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We develop some methods for studying the modules over group rings, which are based on properties of induced modules
and on the embedding of these modules in the modules over rings of quotients of group rings. Using these methods, we
have obtained the criteria of primitivity for group algebras of certain classes of locally soluble groups.
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Let R be aring, and let M, X, and Y be R-modules. We say that X and Y are separated by M if X
and Y have no non-zero isomorphic R -sections, which are isomorphic to a submodule of M.

Let A beanormal subgroup of agroup H ,let k be afield, and let M and W be kA -modules.
Then the subgroup Sep  4y(M, W) of H generated by all elements g € H such that W and Wg
are not separated by M is said to be the separator of W in H .

Let H be a subgroup of the group G. The subgroup H is said to be dense in G, if, for any g € G,
there is an integer ne N such that g”" € H. Let G be a locally Abelian-by-polycyclic-by-finite
group of finite rank, and let H be a finitely generated dense subgroup of G. It follows from
Lemma 2.1.3 of [1] that H has an Abelian normal torsion-free subgroup A such that the quotient
group H/A is polycyclic and A has no infinite polycyclic G -sections. The pair (H, A) will be
called an important pair of G .

Let G be a locally Abelian-by-polycyclic-by-finite group of finite rank, let & be a field, and
let M be a kG -module. Let 0=aeM . Then the subgroup Sepy 4)(M,akA) generated by
subgroups Sep y 4)(M,akA), where (H, A) runs through all important pairs of G , is called the
separator of a in G .

Theorem 1. Let G be a locally Abelian-by-policyclyc-by-finite group of finite rank, let | be a
principal ideal domain of zero characteristic, and let M be a ] -torsion-free JG -module. Then
there is an element a € M \ {0} such that:

(i) a]G:a]S®]S]G, where S =Sep;(M’,a), M’:M®Jk and k is the field of frac-
tions of J;
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(i) either 1y(S)<1y(G) or, for any finitely generated dense subgroup H of S, there is an im-
portant pair (H, A) of S such that the quotient group A= A /C (aJH) is torsion-free and aJH is
JA -torsion-free.

A group ring RG is said to be locally Noetherian, if, for any finitely generated subgroup H
of G, the group ring RH is Noetherian. Group rings of locally polycyclic-by-finite groups over
a Noetherian ring give us an obvious example of locally Noetherian group rings. “Local approach”
for studying the modules over locally Noetherian group rings was developed in [2—4]. In [5, 6],
we modernized this approach by passing to the rings of quotients of group rings striving to
make it available for studying not only locally Noetherian group rings. The following proposition
shows how we can obtain a Noetherian ring by passing to an appropriate ring of quotients of the
group ring of an Abelian-by-polycyclic-by-finite group.

Proposition 1. Suppose that a group H has an Abelian normal torsion-free subgroup A of
[inite rank such that the quotient group H/A is polycyclic-by-finite. Let ] be a principal ideal
domain, let 6 € J be a prime element, and let Q5 = JA\GJA. Let M be a JH -module, which is
JA -torsion-free. Then:

(i) the ring of quotients jH (Qs Y1 exists and is Noetherian;

(i) M<MQ ;, JAQ) = MQy) "t and M(Q,) " isa JH(Qy) ™ -module.

In the followmg proposition, we use the modernized “local approach” for studying the pro-
perties of divisibility in modules over group rings of locally Abelian-by-polycyclic-by-finite
groups, which are not locally Noetherian in general.

Proposition 2. Let S be a locally Abelian-by-policyclyc-by-finite group of finite rank, let ]
be a principal ideal domain of zero characteristic, and let M = aJS be a ] -torsion-free JS -module
such that, for any finitely generated dense subgroup H of S, there is an important pair (H, A) of
S such that the quotient group A= A/C 4 (aJH) is torsion-free and aJH is JA -torsion-free.
Suppose that, for some prime element & € J , the module aJS is © -divisible (i.e. aJSc=aJS ). Then,
Jor any finitely generated dense subgroup H of S , there is an important pair (H, A) of S such that
the quotient group A=A /C A(ajH ) is torsion free the JA module aJH is JA -torsion -free, and:

(i) a]H<aA]H®JA]A(QG)_ = aJH(QG): anAd a,]H(QG) is an o -divisible ]H(QG)_
module, where H=H /C (aJH) and Q5 = JA\GJA;

(ii) there exist elements B e Qs and be ]I:I such that cb—p e Ann ;(a).

A combination of Theorem 1 and Proposition 2 gives us the following result.

Theorem 2. Let G be a locally Abelian-by-policyclyc-by-finite group of finite rank and let |
be a principal ideal domain of zero characteristic. If M is an irreducible JG -module, then Mo =0
Jfor some prime element c € J .

If agroup T acts on aset A, we say an element is (') -orbital, if its orbit is finite, and write
Ar(A) for the subset of such elements. The FC -center of a group G, denoted by A(G)), is just
A;(G), where the action of G on itself is the conjugation. In [7], Farkas and Pasman proved
that the group algebra G of a polycyclic-by-finite group G overafield & of zero characteris-
tic is primitive, if and only if the FC -center A(G) of G is trivial and conjectured that the trivia-
lity of A(G) is also the necessary and sufficient condition for the primitivity of the group algebra
A(G) of a polycyclic-by-finite group G over an arbitrary not locally finite field &. This assertion
was proved by Roseblade in [8]. In [9], Brown conjectured that this result remains true in the case
of a soluble group G of finite rank, and Brookes [10] proved that if G is a soluble group of finite
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rank such that A(G)=1 and afield % is not locally finite, then £G is primitive. However, it is still
unknown whether the triviality of A(G) is also necessary for the primitivity of £G . Theorem 2
allows us to prove the following.

Theorem 3. Let G be a locally Abelian-by-policyclyc group of finite rank and let k be a field
of characteristics zero. The group algebra kG is primitive, if and only if A(G) = 1.

Let G be a group and let & be a field. We say that the Nullstellensatz holds for &G, if
End,;M is algebraic over & for any irreducible #G -module M (see [4]). Various versions of
the Nullstellensatz were proved for group rings of polycyclic, locally finite and locally polycy-
clic-by-finite groups by Hall [11], McConnell [12], Baer [2], and Brown [4]. Due to Theorem 2,
we can obtain the following result.

Theorem 4. Let G be a locally Abelian-by-policyclyc group of finite rank, let k be a field of
zero characteristic and let M be an irreducible kG -module. Then End,;M is algebraic over k.
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[MTPO IHAYKOBAHI MOAYJII HA/I TPYIIAMU CKIHHEHHOTO PAHTY,
CKIHYEHHO ITOPO/IKEHI INIATPYIIN AKNX € PO3IITNPEHHAMUN
ABEJIEBUX TPYII 3A JOITOMOTOIO ITOJIITUKJITYHUX

Y po6oTi po3BUBAIOTHCS METO/IM BUBYEHHS MOLYJIiB HaJl PYIOBUMHE KiJIBIISIMHE, SIKi 6a3yIOThCS Ha BJIACTUBOCTSIX
iHIYKOBaHUX MOZYJIIB i HA BKJIAIEHHI IUX MOYJIIB Y MOAYJI Ha/l KITBISIMM YACTOK TPYTOBUX Kizelb. 3a 1010-
MOTOIO ITUX METOJIiB, 30KpeMa, OTPUMAHO KPUTePii TPUMITUBHOCTI TPYMOBUX aireOp JEsSKUX KITaciB JOKAIHHO
PO3B’SI3HUX IPYIIL.

Kmouosi croea: indyxosani modymui, 2pynogi Kitvys, Kiivls 4acmox, npumimueni aizeopu.
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Ob MHAYIIMPOBAHHDBIX MOAVJIAX HA/I TPYIIIIAMU KOHEUYHOT O PAHTA,
KOHEYHO ITOPOXAEHHBIE ITOJATPYIIIIBI KOTOPBIX ABJIAIOTCA
PACIINPEHUNAMU ABEJIEBBIX I'PYIIII C IIOMOIIBIO ITOJIMITNUKINYECKUX

B pabore pa3BUBAIOTCS METO/bI U3YYEHUS MOJLYJIEH Ha/l IPYIIIOBLIME KOJIbLIAMU, KOTOPbIe Ga3UPYIOTCs HA WH-
JYLIIIPOBAHHOCTU MOALYJIel ¥ Ha BIOXKEHNN 3TUX MOJYyJIel B MOJYJIN HaJl KOJIbIIAMU YAaCTHBIX TPYIIITOBBIX KOJIEIL.
C TIOMOTIIBIO ATUX METOIOB, B YACTHOCTH, TIOJYIEHBI KDUTEPUU MPUMUTHBHOCTH TPYITIOBBIX alreOp HEKOTOPBIX
KJIACCOB JIOKQJIbHO Pa3PELIMMbIX [PYILIL

Kantoueesvie cnosa: undyyuposanivie MoOyiu, Zpynnosvle KoIvld, KoLbld YACuL, NPUMUMUGHYLE AlizeOpb.
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