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Bingmopaenns &byHKI JBOX 3MIHHUX i3 30epeXeHHAM
KJIaCy CT(RZ) 32, JIOIIOMOT'0OIO 1X CJIJIB Ta CJIJIIB
IX nmoxiganx A0 (pikcoBaHOTO NOPSAKY Ha 3aJaHiil JiHil

{(Hpedemasaeno axademivom HAH Yipainu 1. B. Cepzienxom)

Hocaidoweyromsea smemodu nobydosu onepumopis stdnosaenna dudepenuiiiosnur dynxuilt dsox
FMIHHUT & OKoAl 2andKol Kpusot, axi abepizaroms kaac dudeperyitiosoncemi CT(R2). Memod
suxopucmosye das nobydosu skosarur onepamopis caldu nabauscysanol dyrwuil ma i1 wac-
MUHHUET ROEIORUE 30 00Riew 3MIHHOW Jo zadarozo nopadky He exazaHid kpueitl.

Onepatopu Tefinopa Ta ix y3arajibHEHHH, 0 BHKOPHCTOBYIOTH A/ CBOEl MOOY[OBH ZHAMEHHS
HabOAMAKYEAHOT (PYHKIT Ta 11 9ac THHHIX TOXiJHAX J0 3aflanoro nopanky N = 0y Jedakiit Tour,
MAKTh MOPAJOK AndepeHTiHoBHOCTI, 110 MOBHICTIO BH3HAYAEThHCA JUGQEepeHIlialbHIMI BAACTH-
BOCTSAMHE JOHOMIZKHIX (HazucHnx) GyHKUiH (HoMIHOMIB ajrefpaldHux, TPHIOHOMETPHYHNX, y3a-
rajbHeHux, civtaiinie, Befipnetie Tomo). Ocxiibkn GyHKLIT LBOX 1 GIbIIe 3MIHHIX MOXKYTEL 6y TH
2aJ1aHI He TIJIbKH CBOIME 2HAYEHHAMY T4 3HAYEHHAME CBOIX YacTHHHUX [OX1JIHHX B OKPeMUX TOY-
KaX, afle TAKOXK CBOIMA CJiJaMHA Ta cAiJIaMA JedKHX IHdepeHIlialbanK OlepaTopiB Ha 3aJaHmK
JIHIAX, TO OMEpaTopH, IO BHKOPHCTOBYIOTh TAKi CiIN, HAMEKATh N0 Kaacy IHudepeRIiHoBHOC-
Ti, AKHH BA3HAUAETHCA JHPepeHTATBHAME BAACTHBOCTAME JOTIOMIKHIX (6asmcHIX) ByHKIH
1 razanmx caigie. Haragaemo, zanuc f(zy,...,x,) € C7(R") ozmagae, wo cama dyuxuig f i Bel

Alel "
mf € AP,

0|8l =p1+ +Fn <7 OrKe, B 0bOMY O2HAYUCHHI HeMa HiSKUX O0OMEKEHDb Ha YaCTHHHL I0Xi-
JTHI TIOPATKIE 7y, || > r, To6TO icHYe BKMaeHAA Kaacie dyrkmii C(R™) C CT(R™), r < ¢ < co.
Y 3p’d3Ky 2 1AM Oy7eM0 TOROPHTH, 10 onepaTop [ 36epirae knac gudepeHriittoRHOCT HabHIM-
KyeasOl dyEKIil f, Axmo f € C7(R") = Lf € C"(R"). fxkmo x f € C"(R*) = Lf € CYR"),
¢ < r, TO TOBOPUTHAMEMO, IO omepaTop L He 36epirae Kaac audepernifioprocTi GyEKIHl f.

Amnaniz miTepatypuux Axkepes. 3alada NPOIOBXKeHHS (QYHKIIN 7 3MIHHAX 3 TPaHHIl
ofacTi Ha 0H/1acThk aH0 Ha Bech n-BAMIPHHN IPOCTip i3 3deperkeHHAM NOTPISHEX nudepeHmiaib-
HUX BJACTHBOCTeH & 0JHIgH 3 KAWYOBHX 237349 Teopil HAOIHKeHHA hyHKIIH HATaTHOX 3MIHHIX
(mae. [1-11]). B poGori |9] maremeno dopmyny

11 JacTWHH MOXiJHI Jo TopAaKy r, v = (, € HelepepBHHMH, ToOTO

o)=Y ZE8 g0y -3 L [ o e

=0 5=0

W = CPER,
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(o.8)
ze (fxg)(x) = [ f(t)g(z —t)dt — 2roprka byHKIR f, g, gKa ¢ po3p’askoM 3ana4l Koun js
—C0O

iTepoBaroro onepaTtopa Jlammaca

82 82 m (0,5) PR—
<8$2+8'92> u(m’y):O, A (w,O) :¢3($), SZO’mil'

y™ ! Y
m{m— 1) y? + 2
dbyHKIER, M0 3aJ0BONLHAE PIBHAHHA

82 82 m
(8932 + 8y2> Glz,y) =0

Ta ymMorm Komri

Oyrknia Glz,y) = ¢ dhyHIAMEeHTATRHAM pPO3B A3KOM I1iel 3a7ad9i, ToOTO

GO, 0)=0, k=Tm—3 O™V 0)=4),

"Gz, y)

GOR) (g, 0) = o
Y

. k=0,m_2
y=0

IIpn m = 1 orpumyemo dopmyay Ilyaccona

u(z,y) = %Z Polt) {m}dt,

Mo € po3e’dA3koM 3a]a91 Komi u(x, 0) = ¢ol(z), z € R, 114 piBHAHHA

82 82

Y poborax [12, 13| gocaiizKyBanncs omepaTopH BIIHOBMEHHA (YHKIIH GaraThox 3MIHHIX
3a JOTOMOTON OMEPATOPIR, Mo 36epirafoTh Knac AudepenmitiorHocTi O (R™), AKOMY HANTEXKNTH
Hab/IMKyRaHa PYHKIA, i BHKOPHCTOBYIOTh MIPH [LOMY CJIiJH u(o’s)(az, 0) = ¢s(x) € C"*(R),
s=0,m—1, m =< r. Ane 2arajbHU BHIIAI0K OIEPATOPRIB, L0 20epiraloTh Kiac JudQepeHiifios-
HOCTI B OKOJIi JOBIMLHOI KPUROL, He JOC/IMKYBaBcd. B Tl e Jac 2 OpakKTHKHA BiIOMO MPHUKIAIH,
v AKAX HeoOXiTHO BlIHORIIOBATH TOBEPXHI 3a BIIOMHME C/ILaMH IX YacTHHHNX IOXiTHHX abo Ie-
AKOI CHCTEMH JTIchepeHTTianbHIX ONepaTopik (B3arai KasKy'H, HeMHIMHNX) Ha 3aJaHilt KpHUBit.
Hatt®iasin BioMHM TPHAKISI0M TaKol 23JaMi € 3aflatda MobyI0BH cHCTEMHA KOOPAHHATHHY DYHK-
it /1 Bapialifiinx MeTONIB PO3B d2aHHa KpafloBIX 2aJad, 0 TOYHO 33 0BOJLHAITE IPAHIHHI
YMOBH Ha FpaHAN] ob7acTi iHTerpyBanas. AKino obaacTh, B AKifl po3B’d3yeThed KpalioBa 3312394,
¢ ob’eIHAHAAM KiMbKOX BiIOMHX 0H/IacTell, TO TPAHUIE TaKol obacTi MoMKe MATH KYTOBl TOYKH,
TOOTO HYIe HepudepeRitoRHOK MiHIeH cKIaga01 HopMHA, 1Mo € 00’¢THAHHAM BiJpisKiE KiMBKOX
BIIOMIX MiHIM. $IK TpHK/Ia] TAKOXK BiJ3HATNMO HeoOXiHICTE BiJHOBIEHHA MOBEPXOHE JIOTIATOK
ABIAJBATYHIB ab0 JOMATOK TBHHATIB Ha ATOMHHX MJIBOJHMX YOBHAX, HopMa AKNX 2HAXOLHTHCH
3 YMOBH HailKpaloro oOTIKaHHA HOBEPXHI TazoM abo pPiIMHOI0 MIJITXOM pO3B’d3aHHS BiIIOBII-
HIX KpafioBux 33139 (10610 dhopMa nopepxHi obTiKanud € gepizomomn). Taxi 2azadi € BazmIHBOIO
CKJIaIOBOI0 TIPOLECyY KOHCTPYIOBAHHA Jo0aToK. OHICK 3 HANCKIAIHIINEX 33039, AKi BHHAKAIOTh
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LpH LBOMY, € 20epeKeHs BiAIoBAHOT [MIaIKocTl HabIMKyBanol noBepxi (To0TO HaNeKHICTDH
BiITOBIHIX BYHKIIHN 70 38,]aH0T0 Knacy udepeRmiHoBHOCTI) Ta, i30reoMeTpil (OmyKIocTi, BrHY-
TocTi Tomo) [10]. [pobaeMn, Mo BUHAKARTE ¥ 23371a9aX TpOJOBKeHHA PYHKIIH, JOCHTH TOBHO
ommcaHi B JomoeHeHH] B. 1. Byperkora no poforu . Crettra |5, ¢. 231-235|. 3aramsamit MeTo,
PO3B’SI3aHHSA TAKWX 33739 MOXKHA OTPHMATH Ha OCHOBI BHKOPHCTAHHS Y3arajbHEHL OIEpaTopiB
inTepinanil GyHKif iz 230epexxkennam Kiaacy audepennifiosnocti [12, 13].

OcHoBHi TBepaxkenudg poboTu. B mamift poboTi IpoHoHyITLCA 1 J0CHIIKYIOTECI MeTOIH
MoOYI0RH ONepaTopik HabMMKeHHA GYHKIH JBOX 3MIHHUX i3 30eperKeHHAM KJacy Judepen-
MIHOBHOCTI, AKOMY HAJEXKHTE HADIWRKYRaHa MYHKITA 38 YMOBH, 0 CITH UK OMEepaTopik 1 caian
X 9acTHHHNEK MOXITHEK 238 0HIEW 13 3aMiHATX 710 (diKcoBaHOTO TOPAIKY Ha 3aJaHitt JTiHiT 26irafTh-
cd iz BPIATDOBLIHHMH CAiIaMH HAOMMKYRAHO! QYHKIII.

Bkazani onepaTopd NiaHyeThCA BUKOPHCTATH [/ MOOYIOBH y3araabHEHHX HOpMYJ iHTEp-
TMiHaAM ByHKIN JROX 3MIHHAX 12 30epeskeHHAM TOTpiOHOTO Kaacy JudepeHIitioBHOCTI Ta. i3
BaJAaHAMHE CJIJAMH 1 cHiJaMA JacTHHHRX TOXiTHUX 70 BiKcoBaHOTO TOPAJKY Ha CHCTeMI Herle-
PETUHHAX TIOCKHX KPHUBHX y JEeKapTOBRIH cHeTeMi KOODPIWHAT.

Oneparopu BignoBiaennd ¢dpyHukallii IBOX 3MIHHUX 32 JOIIOMOT 010 11 CAiiB Ta caiaiB
i1l moxignux za oAuicro zMiHHOI0 Ha 3adaHiil mixii. Baypaxxmmo, mo nominoMm Teimopa za
OJHIEK 3MIHHOI

s =3 109U 09 ay) = P H0)
0 : ¥ =it

Mag BIACTHBOCTI

8qTNf($7 y)
Ay

_ 9 (z,y)

Byt O0<gs N

?

y=y(z) y=r(z)

F et BN 104 e OF5(RY) = By F O N2, ULed NEn

To6To mett onepatop T'n f(z,y) He 36epirae Knac fudepeHnioBHOCT CT(RQ) dyurmil f(z, y).
Ile TBepmzKeHHs, 30KpeMa, BHKOHYETbCHA /i (byHKILH

fla,y) = |z +y — 1227 € C2(R?), f ¢ PR3,
flay) =le+y— 1P a+y—1) e CHTHR?),  f¢ CHT2(R?).

Taxum gmmom, onepatops T f(x, y) He MOKHa BUKOPHCTORYBATH 3aMicTh f(xz, y) 6e3 nosat-
KOBOI'O aHAJI3Y V THX 3a/ad9ax, Je iCTOTHOIO € BuMora, mwob dyuknia f(x,y) Maia HelnepepBH
noxinHl mopanky v > 0. IloTpibHI omepaTopd TaKoTo THIY Blepllle 6yIH TobBYIOBaHI B pobo-
tax [13-15] nna eumaaky (x) = 0 B ZMCKpeTHIH Ta IHTerpanbHilt (opMax. 30KpeMa B JUCKpe-
THilT dopmMi omepaTop

. N N m+.3s,£?1' ( n 6 t)sil
Lypflmyl = Z Aoef(x + Boey,0) + Z Z Ast / 1O, 0) . (;E_yl)l dt
£—0 a=1 =0 0 '

3aJ0BOJIBHAE TaKi YMOEBH:

FetPEN % e "B = bid e (RS, OuseNgewn
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8qLNf(m7 y)
ay?

9% (x,y)

?
y=0

y=0

AKIO HeBigoMi Agy, £ =0, N, g4 koxkuoro s = 0, N zHaxofaThes WAxoM poss’azanna CJIAP

N
Z AS:E(ﬁS)E)p = 0ps, 0<pL N,
=1

npit yuoBl, e 1 € Bog L Be1 € k€ Bew R L, 8=01,...,&.

Hmde yzaranbEUMO Tl pe3yAbTAT Ha BUIAL0K, KOJW CIILIA HAOIAKYBaHO (DYHKINT Ta ¢ |
11 YACTHHHMX TOXIJHIX 34 3MIHHOK ¥ 70 (IiKCOBAHOTO TIOPAKY 3aJa0Thed Ha MHI y = y(z) £
€ C"(R). Hexait f(o’s)(az,y) = &*f(z,y)/0y*. Beememo 10 poarnany omepaTop

N
Onflz,y) =D doef(z+ Boely — ¥(@)), v(x)) +

£=1
e +Bs o{y—7(x))

N N -
L ) I B e

Je B e [—1,1, s =0,N, £ =0, N — 3anani pizsi uncqa (JificHi a60 KOMILIEKCHI ), HEBioMI
Aoty 8 =0, N, £ =0, N, 1na xoxuoro sHadeHHd s € [0, N| 3HaXoAAThCA MINIAXOM PO3B’A3AHHA
CHACTEM JIHINHAX aarebpaldinx piEHAHB

N

Z Ast(Be0)" = bps, O<p< N
=1

3aypayKuMmo, 1[0 I[i CHCTEMH MATb EIHHHN pO3B'930K, OCKIJLKH IX [JeTepMiHAHTH

det| i E]?:g:j\\; #0, s =0, N, ¢ ferepMmiHanTamMn BaHepMoH/IA.

Teopema 1. Onepamop Onf moe saccmusccmi
f £ &PLRP) = Ot & DFIRE),

8qONf($7 y) _ aqf(ilj? y)

Byt Byt O<g=s N

. N <.

y="(x) y={z) 7

S waemunnud sunadok, npu y(x) = 0 ompumyemo Ly f = Onf.

OmnepaTopu BifHoBIeHHd DYHKINT 2-X 3MiHHUX B inTerpansriii popmi za gorio-
Mororo il ciaifiB Ta caigiB i1 moxXiguux 3a oAHI€IO 3MIHHOI HA 330AHIN KPUBINA JTiHii.
Beenemo 510 pozrasagy onepaTop

1
Dyu(e,) = | GolB)ula+ By = v(w)),7(e))ds +

N 1 e By —y(x)) ot
ofs Z / Gs(8) / 4(0:8) (£, v(t) (@ ply —9e)) — &) dtds.

(s — 1)!
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Teopema 2. Onepamop Dy f mae saccmusocmi
f C ET[RE)= Dnf € O"[R?),
Dy [z, y) _ Pz y)

Ay Ayd

y="1(x) y={z) ’

1
aowgo [ Gs(B)BPAS = dsp, 0 < 5, p < N.
S

Beezemo 1o posrisny aupa Ge(z,y, 8), 0 < s < N, iHTerpaJbHAX 0HepaTopiB, 3a/1eKHl Bl
TPBOX 3MIHHHX 2, ¥, &, 1 mo0yILyeMo 3a iX JONOMOTOID TAKHN iHTETpaJbHAN OHepaTop, ¥ AKOMY
dbyHEKIA 1 1T 9acTHHHAI TMOXiJHI 33 3MIHHOK y BXOJATE T 3HAK iHTerpasa

1
Dyule,y) = / Gol,y, Byulz + Bly — v(z), v(x))db +

e +B{y—v{z))

N 1 s—1
s Galz,y, B u(O,s) £ v(t ($+6(y —’)/(12)) 7t) dtdg.
Z/ (@,1,5) / e P

Teopema 3. Onepamopu Dy f(z,y) marome saacmusocmi
F e@T R et Dy ¥ EUPLRS),

8qDNf($7 y) o aqf(ilj? y)
Ay oyl

y="(x) y="(x)

1
AKULO f Gs(w:’Y(w)aJB)JﬁdeB — 55,39; =g 5, p = N.
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O.H. JIuteuu, O. Q. Jlutun, A. B. Tkauenxo, O.JI. I'punaii

BoccranoBnenue byHKIHMI JIBYX [IepEeMeHHBIX ¢ COXpaHEHHEeM KJacca
Cr (Rz) C IIOMOIIBIO UX CJAeJ0B H CJIeJ0B HX IMPOM3BOIHBIX 10
dbuKcupoBaHHON cTelleHn HA 3aaHHOM JIMHUUA

Hecaedypomen memodn nocmpoenus onepamopos socemarosachun oudbepenyuposanmmns dnym-
Wil deyr nepeMeHHNT & oxpecmHocmu 2a00kold Kpusoll, Komopue coxpeHarm xance dudifiepen-
UUPYEMOCTY C’T(RQ). Memod wenoavayem das nocmpoeHUA YRAZGHHBE ONEPAMOPOS CALON NPU-
Gausicaesmoti PyHRUUL U 68 MACIMHNET NPOUIGOIHNT No 00notl nepemennoli do sadannozo nopadka
HO YKa3aRHOYU Kpusoil.

O.M. Lytvyn, O. Q. Lytvyn, O. V. Tkachenko, O. L. Gritsay

Recovery of the functions of two variables with preservation of the class
C"(R*) with the help of their traces and the traces of their derivatives
up to a fixed order on the given curve

The methods of construction of the operators of recovery of differentiable functions of two variables
in a vicinity of the smooth curve, which preserve the class of differentiability C"(R?), are studied.
The methods use the traces of an approvimated function and its partial derivatives with respect to
one variable up to a given order on the given curve.
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