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We investigate the influence of some natural types of subgroups on the structure of groups. A subgroup H of the group
G is called core-free if Coreg(H)={1). We study the groups, in which every subgroup is either normal or core-free.
More precisely, we obtain the structures of monolithic and non-monolithic groups with this property.
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Let G be a group. The following two normal subgroups are associated with any subgroup H of the
group G: H®, the normal closure of H in a the group G, the least normal subgroup of G including
H, and Core;(H), the (normal) core of H in G, the greatest normal subgroup of G, which is
contained in H. We have

HC =(H" |xeG)
and

Coreg(H)= (1 H".

xeCG

A subgroup H is normal if and only if H = H® = Core; (H) . In this sense, the subgroups H, for
which Core;(H)=(1), are the complete opposite of the normal subgroups. A subgroup H of the
group G is called core-free in G if Core(H)=(1).

There is a whole series of papers devoted to the study of groups with only two types of sub-
groups: subgroups with some property p and subgroups with a property that is antagonistic to
p (see, for example, [1—6]). In particular, from the results of paper [3], it is possible to obtain a
description of groups that have only two possibilities for each subgroup H: H® =H or H® =G
In this connection, a dual question naturally arises on the structure of groups, in which, for each
subgroup H, there are only two other possibilities: Core;(H)=H or Core;(H)=(1). The finite
groups having this property had been studied in [7]. Note at once that the groups, whose all sub-
groups are normal, possess this property.
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Recall that a group G is called Dedekind, if every its subgroup is normal. The Dedekind group
G has the following structure: it is either Abelian or G =QgxDxP, where Qg is a quaternion
group of order 8, D is an elementary Abelian 2-group, and P is an Abelian 2’-group [8].

Another extreme case that occurs here is the simple groups. In them, every proper subgroup
is core-free. This fact immediately shows that the study of groups, in which Core;(H)=H or
Core;(H)=(1) for each subgroup H, makes sense for generalized soluble groups. The two key
cases here are as follows: G is a non-monolithic group or G is a monolithic group. Let G be a group.
The intersection of all non-trivial normal subgroups Mon(G) of G is called the monolith of the
group G. If Mon(G) # (1), then the group G is called monolithic, and, in this case, Mon (G) is the
least non-trivial normal subgroup of G.

Our first main result is related to the non-monolithic case.

Theorem A. Let G be an infinite group, whose non-normal subgroups are core-free. If G is non-
monolithic, then G is a Dedekind group.

The following our main theorem considers the monolithic case. Here, we get a much more
diverse situation. Separate considerations are required for non-periodic and periodic groups.

Theorem B. Let G be a locally soluble non-periodic group, whose non-normal subgroups are core-
Jree. Suppose that G is not a Dedekind group. Then G is monolithic, the factor-group G/Mon(G) is
non-periodic, G =Mon (G) X A, and the following conditions hold:

(i) Mon(G) is either torsion-free Abelian subgroup or elementary Abelian p-subgroup for some
prime p;

(i) [G,G]=Mon (G) = C(Mon (G)) ;

(iii) a subgroup A is Abelian, and Tor (A) is locally cyclic,

(iv) if Mon(G) is an elementary Abelian p-subgroup, then Tor (A) is a p'-subgroup;

(0) if A has finite 0-rank, then Mon (G) is an elementary Abelian p-subgroup;

(i) if B is another complement to Mon (G) in G, then the subgroups A and B are conjugate.

In turn, the case where G is periodic also splits into two cases depending on whether the
center includes a monolith or not. Recall that a p-group G is called extraspecial, if [G,G]=C((G) is
a subgroup of order p and G /{(G) is an elementary Abelian p-group.

From this definition, we can see that the center of an extraspecial p-group G is the least nor-
mal subgroup, so that if H is a subgroup of G, and H includes a non-trivial G-invariant subgroup,
then H includes ¢(G). The equality [G,G]={((G) implies that H is normal in G. In other words,
every subgroup of G is either normal or core-free.

Theorem C. Let G be a periodic monolithic group, whose non-normal subgroups are core-free.
Suppose that G is not a Dedekind group. If the center of G includes a monolith, then G = KE, where K
is a cyclic or quasicyclic p-subgroup, E is an extraspecial p-subgroup, K =((G),and KNE =[G, G]
is a subgroup of order p, p is a prime.

Theorem D. Let G be an infinite periodic locally soluble monolithic group, whose non-normal
subgroups are core-free. Suppose that G is not a Dedekind group and the monolith of G is not central.
Then G =Mon(G)X A, and the following conditions hold:

(i) Mon(G) is an infinite elementary Abelian p-subgroup for some prime p, and A is an infinite
periodic p'-group;

(i) [G,G]=Mon(G) = Cz(Mon(G)) ;
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(iii) whether the subgroup A is locally cyclic, or A=QxB, where Q is a quaternion group of
order 8, and B is a locally cyclic 2'-subgroup;

(iv) if Cis another complement to Mon(G) in G, then the subgroups A and C are conjugate.

Note that if G/Mon(G) is finite or Mon (G) is finite and non-central, then G is finite (this
follows from Theorem D). The last our result gives a description of the finite soluble group, whose
non-normal subgroups are core-free. As was noted above, a finite group, whose non-normal sub-
groups are core-free, was studied in [7]. Our description is more detailed than the description
given in Theorem 1 of that paper. We also note that the proof of Lemma 5 in [7] contains a gap
(only the case where the both factor-groups G / Ny and G / N, are non-Abelian was considered).
In addition, there is a mistake there: the fact that H is a subgroup of Tx A does not implies that
H=HxH,, where H  <T and H, <A. Therefore, we do not use the results of work [7]. We
proved of the following result.

Theorem E. Let G be a finite soluble group, whose non-normal subgroups are core-free. Suppose
that G is not a Dedekind group. Then G is monolithic.

If the center of G includes a monolith, then G = KE where K is a cyclic p-subgroup, E is an ex-
traspecial p-subgroup, K =((G), and K NE =[G, G] is a subgroup of order p, p is a prime.

If the monolith of G is not central, then G =Mon(G)X A, and the following conditions hold.:

(i) Mon(G) is elementary Abelian p-subgroup for some prime p, and A is a p'-group;

(i) [G,G]=Mon (G) = C;(Mon (G)) ;

(iii) whether a subgroup A is cyclic or A=Qx B, where Q is a quaternion group of order 8, and
Bis a cyclic 2'-subgroup;

(iv) if Cis another complement to Mon(G) in G, then the subgroups A and C are conjugate.
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I[TPO CTPYKTYPY I'PVII, HIATPYIIN AKX
ABO HOPMAJIBHI, ABO BIJIbHI BIJI A/1PA

JlocmiKy€eThes BIUTUB IeSTKIX TIPUPOJAHUX TUIIB MiATPYI Ha cTPYKTYpy TpyiL. [liarpymy H rpynu G HazuBaemMo
BiJIbHOIO Bizt azpa, sxmo Core;(H)=(1) . Bupueno rpymnu, B AKuX KoKHa 1iarpyna abo HopmaibHa, abo BiabHa
Bizt siipa. TouHirire, ofiepsKaHo OYI0BY MOHOMITUIHNX Ta HEMOHOMITHIHNX TPYII 3 TI€I0 BIACTHBICTIO.

Kantouosi crosa: nopmanvia nioepyna, sinvna 6io siopa nioepyna, dedexindosa zpyna.
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O CTPYKTVYPE I'PYIIII, ITOATPYIIIIBI KOTOPbBIX
JIMBO HOPMAJIbHBI, INBO CBOBOAHDBI OT A/IPA

Wccnenyetcs BAUAHNE HEKOTOPBIX €CTECTBEHHBIX TUIIOB TTOATPYIIT Ha CTPYKTYPy rpymi. [loarpymmmy H rpynms
G naszpiBaeM cBoboH0ii oT szpa, ecmn Core; (H) = (1) . VIsyuens! rpymimbl, B KOTOPBIX KasK/1as MOATPYTITa 1160
HOpMaJsibHa, b0 cBoboaHA OT sipa. TouHee, 1MOJdyYeHA CTPYKTYPa MOHOJIUTUYECKUX U HEMOHOJIUTUYECKUX
TPYIII C 3TUM CBOHCTBOM.

Kntoueewie cnosa: nopmanvias nooepynna, c6o6oonas om sopa nodzpynna, dedekunoosa zpynnd.
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