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06 acuMIITOTHYECKOM InoseeHmn peIJ_IeHI/Iﬁ
HeCTallMOHaAPHBbIX HCGB,Z[OJIHHefIHbIX CucremM

Paccmampusaemesa nceglosunetinas cucmema ypasrenus 803myuierhozo deuscenua. s ma-
K020 KAGCCA CUCTNEM YPABHEHUT NOAYYEHbL JOCTNAMOYHBLE YCAOBUS 02PANUMEHHOCTNY U ACUM-
nmomuueckot ycmotvusocmu deusicenusa. B xawecmee npumepa paccmompena aunetinas cuc-
MEMA C NOYWMU NOCMOAHHVMY KOIPHUUUEHMAMU.

B nmanmoit padbore uccienyercs 3anada 00 aCUMITOTAIECKOM MOBEICHUH PELICHHU IICeBIoanHeli-
HBIX YPaBHEHUI BO3MYIIEHHOIO IBUYKEHHS. DTa 3alada sIBJISEeTCs] HEKOTOPBIM ODOOIIEHnEM W3-
BECTHOI 3a/a4i 00 aCHUMITOTHYECKOM IOBEIEHMM pelleHnii cucreM auddepeHnnaabibiX ypaB-
HeHHil ¢ nouTu nocTosiHHbIMU Kodbdunuentamu (cm. [1-3]).
ITocranoBka 3amaum. PaccMoTpuM IICEBIONMHEHHYIO HEABTOHOMHYIO CHCTEMY ypPaBHEHMII
BO3BMYIIEHHOIO JIBUZKCHUSA
dx

— = A+ Bz, w(to) = o, (1)

rae x € R™; A — nXn-nocrosgnuast marpuiia, a B(t, x) — nXn-Marpuna, onpejejeHHast B 06/1aCTH
Ry x S(p), S(p) = {z € R": ||z|| < p}, B(t,0) # 0 upu Beex t > 0. Ecim B(t,z) = B(t) upn
Beex (t,z) € Ry x S(p), To cucrema (1) obpairaercsi B JTMHEHHYIO CUCTEMY

dz
T (A+ B(t))z, z(to) = o, (2)
UCCJIEIOBAHUIO KOTOPOIi TOCBSAIIEHBI MHOIME PabOTHL.

Hanee 6yyem npeosarars, uro Marpuria B(t, x) yaoBierBopsieT cBocTBY “Masioctu” B orpe-

neseHHoM cmbicsie. Hanpumep, B(t,z) rakas, 910
[Hy.] OfOHB(s,x)H ds < 400 B obsactu 3navenuii (¢,x) € Ry x S(p);
[Ha.| ﬁB(t,x)H — 0 upu t — oo pasHomepHo 10 = € S(p);
[Hs.| |B(t, z)|| < B(1), Tﬁ(s) ds < 400, rzie 5(t) — HenpepbIBHAS HOJIOKUTEIbHAST (DYHKITHS
0

Ha [0,00).
[IpencraBisier WHTEpEC JJIsi MPUJIOXKEHUN BBISICHEHUE YCJIOBUM, IPU KOTOPBIX HEKOTOPHIE
CBOMCTBA PEIICHUIl CUCTEMbI

Wy,

P y(to) = yo = Zo, (3)

COXPAHSIIOTCS JJIst pereHuit cucrembl (1).
VYcnoBus OrpaHUYEeHHOCTH M aCUMIITOTUYECKOI yCTOMYMBOCTY PerleHni.
Teopema 1. Ecau ece pewenus cucmemv, (3) oepanuuense na [0,+00), mo 6ce pewenus
cucmemwi (1) maxorce ozpanusenv, na [0,400) npu vnoaneruyu yeaosus Hi.
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Hoka3zaresnbcrBo. Cucremy (1) npejcrasum B Buje

d
d—i = Az + B(t,x)x, z(to) = 2o (4)

u GyJieM paccMarpuBarh ciaaraemoe B(t, x)z B obmactu Ry x S(p) kak Bosmytenue. Torya

x(t) = y(t) + / U(t — s)B(s,z(s))z(s) ds, (5)
0

rae y(t) — perenne cucrems! (3) ¢ HadaababMu yeaoBusivu y(0) = x(0) = zo; a U(t) — pemenue
MATPUYHOIO ypPABHEHHUSI
au
— = AU, U(0) = E. (6)
dt
Baecy E — n X n-ejpuanuHas Marpuna. [IockosbKy Bce pelieHusi cucreMbl (3) orpaHudeHbl
ua [0, 4+00), u3 coorHomenus (5) mosrydaem

@) < a1 + a / 1B(s,z(s)[[lz(s)]] ds, (7)
0

rje a; = max (Sup lly(t)], sup ||U(t)||) YunreiBas ycinosue Hy n npumensisi k nHepasencrsy (7)
t>0 £>0

JileMMy 00 MHTerpaJibHOM HepaBeHcTBe |'ponyosuia—Besvana [1], mosmyaum

[z(t)]| < a1 exp [al/HB(Sw’U(S))lldS] < ayexp [m/HB(S,:c(s))lldS] =D <o
0 0

upu Beex (t,x) € Ry x S(p).

Teopema 1 mokazamna.

Bameuanmne 1. Ecim B ycioBusix teopemsl 1 yciosue Hp samennts yciaosumem Hs, To ee
YTBEPKJIEHUE COXPAHSIETCsI.

CaencrBue 1. Ecau 6 cucmeme (1) B(t,x) = B(t) npu scex x € S(p) u svnoansaromen 6ce
ycaosus meopemuv, 1, mo ece pewenus cucmemov (2) oeparurense na [0, 00).

Teopema 2. Ecau zapaxmepucmuseckudl nosurnom mampuyse A acumnmomuuecku ycmot-
wu6 u ewnoaniemes ycaosue Ha, mo ece pewenua cucmemos (1) npubaustcaromes x cocmoanuio
pasnosecus r = 0 npu t — oo.

HokazaresbcTBo. [T0CKOIBbKY XapaKTepUCTHIECKHi TOJIMHOM MaTPUIlbl A acCUMITOTHIECKN
ycroituus, Hajigyrcst nocrosiausie M > 0 u o > 0 Takue, uro Jyis pernenust y(t) cucremst (3)
BEPHA OICHKA

ly(OIf < M exp(—at), >0, (8)
u tak kak y(t) = U(t)xo, 1o

U@ < b1 exp(—at), (9)
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rae by > 0. [ockonbky || B(t, x)|| — 0 upu t — oo pasHOMepHO 10 = € S(p) u B(t, x) HenpepblBHA
mo t > 0, cymecrByer by > 0 Takoe, 4TO

| B(t,x)| < be pU BCEX (t,z) € Ry x S(p).

Boibepem Besimuuny by Tak, uro bibe < a. Jasnee, uz ypaBuenus (5) mosydum
¢
lz(8)]| < M exp(—at) + blb2/€°‘(”)lll’(5)ll ds
0
1GRN%1

t
l2(8) | exp(at) < M + bb / e (s)|| ds.
0

Orcroga cieayer, 9To

|2(t)[| exp(at) < M exp(biba)t
n, OKOHYAaTEeJ/JIbHO,

[(t)[| < M exp[(b1bz — a)t].

IMockombky bibe < a, ||z(t)|| — 0 mpu t — oo. Teopema 2 nokaszana.

Bameuanne 2. Ecim B Teopeme 2 yenosue Ho 3amenurs yciosuem Hs, To ee yTBepK/ieHue
COXPAHSIETC.

CaencrBue 2. Ecau 6 cucmeme (1) B(t,x) = B(t) npu ecex x € S(p) u ewnoansaomea
6CE YCAOBUA MEOPEMBL 2, O 6CE PEUWEHUA CUCTNEMBL (2) CIMPEMAMCA K COCTNOAHUIO PAGHOBECUA
z =0 nput — +oo.

Teopema 3. Ilycmo 6vinoAHAIOMCA CACOYIOUUE YCAOBUA:

1) cywecmsyrom nocmosmnwve M > 0 u o > 0 maxue, wmo

|| exp(At)|| < M exp(—at) npu ecex  t>0;
2) cywecmeyrom € € (0,a/M) u t; >ty > 0, das xomopvix
|B(t,x)| <e npu scex  t =1 u  xeS(p).

Tozda sce pewenus cucmemos (1) cmpemames x cocmosmnuro pasnwosecun © = 0 npu t — oo.
HoxkazaresberBo. [lycrs U(t) — dynmamenranbhas Marpuna cucrembsl (3). Besencrsue
TOrO, HTO

dU(t) _
— = [A+ BtoU(),

a exp[A(t — s)] aBasiercs marpuneit Komn mist cucremst (3), nveem

U(t) = exp[A(t — 1)U (1) + / explA(t — 5)|B(s, 2(s))U(s) ds. (10)

t1
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Ortcioma, cormacuo ycmoBuio 1 Teopembl 3, MOy InM

IU@)] < exp(—at)e + /eXp(—Oét)MHB(&x(S))HeXP(OéS)HU(S)Hd& (11)

t1

riae ¢ = M||U(t1)|| exp(aty). IIpeobpasyem nepasencrso (11), ucnosnb3ys obo3HaueHUsT
u(t) = [U()[lexp(at),  o(t) = M||B(t,z(t))],

K CJIeIYIOIEeMY:

t

u(t) < c—i—/v(s)u(s) ds. (12)

t1

IMockombky u(t) n v(t) — HeOTpHUNATEIBHBIE HelPepbIBHbIE dyHKINK 1 ¢ > 0, K HepaseHcTBY (12)
npuMennMa TeopeMa I'pomyosia-Besvana |1, 4To IpuBOAUT K OIEHKe

t

u(t) < cexp L/ v(s) ds] , t>t.

1

CornacHo ycioBuio 2 TeopeMmbl 3, BbibepeM ¢ u t; Tak, 4ro ||B(t,z)|| < € upm Bcex t > t;
ux € S(p). lpu srom

exp [/v(s)ds] < Kexp(Met), (13)

1

riae K = exp(—Mety). Iockosnbky Me —a < 0, f = a — Me > 0 u, ciegoBaTenbHo,
WU t)|| = u(t) exp(—at) < Kcexp(—pt).

Orcrona crenyer, aro ||U(t)|| — 0 upu ¢t — oo u ||z(t)|| — 0 upu ¢ — oo mast cucremsr (1).
Teopema 3 J0Ka3aHa.
CaencrBue 3 (cMm. [5]). Ecau 6 cucmeme (1) B(t,x) = B(t) npu ecex t = 0 u x € S(p)
U BLINOAHANMCA BCE YCAOBUA MEOPEMBL 3, MO BCE PEWEHUA CuCMeMbL (2) CMPEMANCA K COCMOA-
nuro pasnosecus © = 0 npu t — 0o, m.e. cucmema (2) acumMnMOMUYECKU YCMOUIUBA.
[TpakTuueckoe NpUMEHeHHe TeopeM 2, 3 IpeJioaaraeT Haaudue oleHKr Beaundunbl M > 0,
durypupyiomieit B HepaBeHCTBe

U@ < M exp(—at). (14)
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YKazKkeM OJIMH U3 CHOCOOOB TaKOil OIEHKH, UCIOIb3Ysl CJIE/LYIONIee YTBEPIKICHIE.

JIemma 1 (cm. [6], c. 131). Hycmo A\; — cobecmeennvie 3navenus mampuuyvt A u ag =
= max Re ;. Tozda

1

n—1 k
Jexp(An)] < explapt) Y ZAD (15)
k=0

npu ecex t = 0.
Hasee onenky (15) mpencraBum B Buje

lexp(At)[| < ¥(t) expl(ao + @)i], (16)
S~ Al
rae ¥(t) = p(t)exp(—at), o(t) = ZT IIycrs o9 < 0. Boibepem o > 0 Tak, uro
k=0 ’

ap + a < 0. Ipu srom ¥ (t) — 0 npu t — +00 u byHskius ¥ (t) nMeeT MaKCUMaJIbHOE 3HAYEHUE
upu ¢ € [0,w). Dro 3HaveHue GyHKIWH (1) MOXKHO B3Th B KadeCTBe OlEHKH BeJauduHbl M > 0
B HepaseHcTBe (14).

CaencrBue 4. ITycmv dan cucmemwv (1) ewnoansromes caedyrougue Ycaosus:

1) cywecmsyem 6 > 0 maxkoe, wmo rapaxmepucmuseckuld nosurom mampuyos A+0E acum-
NMOMUMECKU YCOTMUG;

2) cywecmeyem seaununa € € (0,6/2d), das komopot || B(t,x)|| < € npu docmamouro 6oav-
wux snauenusr t u npu ecer x € S(p), 2de d — makcumanrvhoe snauenue dynrwyuu f(t) =

= p(t)exp <—gt> na [0, 00).

Tozda sce pewenus cucmemv, (1) cmpemames x cocmosanuio pasnwosecua © = 0 npu t — oo.

Joka3zaresbcTBO. YCTaHOBUM BHAYAJE CBSI3b MEXK/y COOCTBEHHBIMU 3HAYEHUSIMU XapaKTe-
pucrrdeckoro mnosmuoMa Q(A) marpunsl A + JF 1 cOOCTBEHHBIMI 3HAYEHUSIME XapaKTEPHCTH-
veckoro nosmuoMa P(p) marpuipsr A. [lockonbky Q(N) = det(AE — A —0FE) = det[(A — ) E — 4]
u P(p) = det(pE—A), P(A—p) = Q(N). Orciona ciemyer, 4To ecam \j — cOOCTBEHHBIE 3HATEHUSI
marpuipl A + 0E, 10 pj = A\j —  — coOCTBEHHBIE 3HAUEHUA MaTpuibl A.

[TockoubKy JieficTBUTEIbHBIE YaCcTH <Y; COOCTBEHHBIX 3HaveHuii marpunbl A + 0F yjaoBie-

TBOpsAtOT yeaoBuaM y; < 0,1 = 1,2,...,n, mua Re a; maTpunpl A UMEIOT MeCTO HEPABEHCTBA
Reo; < =0, 4 =1,2,...,n. Coracto jemme 1, numeem
[exp(At)|| < ¢(t) exp(aot), 2 0. (17)

Hepasencrso (17) nepenuriem B Buje
)
lexp(At)|| < f(t) exp| { a0 + 5 )}, (18)
6
rie f(t) = ¥(t) exp —515 . I3 toro, uro ap + § < 0, ciaeayer, uro ag + §/2 < —0/2. [osromy

1)
Jexp(At)]| < dexp<_§t>, >0 (19)
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rae d — MakcuMasibHOe cobeTBenHoe 3nadenue Gyukmuu f(t) na [0, 00). IIpumenss onenky (19)
B JI0KA3aTeJIbCTBE TEOPEMBI 3, HOJIydaeM yTBEPKJICHHUEe CJIe/ICTBUS 4.

CaencrBue 5 (cMm. [5]). Ecau 6 ycaosusx caedemsus 4 B(t,z) = B(t) npu ecex t > 0
ux € S(p), mo sce pewenus cucmemuv (2) cmpemamea x cocmosanuro x = 0 npu t — 0.

SBakJrounTesnbHbIe 3amMedaHus. B paGorax [1-3| uccienoBana mpobiiema yCTORYNBOCTH
JIBHZKEHIST CHCTEM C [OYTH [TOCTOSTHHBIME Kodddunuentamu. MeTo/ nHTerpaIbHbIX HEPABEHCTB
siBisieTcst 9P @MEKTUBHBIM CPEJICTBOM aHAIM3a YCTONYIMBOCTH JIBUZKEHHsI TAKOTO POJA CHCTEM.
JlocTarovunble yCJIOBUS OTPAHUYEHHOCTH W yCTOWYHBOCTHU, MPUBEIEHHDLIE B JAHHON paboTe, Kak
u ciaeJcTBusi 1-5, HaBesiHbl U3BECTHBIMU pe3ysibraramu padbor [1-5].

Bousee rpy6eie (HO u Gostee mpocTeie) oreHky nocrosunoii M B Hepasencrse (14) MoryT ObITH
[OJIy9eHbl Ha OCHOBE HEPABEHCTBA

lexp(At)[| < exp(Rot), (20)

riae Ry = R(tp) — oxHo u3 uuces, yuosiaersopsiromux yeaosusam (10.6) us [6, ¢. 128|.
Bosiee Tonkue oneHku mocTostHHoil M MOryT GbITh HOJIyYeHbI, €CJId y4ecThb, 910 (eM. [7])

exp(At) = Zexp()\jt)Pj + Z exp(\t)Pj + Z exp(\;t) Pj,
JjeS jeo Jjeu

rjae Aq, ..., A, — COOCTBEHHBIE 3HaUeHUsT MATpUILl A; P, ..., P, — IIPOEKTOPHI, yIOBIETBOPSIIO-
mue ycaosuam P P; = P, ecim @ = j, u P{P; = 0 B ocTa/IbHBIX CIydasax; S — MHOXKECTBO Aj
C OTPHUIATEJIBHON BEIeCTBEHHON YacTbi0 COOCTBEHHBIX 3HadYeHuil; ) — MHOXKECTBO UHCTO MHU-
MBIX Aj; U — MHOXKECTBO \; C IIOJIOXKUTEJILHOI BEIIeCTBEHHO 9acThblo COOCTBEHHBIX 3HAYECHUIA.
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HAH Yxpaurw

Axkanemik HAH Ykpainn A. A. Maprusiok, JI. H. YepHenbka

IIpo acuMIITOTUYHY MOBEJiHKY PillleHb HECTAIliIOHAPHUX MCEBIOJIHITHIX
cucrem

Poszeasdaemoces ncesdosiniting cucmema pishand 30ypenozo pyxry. s ybozo kaacy cucmem pie-

HAHD OMPUMAHO JOCTNAMMHE YMOBU 0OMENCEHOCTE MG ACUMNMOMUYHOT cmitixocmi pyxy. Hx npu-
KAA0 PO32AAHYMO AIHITHY CUuCMeMy 3 MATdHce CMAAUMYU KOCPHIUIEHMAMU.
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70

Academician of the NAS of Ukraine A. A. Martynyuk, L. N. Chernetskaya

On the asymptotic behavior of the solutions of nonstationary
pseudolinear systems

We consider a class of pseudolinear systems of equations of perturbed motion. The sufficient condi-

tions of boundedness and stability via integral inequalities are derived. As an example, we considered
a linear system of equations with almost constant coefficients.
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