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CkpblTasi cUMMeTpus ypaBHeHUIT MarouTHON
I'MJApoJMHAMUKA U WHBAPUAHTHLIE pPellleHus

({Ipedemasacro waenom-xoppecnondenmom HAH Vipawrw B. @. Kaenuxosvim)

Pacemompena epynnosasn ecmpyrmypa ypaskenui maznumnoti sudpodunamur. lasn deyrmep-
HOZO CAYNEA € NOMOUBI CEPOM ot Korgoparotl CUMMEMPUL NOCTIPOEHY KARCCb UHEXPULHTT-
nux pewenwti. Hecasdosanm coomesememasyiowue meduers.

Onroft m3 Hanbosee AKTHEHO PASBWBAIOIIMXCA 06/TacTett cOBpeMerHoN (hH3uKN ABNAETCA QHINKA,
JBYXMEpPHBIX chcTeM. CBA3aHO 3TO, ¢ OOHOH CTOPOHEBI, C YHHKAJIBLHBIMHA CBOHCTBAMHI JBYXMEDHO-
ro OpOCTPAHCTRA, & C APYToif — ¢ BO3MOMKHBIMI MEPCIEK THBAMA TEXHOIOTHYECKOT0 IPIMeHeHHS
JBYXMEpPHBIX CACTEM. Y HAKAJIBHEIE CBOMCTRA IBYXMEPHOTO MPOCTPAHCTRA COCTOAT B 3HAYUTENb-
HO HoJiee MMUPOKOH, eM B TPOCTPaHCTRAX OOJIBIIEH pasMepHOCTH, JOTYCKaeMOH Tpymmoit, cim-
MeTprn. VIMEHHO ¢ 3THM CBAZaH TOT DHaKT, ITO MHOTHE JBYXMEpPHBIE 33JauN ABJAGTCA TOTHO
pEIIaeMBIMA, B OTIHYHE OT CBOMX MHOTOMEpPHBIX aHanoroe [1]. TeoperTmdeckoe wmccnenoBaHe
drUEnKA ABYXMEPHBIX CHCTEM BeleTCsl Ha OPOTAXKEHWH MHOTHWX JecATHIeTHI, cpeln Hambomee
BasKHBIX JIOCTHIKEHHH B 3TOH 0OJACTH CTOAT OTMETHTH: TOUHOE pElleHHe NBYXMEpPHOH MOonenn
Wzpmra [2], DociyKHBLIIee ONHAM U3 BAKHBEIX LIAIOB B CO3LAHHH COBPEMEHHOH Teopuu ¢aso-
BBIX MEPEXOJIOB; KIACCH(pHKAINA JBYXMEPHBIX KOH(DOPMHEIX Teoprit nond [3|. AKTHBHEIM pocT
HCTIA, 3KCTIEPIMEHTABHEIX paboT, MOCBANIEHHEK (DHEAKe JBYXMEpPHBIX CHCTEM, HATAJICH TIOCTe
OTKpBITHS KBapToBoro addexra Xosvma (cHagana HeJO9HCICHHOr0, 2aTeM KBaHTororo) [4, 5.
B nocnennee BpeMs nHTepec K (PHIUKE JBYXMEPHBIX CHCTEM 3HAMATENLHO BOZPOC B CBAZH CO3Ma-
HEeM rpadeHa U ¢ BO3MOMKHBIMHA [IEPCIEKTHBAMA €ro TeXHOJIOTHMYecKoro npuMenenns. Jlanras
paboTa, TOCBATIEHA, MCCISIOBAHNEG TPYTIIOBEX CBOMCTE YPaBHEHAH MATHUTHON THAPOIMHAMMIKH.
Ocoboe BHIMAHWE YIeIAeTCA JBYXMEPHOMY CIIyYalo0.

I'pynmoBas CTPYKTYPA U CKPBITAS CUMMETPHUA YPABHEHU MATHUTHOH TUIPOJIHMHA-
vuku. Eciu npopozsias KujKas (min razoofpasznas) cpefia HaXOAUTcesd B MACHUTHOM IOJIE, TO
[IPH ee THAPOSHHAMHYECKAX JBIKEHIAX B Hell HHOVIAPYIOTCA 3JIeK TPHYecKHe MOJd U BOBHUKAIOT
afeKkTpruYeckre Tokn. Ho Ha TOKH B MAaTHHTHOM II0JIe AeficTBYIOT CHJIBI, KOTOPBIE MOTYT CYIIEcT-
BEHHO TIOBJIAATH HA JIBMIKEHWe KHIKOCTH. B TO e BpeMdA 3TH TOKM MeHAT CaMO MATHHTHOEe
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noite. Takum 06pa3oM, BOHHKAET CJIOKHAA KapPTHHA B3aHMOJEHCTBHA MarHUTHBIX U THIPOJIU-
HAMHUECKIX SBIEHMH, KOTOpasd paccMaTpPHBAeTCAd HA OCHOBE COBMECTHOM CHCTEMBI ypABHEHHMH
[OMA B yPABHEHAM [BIMKEHHS KHIKOCTH.

B 06/1acTh TpHMeHeHNs MATHITHOM THIPOIRHAMIKE BXOJAT O96Hb pasHooBpasHkle dhrusmtiec-
KHe 06beKThl — 0T KUJKHX MeTaJUIOB 10 KOCMHYecKoH 1nasmbl. Jlng 6yKBa/bHOrO HpHMeHeHHH
MarHUTHOH MHAPOJHHAMEUKE HEOOXOLUMO PaccMOTPeHHEe XapaKTeDPHBIX PACCTOAHME U IPOMEKy T-
KOB BPEMEHH, KOTOPEBIe Be/IHKH [0 CPABHEHHIO ¢ JVIHHOH npobera i BpeMeHeM LpoGera HoCHTeJel
TOKa (37MEKTPOHOB, HOHOB).

B Hamreft pafoTe pacCMATpPHBAETCA CHCTEMA, B KOTOPOH MAarHHTHAA NPOHHIAEMOCTE MAJO
OTAHYAETCA OT eIMHHUIEL JalWleM YPABHEeHHA MATHHTHOM THIPOIMHAMNKH JJA CJIydasd, Ko-
I3 MOKHO LpeHefpedb BCeMH JUCCHNATHBHBIME LPOLNECCaMi — JUl HAea/lbHOM JKHJIKOCTH. DTO
3HAYUT, 9TO He YYUTHIBAIOTCA LPOLECCHl BASKOCTH M TELUVIONPOBOJHOCTH, 8 TAKXKe KOHEYHOCTb
SMEKTPHIECKOH TPOBOIUMOCTH Cpefibl 0. CoOTBETCTBYONIAA CHCTEMA YPABHEHAN BRITIAIAT CJle-
JyronmM obpazoM [6]:

—= (T Vp + pc* div(D) = 0,

e pc? paccMaTpHBaeTCd KaK 2ajaHHas (DYHKIHS [epeMeHHBIX p, 2.

Cuctema ypapaennii (1) HOBapragTHa OTHOCHTENLHO IPYLILL Ipeodpazopamuii Nannnes, Ko-
TOpadA COCTONT M3 TIEPEHOCOE, BPAITIEHH! M ra/IHIeeBEIX TepeHocor. B cy©ae momuTpoTHOTO Ta3a,
T.e. JJI8 pc® = yp, T7e v IpeficTaBIdeT cobolt TPOM3BOLbHY R0 KOHCTAHTY, cicTeMa, (1) cTaHOBHTCA
HHBAPHAHTHON OTHOCHTENBHO MACIITAbHRIX MpeofpazoBaHmit [7].

B pabore [7] nokazano, 9T0 ypaBHeHHd, OLUUCLIBAINE HICAIBHLIN a2, B ciydae, KOILa vy
CBSI38HO € PA3sMEpPHOCTLIO LPOCTPAHCTBA 7 BEIpasKeHueM <y = (n + 2)/n, 9T0 COOTBETCTByET
OJIHOATOMHOMY HNOMHTPOIHOMY Ta3y, 00aJai0T JONOMHATENLHON KOH(DOPMHON CHMMETPHEH.

Hammane 3T0# CHMMETPHN JeMaeT BOSMOMKHEIM MOCTPOEHNE KJACCOB MHBAPUAHTHEIX DeTlre-
amtt [8]. [loMrMo 5TOTO, IMEHHO ¢ HATHIAEM 5TOH CKPBITON CHMMETPHA CBA3aHa AHATOTHA MEXKTY
YPABHEHUAME NBYXMEPHON THAPOTHHAMIKT, YPABHEHIAMH “MeTKOH BOJRT W YPARHEHHAMH, OTIH-
CHIBAIOLIMMHE JBYXMEPHLIH 3IeKTPOHHLIN a3 B HOJEBOM Tpamsuctope [9, 10].

B ciaygae MarouTHON MEAPOAMHAMUKE ypaBHeHus (1) TaxzKe JOMYCKAIOT CKPBITYIO CHMMET-
puto. [lpeofpazorarna nasa 5TOH CHMMETPIH B CAYYae THIOCKOTO CIOA KIJTKOCTH B MArHATHOTO
MOJIA, HATIPABJAEHHOTO TIEPIEHTHKYIAPHO CI0K0, BEITIANAT CASNVIONIM 00pazoM:

t i
= — = ﬁ,

v = g Foalmy—T, (2)
p=pll—aty?, ¢ =p(l—at)?

Y = (L~ at)?.
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Hasmane gononnurensHol cuMMeTpu (2) HO3BO/AET HOCTPORTE HEKOTOPEIE TOUHEE HHBADHAHT-
HEle pellleHna ypaeHeHmit (1). IlpH mocTpoeHNMH WMHBAPMAHTHBIX PEITEHHN BOIHHKAET CHCTEMA,
JrdgdepeHMANBHBIX VpaBHeHNI, INCTIO HE3aBHCHMBIX TTEpeMeHHRIX PABHO PAHTY HCKOMBIX pellle-
HAK. B namHolt paboTe cTponTed peltierne panra. 1. [Ipr sToM Bo3HHKaeT cHcTeMa ODRIKHOBEHHBIX
mncdhdepeHAANBHLIX VPABHEHAN, 9T0 3HAYATENLHO 06/Ier9aeT 33,1a9y HHTerpHPOBaHMs, B TO JKe
BpeMd pelleHns padra 1 o61a1ar0T JocTATOYHOH 0SITHOCTLIO M ONHCHIBAIOT HEJILI Kaace Tede-
HOtl Taza. B HameM ciydae 1718 MOCTpoeHWS PellleHnil padra | Ha/lo paccMaTPHBATE HOIIPYIILY
pasMepHOCTH 2.

A Takoft TOATPYINE TOAXOART NOArpyONa ¢ TeHepaTopaMu Xiz, X4 + Xo, e Xo — ome-
paTop, COOTBETCTRYIONINHT epeHoCY o BpeMeHHd, a X2 — BpallleHne BoKpyT ocll 4. [eHepaTopsl
THX IPYLI BBIMIAAAT TaK:

8 .9 . . B 5 4 4
B I N B Vi Pl e g g™ . O
+=tg it —tign Yoy — g, oH’
b3
Byes 2 3
LT (3)
a9 a9 a9

X].Q = ?,f% - waiy + 'Uyaivm - Uxaivy.

Jlns mocTpoeHnd WHBAPHMAHTHBIX pelleHril y1o0HO HepefiTi K MUIRHIPWY9eCKHM KOOPIHHATAM,
B KOTOPBIX HCXOLHAS CHCTeMA yPABHEHHH (1) BRIVILIUT CJCAYIOUMAM 00pasoM:

oH 148 L. Ovy H

o el

Ou  Ouw  vpdu Vi 10p HOH _,
at ar rd¢ v pdr  dwp Or

Oug % v_q;)% Uglp 1 a_p H oH

b = i 4
ot ke or r O¢ r pr O - Arpr 8¢ ’ (%)
Ap Op vgsOp 19(rv,)  18ug\

% *ont r0g Phe Gv T wdp)

op Op  ug dp 18(rv,)  18ugy
B TR T T B Trghy

. Gt
B sTofi cucreme cpazy yuteno ypaenenue div H = 0 1 To, 9T0 cKOpOCTh, JABACHHE H IVIOTHOCTD
He ABRAg0Tcd QYHKOMAMEA 0T 2. B MUMHIPHYeCKHX KOOpPJAHHATAX reHepaTophl Xiz, X + Xg
BATIAMYTCA B BUTE

9
o’ (5)

X+—|—X0:(1+t2)ﬁ+trg+(?°—tvr) 7 9 Y 7 7

Basmc WHEAPMAHTOE COCTONT W3 MMeCTH QYHKITHOHAIBHO HE3ABHCUMEIX DENIEHH CHCTEMET, KOTO-
PBIfl HAXOIWTCA W3 CHCTEMBI YPaBHEHMI

{ X12J =0,

(6)
By d o By Pl

74 ISSN 1025-6415  Reports of the National Academy of Sciences of Ukraine, 2014, Ne 2



Wz nepporo ypapmenus cucteMbl (6) Bugmo, 910 J # J(), T.e. pellennd, HHBADHAHTHEE OTHO-
CATEBHO PACCMATPUBAEMOM TIONTPYTIIEI, HE 3aBUCAT OT MOJAPHOTO YIVIa. PeleHnaMu BTOPOTO
YPABHEHNA ABJAIOTCA TIEPBBIE WHTETPAJIEl XAPAKTEPUCTHIECKON CHCTEMEI YPABHEHNH

dt  dr  dv.  dvg  dp  dp  dH 1)
1+ tr r—tu,  tuy,  2Up  Mp  UH’
KOTOpPbBIEe HETPYIAHO HaﬁTI/I, H OHH 3allMCBIBaIOTCHA B CJICAYIOHIEM BHIE:
T tr?
e o = Js = Jy=p(l+ ¢
1 (1+t2)1/2’ 2 (1—|—t2)2 Fip, 3 TUg, 4 .0( -+ )a (8)

Js=p(1+12)2,  Jo=h(1+).
I/IHBapHaHTHbIe pellledrdA BBIMIAIAT TaKHM O6pa30M:
@Q(Jl, Jo, J3, Jy, Js, Je.) =0, (9)

TmEs g = 1y Do vl
Wcnonbaya »Th ypaBHEHHd, MOXKHO BLIPAszUTh Js, Js, Jy, Js, Jgq gepez A = J, a zaTem
[epennucarh pellieHns B 9BHOM BHIE:

e U(A) V(N
YT e T, T T )
_RY PR RICY
e P arer Mo aaey

Snecwy U, V, P, K, h — OyHKIAA 0T A, I4d HAXOXKJEHWA KOTOPHIX HeoOXOJMMO TOJACTABATH
BeIpazkenusd (10) B MCXOMHYIO cHCTEMY YPaBHeHn , Iepelucalnyio B HOIAPHLIX KoopauuaTax (4),
He 3abBIBas 06 OTCYTCTBHH 3aBUCAMOCTH OT HoJdpHOro yria. [locie HecHOKHBIX IpeoOpaz0BaHnMd
MOJIy9aeM CJAeyIONIYIo cHCTeMy AndhdepeHNnaIbHBIX ¥paBHEeHUH]:

hi
! —_—
UU’/\—VQ—U2+/\3TM+/\4:O,
v =,
11
(URY =0, (11)
(UR) =0,

UP +2PU = 0.

AHanunz peireditil ypaBHEHUH JBYXMEPHON MarHuTHON TupoanHaMuku. HeTpyrnHao
3aMEeTHTB, 9TO B cHeTeMe (11) memnecoobpasHo BEIIETHTD JBa. KNacca pelieHmi:

1) &=

2 IF £ 0.

B cnoygae, korga dyaknua U ToxKZec TReHHO paRHA HYJID, HMEET CMEIC/ TOJIBKO [IEPBOE YPaB-
HeHPe cucTeMbl (11). DT0 ypaBHEHHUe JTeTKO HHTETPHPYETCA, M MBI TIONYTAeM CIeTYIONIEe TacTHOS
pelrenne I8 MATHHTOTHIPOIMHAMIYECKTK VDaBHEHMH:

P+ g = /(vz(/\) — /\4)R(/\)Cf\—;\ + const. (12)
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ObozragnuM Yepe3 Py Benn4uny, B KOTOPYIO BXOJWUT BHelllHee JaBleHne P U MarHUTHOe JaB-
nerne h? /(87). B qacTtHOM cydae, Korja V= A2, DoMy<eHHOE pellleHNe OMHCEHIBAET PACTEKAHTE
CA0A KUTKOCTH TJIHA Ta3a MPONEEOABHON TIOTHOCTH, BPAIIAFOIIETrocH KaK TBEPJOe TesIO CO CKO-
pocThIO vy, = 7 /(1 —|—t2) nog, metterene Pry. Yenoene V= A2 TPHBOJIAT K TOMY, 9TO BCe MOJIETHTe-
rpaJibHOe Beipazkenue (12) obpalnaercs B Hy/Ib, I MBI [OJIy9aeM, 970 cO BpeMeHeM Beiamsuta P
ocTaeTcd Hem3Mmenaoii. Pemenne 3anaan naetcs dopMynIamMn

tr T

£ m} ’U(P — m (13)

Up
IloTHOCTE B Takof cHcTeMe MOXKeT OLITh HpOHBBOHbHOﬁ.

Taxzxke AJIA CJIyHasd, Korla U TOAACCTBEHHO DaBHO HYJ/IK, HHTEepPeCHO BLBLIACJAATL elle OJHH
KJace pellernit, Korja dhyHKmmA K npeacTapadgeT cobol MOCTOAHHY BeHYHHY Fo, He SapHCd-
My OT mapaMerpa A. B sToM ciydae ypaBrerne (12) yrpoImaercd W TPHHAMAET BUT:

dx  Rg

Py =Ry / 1[/2(/\)F = 7)\2 + const. (14)

g caydas, Korja Hallna XKHUJIKOCTh WK r'a3 BpalllaeTes KaK TBep/oe Telo, B KadecTre (hyHK-
nm V' HeoGxonuMo B3aTh Vo= bAZ, rne b mopegcTeBider cofol KOHCTAHTY. B 9TOM ciyd€ae Io-
Ay9aeM perenne B cIefyoIeM BHe:

tr br
Ve = Vi =
P T gl L
Fq
=1t e 15)
)\2
Prr= R02 (b — 1) + const.
He meree maTepecen cayuatt, korma V. = aA. Takoe pellieHne nMeeT BHJ:
tr o Fy
U'r:iza Uf}o:ia 9272:
1+¢ 1+ 12 1+
2 i (16)
Py = Ry| const — ——— +a21n).
" ( 2(1+2) 1+ 22

CoOTEETCTEYIOIIEE PEIIeHe JIerKo aHamnzupyercda. OHO OMHCEIBAET JBUIKEHHE KOMbIeo6pas-
HO PachpeneleHHol MacCchl KHIKOCTH TUTH Ta3a C 33JaHHON HATAMBHOH YTIOBOH CKOPOCTRIC W =
= o/r. Ilpu pacTeKkaHuy KEIKOCTH WM A3 [H0J AeHCTBHEM CHUI TAXKeCTH, MarHHTHOIO IO
W BPAIEHNA YIIOBAA CKOPOCTE YORIBAET Mo hopMyne w = a/(ry/ 1 + €2).

Jna cnygan U o4 O ypapHeHnda 2-5 cmeTeMsl (11) 1erko MHTErpHpPYIOTCH, TTIOCTE ¥ero hyHKITH
V., P, R, h BEIpazKarTca depez pyHEIuD U:

R:%, h:%, p:%,vzq. (17)
Ilonctapnaga nmoaydenHnle GYVHKIHA B IIEPEOE VPARHEHIE
), B
UU’A—VQ—UQJFABTMJFA“ =1
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npuxouM K AuddepernnaibHOMY YpaBHeHIo 171 GyHKOuA U, KOTopoe JIeTKO HHTerpUPYeTCd.
[locne mATErPUPORAHNA TONYYIaeM aNrebpandeckoe YyparHeHne jutd GhyHKHn U:

B2 e (0 12004 W4 %=1, (18)
205 Oy
roe A=2 N . o ' — KOHCTaHTa HHTerpHpORaHnd. Bece KOHCTAHTEI OOpelelaTed 03
1 Ty

HaJaJbHEIX yeaornit. B mTore cueTemMa guddepedualbHEX ypaRHeHnil cBeylach K aarebpamdec-
KOMY VPaBHEHHID TPeThell CTelleHH. ¥ IUTLIBas (pHamdecKHe OrpaHmtdeHnsd Ha KOHCTAHTLI HHTe-
IPHPOBAHAA, MOXKHO TOKA3ATE, YTO JIaHHOe KyOMtTeckoe ypaRHeHMe MOKeT UMeTh TOJALKO OJHH
JeflcTRUTENRHBIN KOpeHb.

AHaMHEIPYA HONYIeHHOe pellleHns (18), TMOKaMKeM, 970 OHW OMHACHIBAKT PaclpocTpaHeHne
KOJbLa KHIKOCTH ¢ 33JaHHBIME HAY3JILHBIMIE PaliycaMB 7ig H rgg, & TaKxKe ¢ 33JaHHOol [up-
KyJdImeli ckopocTd, pakHoM 27V, ['paHdEl KoMblla OOpeleaqaioTes ypaBHeHdd MI

=710V 1+ tg, rg = rapv/ 1+ tg, (19)

T7ie rip 1 rop MPENCTABAIOT cOBOH IPAHNTIEI CI08 B HAMAILHEIN MOMEHT BpeMeHn. B sapncnMocTH
OT 3HAKa KOHCTAHTHT A TOJYUeHHBE PeITenns 6y T OMUCHIBATE MUO0 CAoH yIIoTHeHnd, RGO
caott pazpexkennd. Ecnu A > (0, To Ha BHeITHeN T'paHNUIE NaB/eHIe CKAYKOM YMEHBITAeTed, a Ha
BHYTpeHHel — ypenmauBaeTcd. [[poTuBononczKkuas KapTuia Habmogaercd npu A < 0.

Taxmm 0bpazomM, IO AHAJIOTAN ¢ YPABHEHHAMA OOBITHOMN THAPOIUHAMAKHA YPaRHEHNAS MATHHT-
HOW THAPOJMHAMHWKHN TIPH OMpEeeleHHBIX YCJIOBHAX 06JafanT JOTOMHUTENEHON CKPEITOH CHM-
MeTprett. Hamiane Takott cHMMETPHH MO3BOIAST CTPOUTE KAACCH TOUHBIX PEITeHHH, OMHICHIBAF0-
ITHE Pa3INIHBIE TUMH TEWEHMH.
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[IpunxopaHa cuMeTpisg piBHSHL MArHiTHOI IiApoguHAMIKH i iHBapiaHTHI
PO3B’SI3KH

Pozaasrymo zpynosy cmpykmypy pieHans Mmazrimnol 2idpodunaomiru. as dsosumiprozo sunad-

Ky 30 donomozow npurosarol xondiopmuot cumempit nobydosano deari KaAncw THSAPIGHIMHUT Po3-
s aswnis, Hocatdnceno sidnosidni menit,

A.V. Babich

A hidden symmetry of the magnetohydrodynamical equations and
invariant solutions

The group structure of the magnetohydrodynamical equations 4s considered. Some classes of inva-

riant solutions are constructed with help of the hidden conformal symmetry. The corresponding
flows are studied.
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