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0600menne meroga Heiorona—Kantoposuua
ISl CHCTEM HeJIMHEAHbIX BEelIeCTBEHHbIX yPaBHEHUI

IIpedcmasneno unenom-xoppecnondenmom HAH Yepauno: 1. 1. Ckpoinnurom

Haiidenvt koncmpyxmusivle ycio6ust paspewiumocmi. . umepayuoHHas cxema noCMpoeHus PeweHull cucmem
HEAUHCTIHDIX BEUeCMBEHHVIX YPABGHEHUU 6 Clyuae SKOOUaHa NocmosHHoz0 paueda. Ilonyuennvie pesyavmamot
sensomest 00obuenuem memooa Hvtomona—Kanmoposuua ons cucmem HeIUHEUHOIY 8eUeCMEEHHBIX YPAGHEHU,

YUCIO KOMNOHERN KOMOPBLLX HeE coenadaem ¢ YUCIOM HEU3BECTHDIX.

Katouesvie cnosa: neauneiinvie sewecmsennvie ypasrenus, mooupurauus memoda Hviomona-Kanmoposuua,
noyobpammnas mampuya, nceedoobpamnas (no Mypy-Ilenpoysy) mampuua.

%) n %)
1. IlocranoBka 3amaun. VccienoBana 3azada o HaxoxaeHun perrenuit Z€ RY wenuneiiHoro
BelleCTBEHHOro ypasHeHus [1]

J(2)=0. (D

3nech [f(z) — HenuHeiiHast BeKTOP-(YHKIMS, ABaXKIbl HENPEPbIBHO AnddepeHmpyemast 1mo
HensBecTHOU ze€ R" B obmactu Q < R" | ipu atom onepatop f(z):R" — R™ apisercst Hetepo-
BoIM [2, 3]. I/ MOCTPOEHMSI MTEPAIlMOHHON CXEMBI, CXOAAIIENCS K peleHnio z € Q, Boc-
nosb3yemcst MetogioM Heiotona [1, 4, 5.

WNutepec k ucnosb3oBanunio Metoga HpioToHa cBsizan ¢ ero a@eKTUBHBIM ITPUMEHEeHNeM
[IPU PEIeHNH HeJTMHEITHBIX YPaBHEHUIL, a TAK/Ke B TEOPUY HEJIMHEHHBIX Kosiebauwii |2, 3], B ToM
YHCJIe B TEOPUH HEJIMHEHBIX HETEPOBBIX KpaeBbix 3a1ad [2, 3, 6—8]. [Tycts Haiimero npubimske-
HUE Zj, , TOCTATOYHO OJIM3KOE K TOYHOMY pelieHuio z- ypasHenus (1).

[lycTh HaiigeHo npubIMKeHUe z),, TOCTATOYHO OJIM3KOE K TOYHOMY PEIICHUIO Z* YPaBHEHHUsI
(1). 3amnuiem paszioskeHne HeJTMHENHOM BeKTOP-QYHKIME f(2) OKPECTHOCTH TOYHOTO PEIEHUST:

f(@)=f(z)+ [ (z) (2% =2,)+R(&;, 2% ~2,),

[lurysauus: Yyiiko C.M. O6ob6menne metona HetoToma—KaHnTopoBnya st cucteM HETWHEHHBIX BEIIECT-
BEHHBIX ypaBHeHui. Jonos. Hay. axad. nayx Yip. 2020. Ne 3. C. 3—9. https://doi.org/10.15407 /dopovidi
2020.03.003
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rae
1
R(&y 2 =2) = [(1=)d* (&), 2% ~2)ds, &y =z*+s(z*~2,);
0

3/1€Cb &k — TOYKa, pacCIloJIOJKEHHadA MEKAY TOYKaMU Z>:< n z, f, — IIpon3BOJgHasdA I10 CDPEIHG.
B masoit OKPECTHOCTU TOYHOI'O peHIeHH A Z>k € Q MeeT MecTo HpI/I6.HI/I)KeHHOC PaBEHCTBO

S+ (2% =2,)=0, J,=[(z),

IO9TOMY /IJIAA HaXOKAECHUA CIIEAYIOIIETO HpI/I6JII/I>KeHI/IH Zp+q K TOYHOMY DEHIEHHNIO €CTECTBEHHO
ITOJIOKUTD

S+ T (2 —2,)=0, £=0,1,2,...; (2)

3/1€Cb

=/ (z)e R™"

— gkob6uaH npeobpazoBanus f(z):R" — R™. TpaauiroHHbIM TpeOOBAaHUEM TSI HAXOMKICHUSI
CJIEZYIOIIEro MPHONVIKEHNST 2,y K TOYHOMY PEIIEHUIO SIBJISJIOCH ycaoBUe (PeiroabMOBOCTH
3a/1a4M O HAXOKJCHUU PeNIeHni JUHEeWHOTro ypaBHeHud (2), a uMenHo [1, 2]: m=n, npu atom
SIKOOMAH J), IMPE/Iosaraicst HeBbIPOXK/IEHHBIM. YCI0BUe (PeAroabMOBOCTH 33/[adi O HAXOXK-
JIEHUU PeleHnii TMHeHoro ypaBHeHus (2) Ob110 ocrabieHo B ctaTbe [9], Takum o6pasom ObLTa
nccJieJoBaHa HETePOBa 3ajlava; M # 7, IPU 9TOM OBLIO MOCTPOEHO TICEBOPEIIeHNe YPaBHEHMSI
(2). B crarbe [10] nst ypaBHenust (2) B ciiydae m #n ObLIN MOJTyYEHBI JOCTATOYHBIE YCJIOBUS
Pa3penmmMoCTH: P » = , a Tak)Ke MpeJIoKeHa UTePAIMOHHAS cXeMa /1T HAXOK/IEHUs PelleHms
ypaBHenus (1) I/I JIOKa3aHa ee KBaJ[paTUYHAs CXOJUMOCTbh. 371€Ch P » — (mXm)-MaTpuia-
oprorpoexTop [2, 10]:

P.R" 5 N@Q).

3aMeTnM, 4TO yCJIOBUE P » =0 PaBHOCHJIBHO TPeOOBAHUIO TTOJHOTBI PAHra MATPUIBL [, U BO3-
MOKHO JIUTIb B CJIy4yae m n. IlocTaBuM 3amauy 0 HaXOKJACHUN JOCTATOUYHBIX YCJIOBUN Pas-
PEIUMOCTH U TIOCTpoeHnu pettennst ypasuenus (1) npu yciosuu P . #0.

2. OcHoBHO#l pe3yasrar. [Ipeamnosnoxum, 4yto sikobuan J, MIMEeT MOCTOSHHbI pamr:
rank J, =0, =0, k=0,12,..., 1pu 3TOM JMHEIHBIIl HEIIPEPBIBHBIIT OTIEPATOP

f(2):R" > R"™.
HeTepos [ 1, c. 636]:
dim N(f)—dim N(f")=m-n<oo.

Kax usBecrro [11, 12], mobast (mxn)- marpuma J, B onpejeseHHOM Oasuce MOKeT ObITh
npeicTapieHa B Bune J, =Ry /5 Sy;371ech Ry n S — HEBBIPOK/ICHHBIC MATPUILBI,

I, O

o X
ERmn

0O O
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Obobuenue memoda Horomona—Kanmoposuua 0ist cucmem HeIUHeliHbLX 6eueCBEHHBIX YPACHEHULL

O603HauNM BEeKTOpa

yk::Ska::[Z:} Rk_1f(zk):=($};} uk,(pkERG, Uk,WkERn_G, k:0,1,2,... .

[Ipu ycsoBUM TIOCTOSIHCTBA paHra sikoOmana J,, B ciaydae Y, =0, 3a7a4a o HAXOK/EHUN
CJIeYIOIIEro MPUOIMKEHUs Zj,; K TOUHOMY perernto z° ypasHenus (1) paspemmma:

St Jo R f@)+ 211 =2, =0, k=012,
371ech J :;k =] ;k — riceBoobparnas (o Mypy—ITenpoysy) matpuria |2, 13],

Ji=Si'Ja Ry

— rmosryoOparHasi MaTpuIa sl sIKoOMaHa J,, 1O OIpe/eeHUuIO Y/IOBIETBOPSIONIAs IBYM yC-
soBusiM [13; . 51

Je v =T, TeJpJr=Jk-

CripaBeisInBOCTD IOCJIEIHETO YTBEPSKEHUS JIETKO IIPOBEPUTH HEMOCPECTBEHHON IOJCTa-
HOBKO#l TPEIJIOKEHHOTO TIPECTABICHNS TI0JyO0paTHOW MaTpHIlbl B TOCJEIHIE PABEHCTBA.
[Tokaskem, 4TO UTEpaIMOHHAS CXeMa

Zk+1:Zk_-]];f(2k)v k:0,1,2,... (3)

CXOUTCA K TOUHOMY pemenuto z- ypasaenus (1). [Ipeaonokum, 4To B OKPECTHOCTH TOYHOTO
pemenus z° umeoT Mecto nepasenctsa || J7 | < oy(k) n

ld*f(Ep, 2%~z | <oy (R) | 2 ~2, [P, £=0,1,2,....

Vcnosb3yst pasjiokeHne HeJTMHEHHON BeKTOP-PYHKIUN f(Z) OKPECTHOCTH TOYHOTO PEIIEHMS 1
paBeHcTBO (3), moydaeM

F'(z)(z*~2z,)=-R(§, 2% ~2,),
cJIeZIoBaTeIbHO,
- 1
H 2= 2h ” S 501(13)02(/?) ” 2*_Zk “2’ k ZO’ 17 27 ven-

Hpe,l[HOJIOH{I/IM, 4TO CYHIECTBYET KOHCTaHTa

0:= sup(%q(k)cz(k)).

keN

B aTOM Ccilyyae uMeeT MecTo olleHKa
[ z*=zp || <O z%-2, ?, k=0,12,...,

ISSN 1025-6415. /lonos. Hay. axad. nayx Yip. 2020. Ne 3 5
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KOTOpasi 03HAYAET, UTO B CJIy4Yae CXOAUMOCTU UTEPAMOHHON cXeMbl (3) K TOUHOMY PelleHUTO
ypaBHenus (1), ata cxoguMocTb KBajpaTuyHas. Haiiem ycioBre CXOMMOCTA UTEPATHOHHOMN
cxeMbl (3) K TOUHOMY pellieHuio ypaBHeHus (1); /ISt 9TOTO UCIIOIb3YyeM CJIeIYIONTHe OIeHKH:

2
lz*—z || <Olz*-2 I, |2*-2] <™z —2 ...,
|25 =z, | <02 =27 | zx g |2

Takum 06pa3oM, MMeEeT MEeCTO HepaBEeHCTBO, aHAIOTHYHOe [4]:
1 ok
lz*~2, || < o ®llz*=zl) ...,

KOTOPOE CBUJIETEJILCTBYET O CXOAUMOCTU UTEPAITMOHHON cXeMbl (3) K TOYHOMY pellleHnI0 ypaB-
Henud (1) npu yciaoBun

0]l z*—z[<1. )
Ha IIpaKTUKe IToCJae/lHEeEC HEPABEHCTBO MOKHO 3aMEHUTDb TaKHUM!
1

Takum 06pa3oM, JJOKa3aHO ceiyioliee yTBepsKIeHue.

Teopema. [Ipeononosxcum, umo ois ypasuenus (1) evinonnenvl ciedyrouwue mpebosanus:

1) nenuneunas sexmop-gynxyus f(z):R" - R™ deaxcov nenpepvisro ougpepenvyupyema
no neuzgecmmoii ze R" ¢ obnacmu QcR”;

2) 6 okpecmnocmu 1yne6020 NPUOIUNCEHUS Z) € 0 UMEIOM MECMO HEPABEHCMBA

| JEI<0yh), [ d2 (& z* -z < 0n(R) 2 =2, [P, k=0,1,2,...;

3) cywecmsyem koncmanma 6.

Tozda ons sixkobuana J, nocmosinnozo pauea: rank J, =06, :=0, k=0,1,2,..., npu ycrosuu (4)
6 cayuae Y, =0 dnsi naxoucoenus pewenus ypasnenus (1) npumenuma umepayuonnas cxema
(3), npu amom cxopocmv cxodumocmu nociedosamenvrocmu (3) k pewenuio ypasnenus (1)
Keadpamuynasl.

JlokazanHast Teopema 06001aeT cooTBercTByIoNMe peayasrathl [1, 10] Ha ciaywaii mpsimo-
YTOJIBHOTO sIKOOGMaHa MOCTOSTHHOTO panra. C APYroil CTOPOHBI, JOKa3aHHAsT TeOPeMa TT03BOJISIET
0006IIUTH COOTBETCTBYIONINE PE3YJIBTATHl TEOPUH B HEJTUHENHBIX HETEPOBBIX KPAEBBIX 33/a4aX
[1—3, 8, 14] Ha ciyyaii IpsAMOYTOJIBHOTO IKOOHAHA TOCTOSTHHOTO PAHTa.

IIpumep. Uteparmonnaa cxema (3) npuMeHuUMa [ HAXOXKEHUS PeIleHnsT HeJIMHEHHOTO
ypaBHenus (1), rie BeKTOp-hyHKITNN

u+sinov+cosu
: u
f(z):=| v+sinu+cosv |, z:=
) v
u+sinu+cosv

6 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2020. Ne 3



Obobuenue memoda Horomona—Kanmoposuua 0ist cucmem HeIUHeliHbLX 6eueCBEHHBIX YPACHEHULL

2 3 . .
Jlannas ekrop-dyukuus f(z): R — R’ onpenesnena B mo6oii oTKpbIToil 06mactn Q « R?
U JIBKIBI HETIPEPBIBHO An(phepeHIpyema 1o z B 3TON 00JI1aCTH, TPH 9TOM

1-sinu cosv

J(2)=| cosu 1-sinv|, df(z):=](z)dz, dz::(du)

) do
1+cosu —sino
KpPOMe TOTO,

cosu du sinv do
d’ f(z):=—| sinu du cosv do |dz.
sinu du cosv do

[Tomoxum

0,455
ZO =— 5
0,455
1pu aToM Y, =0, kpome Toro, rank J, =2. Takum o6pasom, /ist IepBOro I1ara UTeparinoHHON
cxeMbl (3)

(0,456 624 963 187 254
110,456 624963187 254 |

npu atom W, =0, Kpome Toro rank J;=2. [lis mepBoro mara MUTEpANMOHHOM cxeMbl (3)
BBINTOJIHEHO ocjiabsieHHoe yeaoBue (4):

0, ]|z, — z .= 0,000 956 996 < 1.

Jliist Broporo 1mrara uteparonHoii cxemsl (3) ¥, =0, kpome Toro, rank J, =2, npu atom
HEBSI3Ka MOy YE€HHOTO MTPUOJIIKEHUST

(0,456 624704 567 637
27 10,456 624 704 567 637

cocransier || f(zy)|..=—1,54321-107"* . Jlns Broporo mara mrepaiuonnoii cxembi (3) BBITIOJ-
HEHO ocyrabsienHoe yeaoBue (4):

0, || 2o — 2y |..= 0,000 956 844 <« 1.

Jlnst TpeTbero mara utepanmoHHol cxemsl (3) Wy =0, kpome Toro, rank J; =2, npu atom
HEBsI3Ka MOJIyY€HHOTO TPUOJIVKEHUST

(0,456 624704 567 631
510,456 624704 567 631

ISSN 1025-6415. /lonos. Hay. axad. nayx Yip. 2020. Ne 3 7
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cocraisier || f(z3)]..=2,22 045-107'6, M09TOMY €CTECTBEHHO OTPAHUYHUTHLCS ITUM MPUOJIVIKE-
HUeM. 3aMeTHM, UTO JIJISI TPETHETO IIara UTEPAIMOHHON cXeMbI (3) TaksKe BHITIOJHEHO OcIabieH-
Hoe ycnoBue (4):

Paboma evinonnena npu gunancosoi noddepicke Munucmepcmsea 06pasosanusi u HayKu

Ykpaunvt (nomep zocydapcmeennoii pezucmpavuu 0118U003390).

IINTUPOBAHHAA JINTEPATY PA

1.
2.

3.

10.

11.

12.

13.

14.

Kanrtoposuu JI.B., Akuios I.II. @yuxiuonaabHbiii anaans. Mocksa: Hayxka, 1977. 744 c.

Boichuk A. A., Samoilenko A. M. Generalized inverse operators and Fredholm boundary-value problems. 2th
ed. Berlin, Boston: De Gruyter, 2016. 298 p.

Yyiiko C.M. IIpo ysaranpuennsi teopemu Hpiotona-Kantoposuua y 6anaxosomy npocropi. Jonos. Hay,
axad. nayx Yxp. 2018. Ne 6. C. 22—31. https://doi.org/10.15407 /dopovidi2018.06.022

. Mounuc JIx., uabesns P. Yucaenubie MeTozibl Ge3yCJIOBHON ONTUMU3AIUK U PELICHUS HEJIMHEHBIX yPaBHe-

Huit. Mocksa: Mup, 1988. 440 c.

. Honsik B.T. Metox HproTomHa 1 €ro poJib B ONTUMU3AIIN 1 BBIYHCIUTENbHOM MaTeMatuke. Tpyovt HCA PAH.

2006. 28. C. 48—66.

. Chuiko S.M., Boichuk I.A. Autonomous Noetherian boundary-value problem in the critical case. Nonlinear

Oscillations. 2009. 12, Ne 3. P. 417—428. https://doi.org/10.1007 /s11072-010-0085-1

. Chuiko S.M., Boichuk I.A., Pirus O.E. On the approximate solution of an autonomous boundary-value

problem by the Newton—Kantorovich method. J. Math. Sci. 2013. 189, Ne 5. P. 867—881. https://doi.
org/10.1007/s10958-013-1225-9

. Chuiko S.M., Pirus O.E. On the approximate solution of autonomous boundary-value problems by the

Newton method. J. Math. Sci. 2013. 191, Ne 3. P. 449—463. https://doi.org/10.1007 /s10958-013-1329-2

. Ben-Israel A. A Newton—Raphson method for the solution of systems of equations. J. Math. Anal. Appl. 1966.

15. P. 243—252.

Chuiko S.M. To the generalization of the Newton—Kantorovich theorem. Bicu. Xapxie. nay. yn-my in. B.H. Ka-
pasina. Cep. mamem., npuxi. mamem. i mexanixa. 2017. 83, Ne 1. C. 62—68.

Apuonba B.U., Bapuenko A.H., Iyceiin-3age C.M. Ocobennoctn auddepeHnupyeMbx 0ToOpaKeHui.
3-e u3n. Mocksa: Nsn. MITHMO, 2009. 672 c.

Chuiko S.M. On a reduction of the order in a differential-algebraic system. J. Math. Sci. 2018. 235, Ne 1.
P. 2—14. https://doi.org/10.1007 /s10958-018-4054-z

Ben-Israel A., Greville Th.N.E. Generalized inverses : theory and applications. 2nd ed. New York: Springer,
2003. 420 p.

Chuiko S.M., Chuiko O.S., Chechetenko V.O. On of solving nonlinear Noether integral-differential boundary
value problems by the of Newton—Kantorovich method. Hayx. sici. Yaczopoo. yu-my. Cep. mamemamuxa i
ingopmamura. 2018. Ne 1. C. 147—158.

[Moctynuno B pepakmmio 21.01.2020

REFERENCES

. Kantorovich, L. V. & Akilov, G. P. (1977). Functional analysis. Moscow: Nauka (in Russian).
. Boichuk, A. A. & Samoilenko, A. M. (2016). Generalized inverse operators and Fredholm boundary-value

problems. 2th ed. Berlin, Boston: De Gruyter.

. Chuiko, S. M. (2018). A generalization of the Newton—Kantorovich theorem in a Banakh space. Dopov. Nac.

akad. nauk Ukr., No. 6, pp. 22-31 (in Ukrainian). https://doi.org/10.15407 /dopovidi2018.06.022

. Dennis, J. E. & Schnabel, R. B. (1996). Numerical methods for unconstrained optimization and nonlinear

equations. Colorado: Society for Industrial and Applied Mathematics.

ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2020. Ne 3



Obobuenue memoda Horomona—Kanmoposuua 0ist cucmem HeIUHeliHbLX 6eueCBEHHBIX YPACHEHULL

5. Polyak, B. T. (2006). Newton’s method and its role in optimization and computational mathematics. Trudy
ISA RAN, 28, pp. 48-66 (in Russian).

6. Chuiko, S. M. & Boichuk, I. A. (2009). Autonomous Noetherian boundary-value problem in the critical case.
Nonlinear Oscillations, 12, No. 3, pp. 417-428. https://doi.org/10.1007 /s11072-010-0085-1

7. Chuiko, S. M., Boichuk, I. A. & Pirus, O. E. (2013). On the approximate solution of an autonomous boun-
dary-value problem by the Newton—Kantorovich method. J. Math. Sci., 189, No. 5, pp. 867-881. https://doi.
org/10.1007 /s10958-013-1225-9

8. Chuiko, S. M. & Pirus O. E. (2013). On the approximate solution of autonomous boundary-value problems
by the Newton method. J. Math. Sci., 191, No. 3, pp. 449-463. https://doi.org/10.1007 /s10958-013-1329-2

9. Ben-Israel, A. (1966). A Newton—Raphson method for the solution of systems of equations. J. Math. Anal.
Appl., 15, pp. 243-252.

10. Chuiko, S. M. (2017). To the generalization of the Newton—Kantorovich theorem. Visnyk of V. N. Karazin
Kharkiv National University. Ser. Mathematics, Applied Mathematics And Mechanics. 85, No. 1, pp. 62-68.

11. Arnold, V. 1., Gusein-Zade, S. M. & Varchenko, A. N. (2012). Singularities of differentiable maps. Boston:
Birkhauser. Vols. 1, 2.

12. Chuiko, S. M. (2018). On a reduction of the order in a differential-algebraic system. J. Math. Sci., No. 1,
pp. 2-14. https://doi.org/10.1007 /s10958-018-4054-7

13. Ben-Israel, A. & Greville, Th.N.E. (2003). Generalized inverses : theory and applications. 2nd ed. New York:
Springer.

14. Chuiko, S. M., Chuiko, O. S. & Chechetenko, V. O. (2018). On of solving nonlinear Noether integral-diffe-
rential boundary value problems by the of Newton—Kantorovich method. Nauk. Visnyk Uzhgorod Univ. Ser.
Matematyka i Informatyka, No. 1, pp. 147-158.

Received 21.01.2020

C.M. Yyiixo

Hounbacbkuii repxkaBuuil neparorivauii yuisepeurer, CloB ssHCbK
E-mail: chujko-slav@ukr.net

Y3ATAJIBHEHHA METO/1Y HbIOTOHA—-KAHTOPOBNYA
JIJIA CUCTEM HEJIHIMHUX JIMCHUX PIBHAHD

3HalijieH0 KOHCTPYKTUBHI YMOBY PO3B’SI3HOCTI Ta iTepalliiiiy cxeMy JJist TIOOY/I0BU PO3B’A3KIB CHCTEM HeJIi-
HITHUX [MIHiCHUX PiBHSHD y BUNIAAKY sikoGiaHa crasoro panry. OTprMaHi pesysibraTi € y3araJlbHEHHIM METOJLY
Huiorona—Kantoposuya 7151 crcTeM HeMHITHUX MifICHUX PiBHSHD, PO3MIPHICTH SIKUX He 30ira€ThCst 3 KiJbKic-
TIO HEBIJIOMUX.

Kniouoei caoea: neninitni Oiticni pisnsnns, mooudixayis memody Hviomona—Kanmoposuua, nanicobepnena
mampuys, nceedoobepnena (3a Mypom—Ilenpoysom) mampuys.

S.M. Chuiko

Donbas State Pedagogical University, Slov’yansk
E-mail: chujko-slav@ukr.net

A GENERALIZATION OF THE NEWTON—KANTOROVICH METHOD
FOR SYSTEMS OF NONLINEAR REAL EQUATIONS

Constructive conditions for the solvability and an iterative scheme of finding the solutions of systems of
nonlinear real equations in the case of a Jacobian with constant rank are obtained. The results are a generalization
of the Newton-Kantorovich method for systems of nonlinear real equations, the number of components of which
does not coincide with the number of the unknowns.

Keywords: nonlinear real equations, modification of Newton—Kantorovich method, half-inverse matrix, matrix
pseudoinverse by Moore—Penrose.
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