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M. M. Komnernp

JliHiltHo-KBagpaTu4dHa 3a/a9a ONTHMAaJbHOTO KepyBaHHS
IIPOIECOM TeILIONPOBIIHOCTI

(lpedemasaeno waernom-xopecnondenmom HAH Yipainu A. O. Yuxpiem)

Poszandasmueca npobaesa minisizauil keadpamuntozo yHKruionaan Ha poss Askax dpyzol kpa-
fiogol aadavi dan pisnanns menasonposidnocmi. Jaa docaidscenna chopmyavosanoi sadayl
onmuMizauit socmocosano Memod muosenukis Jaepansca. Towwd nicdxid das mosicausicms
ompumamy reobridnt ymosu onmumasvrocmi. Ha ocnost wurx ymos susedeno inmezpo-dude-
perutaanue pisnanna Plexami z vacmurumu noxidnumy. Poze’azon yvozo plenanna nodawno
& sumrHeRI Popsi.

B Teopil onTHMaNBHOTO KepyRaHHA BAsKJIMEBe MicTle 3aliMae AiHiMHO-KBa paTHydHa zaja4a. [1i7
M TEPMIiHOM PO3VMIETLCA 3afata MiHiMizamil KRagpaTHIHOoro (GyHKIOHATA Ha MHOMXKIHI pos-
B'A2KIR JedKol CHCTeMH JiHIAAMX I1ndepeHlialbHIX PIRHAHD, IPAR] JacTHHA AKHX IEeBHUM THHOM
3aJIe2KaTh BL 0/{HOr0 afo JeKIMLKOX DapaMeTpis (KepyBaHb). AKIN0 NOBEIIHKA KePOBAHOIO 00’¢K-
Ta. OTHACYEThCA CUCTEMO 3BHYaliAnX MudepeHIlialbHNY PiBHSAHL, TO MOBa e Mpo CHCTEMHA i3
30CEepeIIKeHNMHA TapaMeTpaMu. Y BHIAIKY AndepeHITaIbHAX PIBHAHD 3 TacTHHHNMA TOXI THHMA
MagMO CHCTEMY 13 PO3TOAINTEeHNMH TapaMeTpaMi. Jlmd crcTeM 13 30cepeIKeHIME TapaMeTpaMni
MiHIfHO-KBaIpaTHYHa 33393 JOCHIIKeHa JOCHTE MoBHO. (JCHOBHHM Pe3yIbTaTOM BOTO JOCiM-
Kenns € MaTpuue sudepenmiaibie pisaanng Pikkati [1-3, 5], Jug MaTeMaTudHux Mompesed
CHCTEM 12 PORMOILIMeHAME IapaMeTpaMi BUHHKAIOTE iHTerpo-IudepeHianbil pisaanng PikkaTi
2 YACTHHHAMH TOXITHAMH, AKI MeHIe JOCiIXKeHI TOPIBHAHO i3 3BUIalHAMA MATPUIHAMHA JHA-
depermiansHIMA piBAEAEHEAME PikkaTi. B jmaniit poboTi 118 chopMyaROBAHO! 2333t ONTHMIRa-
il 0TpEMAaHO iHTerpo-andepeHniaibie pipHagad PiKKaTi 2 JacTHHHHMH IOXiTHAME, PO3B 20K
AKOTO HAReleHo B 3aMKHeHil dopmi.

IlocTranoBka zazadui. PozrngngaeTbes mpollec, MO ONHCYETECA TAKAM PIBHAHHAM TEMJIOIPO-
BiTHOCTI:

Bz(t,r) &z (t, )
ot Oz
S E<t, O<a<l

(1)

Hst pipasang (1) 2a7aH0 HOYATKOBY YMOBY

2(to, ) = f(x) (2)
Ta. KpalioRl yMOBH
dz(,0) dz(t,1)
dr 0 dr 0 )

ze gepes 0z(¢,0)/0z ta 02(t,1)/Ox noznageno snagenns Oz(¢, x)/0z upu z = 0 a « = [ Biz-
HoBinHO, aificHi wmeaa tq = 0, ¢ > o, I > 01 byuuia f(x) € Lo(0,!) sanami. Oyrxnia
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u(t, z) BBaXKAETLCA JOIYCTUMHAM KepyBaHHaM, ko u(t, ©) € Lo(Q), ne muoxkuny () 3a1aH0 Tak:
Q= {(t,x): t € [to, t1],z € [0,1]}. dna dbikcoBaHOrO TOTyCTIMOTO KepyBaHHA w(t, 2) PO3B’A3KOM
z(t,x) zamaqi (1)-(3) BRaKaeThCA y3araJpHeHHN po3B’aA30K z(t,z) € Lo(Q). Jam posrmareMo
TAaKNH KpUTepit oNTHMAJILHOCTI:

I i 1

" ;/ztl, s T // (t, @) + v2(t, )] dacd. (4)

0 to 0

3a/a9a OUTHMAILHOIO KePYBaHHe [IPOLEcoM, 10 OLHCYeThes chipsignomentamu (1)—(3), momns-
ra€ B 3HAXOJKEHHI TAKOTO KepyBaHHA u(f,z), Ha AKoMY yHKIoHAN (4) HabyBae HAHMEHITIOrO
3HAMEHHA. AKINO TaKe KepyBaHHSA iCHYE, TO BOHO HAZHBAETHCA ORIMUMAALHUM KEPYBATHHAM.

HeobGximai ymMoBu onTuMabaoOCTi. 14 3HAXOKEeHHA PO3B’ A3KY PORTJIAHYTOT BHITE 33,1a-
9i 2acTocyeMo MeTon MEOKHEKIE Jlarpamxka [4, ¢. 31]. CyTb MeToLy HoMArae B TOMY, 110 2aMiCcTh
dbyarnionana (4) pozrngzaemo Taknit GyHKIIOHAT:

{ t1 {

I (P, 2] = %/ 2(ty, m)dx —|—%//[z(t,z)2 + u?(t, z)] dadt +

0 to 0

p ] f ot x) PQ’;(;@ + ult,z) — 825; T’)} dadt, (5)

to O

Jie p(t,x) — Hepimoma pyHKIA (MHOXKHIUK Jlarpar:ka). OwueBHIHO, 1O TPW BUKOHAHHI CIBBI/-
HomeHHS (1) 3HadeHHEA QyHKMOHATE (4) 1 (5) 36irafoThea. B Taxkuit crioci6 3amada Ha yMOBHRM
eKCTPEMYM [ pYHKITIOHATA (4) 3BOIHTRCA [0 337a91 Ha eKCTPeMyM Jd dyHKmoHaa (5) i3
ypaxyBaHHAM clipeiznomens (2), (3). Jami 2naxonuMo Bupaz gias upupocty AJ dymkiiona-
na (5)

A = Jp+ edp,u+ edu,z + edz) — J(p,u, 2). (6)

Iic/1A 0IeBRIHAX COPOIIEHE (POSKPATTA Iy ¥KOK, IHTErPYBAHHA JacTHHAMIA Ta 3BEJEHHA TONIGHIX
YJeHIB) CHIBBITHONIEHHA (6) MATHMe BHTIAT
{
fofe E/[z(tl,x) . ol ) s
0

!
8p(t,x)  Bplt,x)
+& O/HZ(t,w) aF- 92 + o }5z(t,w) + [u(t, z) + p(t, z)]|du(t, z) | dedt +

+& j@p(t,z) {M—I—u(t,z)—%}d dt +

j Bty odf Pk / f [ )] +[5u(t,x)]2}dxdt]. (1)
0
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Ha migcrasi pignocti (7) Moxkua chopMYJIIOBATH TAKE TBEP/IKEHHS,
Teopema 1. Onmumanvre xepysanna u(t,z) s zadavwi (1){4) edune i susnavaemvea i3
CIBEIIHOUEHD

Bz(t,x) B 922(t, )

ot - (8a)
ol ) = Jad), ‘9’2&;0) e, 82{;’;’ B i (86)
Gt &) azp(t, x)

TR~ (8e)
plt1,w) = #(t1, 2), ap(gZO) _o 81”5; D _o, (8r)
uw(t,z) + p(t,z) = 0. (81)

Burenenns inTerpo-mudhepeniiianbroro piBaanna PikkaTti. Hexatt icHye 3anexHicTh
{
p(t,x) = [ R(t,x,5)2(t, s)ds mixk dbyaxniamn p(f, ) 1 (¢, @), 4Ki 38J0BOILHARNTE CHCTEMY CLIE-

0
BifHOMEHE (8a)-(87). Jlerko mepekoHaTHCd B TOMY, O BigHOCHO GyHKMT F(t, z, ) Mae Micte
Take TBep/IKeHH.
Teopema 2. Dynwyia R(t, x, s)) e poss’askom iwmezpo-dudepeniiansrnozo pieHANIA

l

OR(t O*R(t o2 t
R(,m,S)Jr R(;m,S)+ R z, 8) /Rtw)\ (£, A, 8)dA + 8(z — 8) =0, (9)

at Ox?
0
de 6(x) — deavma-ynryia ipawe, ma 3adosoavhae maxi 0000mKost ymosu:
Rty e ey=16lg — s} (10a)
a1i(t,0, s) ARt 1, s) ALt x,0) OR(t, % 1)
FEANGEEE (] Sl S i) — =0 — 1 =0 106
Hx ' Oz ' ds ' Os (106)

ITobynora posR’d3ky iaTerpo-audepenrianbiore piBusaag Pikkari. Poap’azokr
R(t, z,s) piBEAHAA (9) MYKaEMO ¥y BHIIIA]

1
R(t,z,s) = J +22m COSmCOSW?S], (11)

ze dbyaxnil r,(¢), n = 0,1,2,. .., norpiéao smafitu. Ouernnno, wo dyuknia (11) 2an0BoibHge
yMoBH (106). Besmocepesnro 12 pieHOCTI (11) 3HAXOIAMO

OR(t,x,s) 1 |dro(t) S drp(t)  wnx  ans

= == { 5 2n:1 g CoRT T cos (12)
O?R(t, x,s) QQR(t T8 0 TnE Tns

o = e Z:l { } ) cos e, (13)
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XL mns

{
(t,x, NR(E, A, 8)dX = - 2 —— o8 — |. 14
/R % 8) |:TO + Z )cos cos — (14)
0

IlimcTapnaoan eupazm (12)-(14) B pigAHEA (9), OTPEMaEMO [JTA 3HAXOJKEHHA KOeIIMieHTIR

ro{t) =1, n =0,1,2,..., TAKY HecKiHUEHHY CHCTEMY CKATAPHMX piBHAHL PikkaTi:
deslE) mn|? 5
i Z{l} Tl —wi(td 1 =0, . (15)

[pu mpomy ymosa (10a) mopolKye NOZATKOBI YMOBH ISl CUCTEMH PiBHAHL (15)
Tt | =1y e =Ly B oo (16)

[ligponaan mincyMKH, TPUXOIRMO O TAKOTO TBEP/FKEHHA.

Teopema 3. @ynruyia 1L, x,s) mae suzaad (11), de xoedivienmu rn(t), n = 0,1,2,...,
€ poss’asxamu cucmemu ssuvalinur Juhepenuioavnur pisnane (15) ma sedososvnmoms do-
damxosi ymosy (16).

Jani, BHKOPHCTOBYIOYH CLOCIO, aHaloridami onucanoMy B [3, ¢. 320], aerko 3gaxomumo dop-
Myn:a g ro(f), n = 0,1,2,...,

An cos (M (t1 — €)) — (an — 1) sin A( A (t1 — £))
Ancosh(An (1 — ) + (ap + 1) sin h( A (61 — £))

e = el B oo

wit

1€ oy = {Tr’)‘”: Hﬂ O

Taxum guHOM, ¥ poboTi pO3TIAHYTO JiHIHHO-KBAIPATHYHY 33439y ONTHMAJIBHOTO KEPYBaH-
HA TTPOTECOM TETVIOTPOBLTHOCTI. 38 JOMOMOTOK MeTO/y MHOMKHEKIE JlarpaH:Ka OTpUMAaHO He-
ofXiTHI YMOBW OMITHMAJTEHOCTI. BeTaHOBMEHO YMOBH, M0 3a6e3MeIYIOTE €IHHICTE ONTHMAJILHOTO
KepyBaHHA. Briepiiie 114 Takol 237391 3 BHKOPHCTAHHAM JenbTa-hyHKIN /lipaka onepikaHo iH-
Terpo-audpepennianbie pieaganad PikgaTi. Sanponodopano opMyIy A7 009HCIeHHS PO3R’ 23Ky
[BOTO PiBHAHHSA. BHEKOPHCTAHAS OTPHMAHOL (POPMYIH J26 MOMKIUBICTD HOATH ONTUMAJIBHE Ke-
pPYEBaHHA B ABHIHT dpopmi. Tema, posrnaayTa y poboTi, 6e2yMOBHO, € NOCUTE MEPCTIEK THEHOF 14
MOMABINITK  JOCTI T KEHb.

1. Xywosexut B, H., Yuxputi A, A. Jlunefino-xpanparuvnnie quddgepernnannune urpel. — Kuen: Hayx, aym-
Ka, 1994, — 320 c.

2. Bensoussan A., Da Prato G., Delfour M. C., Mitter 5. K. Representation and control of infinite dimensional
systems. — Boston; Basel; Berlin: Birkh&user, 2007. — 575 p.

3. Naidu D.S. Optimal control systems. (Electrical engineering textbook series). — Boca Raton: CRC Press,

2003. — 433 p.
4, Cupasemduros T. K. OnTuMHzanng cHcTeM ¢ PaclpeleleHuLIMU TapaMeTpamn. — Mocksa: Hayxa, 1977, —
480 c.

5. Potimenbepz H. H. ApTomaTuveckoe ynpasnenmne. — Mockpa: Hayxka, 1978, — 551 c.

HTY Vepoinu “Kuiscwrul noatmernivnuil inemumym” Haditivino do pedaxuit 09.07.2013

48 ISSN 1025-6415  Reports of the National Academy of Sciences of Ukraine, 2014, Ne 2



M. M. Komner

HHHeﬁHO-KBaﬂpaTHqHaH 3ajiavia OoIITHUMaJ/JIBHOI'C YIIpaBJICHHIA IIPpOoHeCcCoOM
TellJTIONPpOBOJHOCTH

Paccmempusaemca npobaemo MURHUMUSIUUY KEAIDOTIUYHOZ0 BYHKUUOHOAG HO DEWEHUAT Smo-
poti Kpaesoil aadavu Jan YpasHerus menaonposodnocmu. Jlan uccasdosanus ciopmyanuposaritoi
sodanun onmumuscuuy npusMerer smemod suoncumesetl Jdozpanowca., Taxoll nodzod doa sosmosc-
HOCIY NeAYHLTS Heobzodumme Yyoaosus onmuMaartocmu. Ho ccnose amur yoaoswi swusedeno
wrmezpo-dube perruaasroe yposnenue Purkomu o vacmmnamu npoussodnnat. Pewwenue amozo
YPLSHERUA NPEedeMasiero & samirymotl dopie.

M. M. Kopets

A linear-quadratic problem of optimal control over the heat
conductivity process

The problem of minimization of ¢ quadratic functional on solutions of the second boundary-value
problem for the heat equation is considered. The method of Lagrange multipliers is applied to
research the formulated optimization problem. Such approach has given a chance fo obtain the
necessary conditions of optimality. On the basis of these conditions, the integro-differential Riccati
equation with partial derivatives is deduced. The solution of this equation is presented in the closed
Sform.
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