4acTKOBO Apyroi (ocymeHH:) cTaniil. CTOCOBHO KIIMAaTUYHUX i IPyHTOBO-Tigpodi-
3UYHIX YMOB 3aXi/JHOTO perioHy YkpaiHy [T0Ka3aHO PeaybHICTh iCTOTHOTO BIUIMBY Kalli/IAPHUX CUJI Ha iHQiIbTpa-
LiI0 i B Li/IOMy Ha BO;[HO—(’pi?,M‘{Hy CUTYALIiI0 HA CXVWIOBII i/IAHII.

Kniouoei cnosa: modentosanus, inginompayis, 3nued, cxus, smpamu HANopy, nosepxHesuti cmix, iHiceHepHuLl
Mernoo.
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