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MATEMATHKA
VIIK 517.5
B. ®. Babenko, O. B. KoBajyienko

06 MHTEPIIOJIAIMOHHBIX N 3KCTPpEMaJIbHBIX CBOICTBAaX
nepmoanieCKux niacajalbHbIX CILIaAHOB

(IIpedcmasaeno waenom-xoppecnondenmom HAH Ykpaunw B. II. Momoprvim)

Joka3ano cyuecmeosanue u IKCMpPemasbHoe C80TUCEO NEPUOJUMECKO20 UJCANBHO20 CNAATNA,
UHMEPNOAUPYIOWE20 300GHHYI0 PYHKUUIO 6 cpedHem.

[Tycrs C™ (m € Z) obosHavaeT MPOCTPAHCTBO M pa3 HenpepbiBHO JuddepeHnupyeMbix (He-
upepbiBHBIX 11pu m = 0) 27-nepuoudeckux GyHKIuUii; Lo, — IPOCTPAHCTBO BCEX U3MEPHMBIX
2m-nepuopuyeckux pyuknuii ¢ koneunoit Hopmoit || f|| = || flleo. dutst 7 € N uepes L. 6ynem o6o-
3HauaTh mpocrpaHcTBo dyHkimit f € C takux, aro yHKIWms f (=1 a6cosmorHO HeIpPEepPhIBHA,
a f e L.

Hna r € N dyukuio s(t) € C" ! HazsoBeM craitHOM HOpSIAKA T C y3JIaMH B TOUKAX

to <t1 <o <ty <tpg1:=to+2m, (1)

eC/IM Ha KaxKJOM U3 [POMEXKYTKOB [t;,ti11], @ = 0,1,...,n, s(t) coBuagaer ¢ Cy>KeHHEM HA ITOT
POMEZKYTOK HEKOTOPOI'O ajredpamvdeckKoro MHOTOYJIEHA CTEIIeHH HE BBIIIE 7.

U neanbHbIM CILUIARHOM TIOpsiJIKa T HA30BeM CIulaill $(t) nopsijika r ¢ y3aamu B Toukax (1), y
koroporo s (t) = (=1)%, e € {1,—=1}, t € (t;,tix1), i = 0,...,n.

Houst v, n € N obosnaunm depe3 I'], MHOXKECTBO 27—II€PHOMYECKUX HJICAJIbHBIX CIJIAHHOB
nopsijika ¢ He 0ojiee 4eM 1 y3JIaMH.

UneanbHble CIUIARHBI UIPAIOT BAYKHYIO POJIb [IPH TOYHOM PEIIEHHH MHOI'MX IKCTPEMAJIbHBIX
3a1a4 Teopuu amnnpokcumanuu (cMm., Hanpumep, |1, 2]).

OCHOBHBIM pe3YJIBTATOM JIAHHOW PabOTHI SIBJISIETCS CJIEAYIOIasl TeOpeMa.

Teopema 1. I[Tycmo r, m € N, pr(z): R =5 R — unmeepupyemuvie wemmwie gyrnkyuu ¢ xom-
NAKMHOMU HOCUMEAAMU [—Ek, €L, nososcumervuvie na (—ek, ) U makue, 4mo

€k

/gpk(:ﬂ)dazzl, k=1,...,2m+ 1.

—&p
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ITyems makorce wucaa 0 < 1 < x99 < -+ < Topmi1 < 2T MAKOBBL, YN0 HOCUMENU [T —Ef, Tg~+
+eg] pynruui i (x—xk) nonapro ne nepecexaromesn u codeporcamen 6 [0,27), k=1,...,2m + 1.
Toz0a dan moboti pynwkyuu f € Ll cywecmeyrom wucao & u cnaatin s(t) € {15, maxue, wmo

Tp+Ek Tp+Ek
/ or(z —zp)s(x) de = / ok(x — k) f(z) dz, kE=1,...,2m+ 1.
Tp—Ek Tp—Ek
IIpu smom
s oo = 161 < 1P oo (2)

s TEeOPEMbBI 1, B 9aCTHOCTHU, CJIEJIyET BO3MO2KHOCTD OOBLIKHOBEHHOM U KpaTHOfI NHTEPIOJIAIINN
IIEepUOINICCKNMU H/IeaJIbHBIMNI CILJIaiHAMU.

Teopema 2. [lycmv rm € N, 0 < 21 < w9 < - < 2p < 27, k1,..., kg <r—1 — yeave
l
neompuyamenvhole wucaa maxue, wmo y . (ki + 1) = 2m+1. Toeda das moboti pyrryuu f € LT,
j=1
cywecmeyrom wucao € u cnaatn s(t) € €0, maxue, wmo

IIpu amom evinoansemes sKempemanvroe ceoticmso (2).
B wacmmocmu, ecau 3adanvt wucaa 0 < 1 < 29 < -+ < Tamt1 < 271 u pyknyua f € L,
mo cywecmsyrom wucao & u cnaatn s(t) € {5, makue, wmo

s(xi) = f(wi), i=1,...,2m+ 1.

IIpu smom evinoanaemea sxkcmpemasvroe ceoticmao (2).

Teopema 2 maer MEPUOIUIECKUI AHAJIOI PE3YIHTATOB, KOTOPhIE B HEIIEPUOJAMIECKOM CJIydae
6butn nosydensr C. Kapauabiv |3, 4]. Mertoabl JloKa3aTesibcTBa, MCHOIb3yeMble HAMU, 3HAUH-
TeJIBHO TIPOoIIe TeX, KoTopble mpuMeHsii C. Kapus, 1 MOryT ObITh UCIIOJIb30BAHBI JIJIsI PEIIEHHST
JpYyTux 3ajad.

[TpuBemem ocHOBHBIE STAIBI HOKA3aTEJILCTBA TeopeMbl 1. Teopema 2 jierko ycraHaBINBaETCSI
¢ TOMOIIBIO TeopeMbl 1.

CumBojioMm * gajiee OyjgeM 000O3HAYATH OINEPAINI0 CBEPTKU 27T-TEPUOJAUIECKUX (DYHKIINA.
[Iycrs f € C. Oboznaunm uepes v(f) KosmdecTBo nepemed 3uaka [ Ha nepuoge. st € > 0
n x € R momoxnm

1 & ijx

e
A = — .
(@) 2 Z chej

j=—00

Ormerum HekoTopble coiictBa A.. Ecim f € C, 1o (Ae x f) — anamurudeckas dbyHKIUs Ha
BemecTBeHHOi npsimoit (cMm. [5, 6], a Takxke [7, § 3|); (A: * f) paBHOMepHO cxomuTcst K f 1pn
e — 0 na BemecrBenHoit nupsmoii; v(A; x f) < v(f) (cm., Haupumep, [8]); Ae — derHas dyHKIWs;
| Ac(z) dz = 1. Beiony nanee uepes B, (t), r € N, Gyzem obosnauars sipo Bephysm nopsjka r
R

(cm., manpumep, [1, § 3.1]).
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Tpt+eEk
Honoxum Cy := [ op(z — zg)f(x)de, k = 1,2,...,2m + 1. na e > 0 paccmorpum
9KCTPEMAJILHY O 3a,ua31:§1_6k

/

0

2m+1
c+ Z ck(Ag x B, * @) (z — x1) |dr — min (3)
k=1

IIPU  YCJIOBUSAX

Ceeprka ¢ simpoM A, HaM HyXKHa JJIsi TOTO, 9TOOBI MOJBIHTErPaJibHasi (PYHKIUs ObLIa aHAJIM-
TUYECKOH, a 3HAYNT, MUHUMU3UpyeMasi (pyHKIus Oblia HenpepbIBHO JuddepeHiupyemMoit 1o ma-
pamerpam ¢ u ¢, k = 1,...,2m + 1. Herpyauno mokazarb, ITO MUHUMYM B SKCTPEMAJILHOM
sazade (3)—(5) cymecrByer.

Beenem dyuxnmio Jlarpamxka:

27 2m+1 2m+1 2m—+1
L::n/c—i— Z ck(Ag x By % @) (x — ) dw—l—)\(Z ckC’k—1> + i Z k.-
k=1 k=1 k=1

0

CorytacHO METO/Iy Heolpe/le/IeHHbIX MHOXKHTestelt Jlarpamzka (cMm. HanpuMmep, |9, § 2|), cymect-
BYIOT YHCJIA 7, Ae, fte € R Takue, aro 7752 + )\z + ,ug # 0 (MBI MOXKeM, HAIPUMEp, CINTATH, ITO
AN +pZ =1),uc, 5,65, ..., it € R, yiosrersopsiomue pasencrsam (4) u (5), Takue, 4o

2w

e [

2m+1
&+ Z ci(Ac % By * @p) (x — xk)] dx =0

uanga g = 1,2,...,2m + 1

2

e [

0

2m—+1

<+ Z ci(Ac % By * @) (x — xp)
k=1

(Ac * By x pj)(x — x5) de + A\.Cj + pe = 0.

C mTOMOIIBIO PEJIETBHOTO TIepexoia mpn € — () 0TCI0Ia BHIBOAUTCS, UTO CYIIECTBYIOT THCIIA 1),

A, s 2+ 22+ 1% = 1 u dysknus g(z), mouTn BCogy OTIMYHAS OT HYJIs 1 Takasi, 9T0 v(g) < 2m,
27

aust koropeix 1) [ sgng(z)dr =0, u g k = 1,2,...,2m + 1
0

21

. / sgn 9(2)(B, * o1)(@ — wx) dz + ACk + = 0. (6)
0
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[Ipeamnosnoxenune o Tom, 9ro ) = 0 wim A = 0 IPUBOIUT K IPOTHUBOPEUUIO. DTO 3HAUUT, UTO JIJIsI
byuxmun h(z) = (sgng * B,)(z) mmeem b (z) = sgn g(x), a crenosarensro, h(z) € I'h, .
Uz (6) nomyuaem, uro jist k = 1,...,2m + 1

2
0= n/sgng(x)(Br x pp)(r — xg) de + A\Cr + p =

= (=1)"n(sgng * By x o) (xg) + ACx, + = (=1)"n(pr * h)(zx) + A\C + p =
Tptek
— (1 [ oo - m)h(a) o+ A+

Tk —E€k

(mocJie/IHEE PABEHCTBO BEPHO B CHJLYy YeTHOCTH @k (x)).

D10 3HAUUT, UTO WJeaJbHbL citaiin s(x) := —((—1)"nh(x) + )/ ABIsETCI UCKOMBIM HH-
TEPIOJISAIMOHHBIM CIIAHOM.

Tokazxem, 910 [|57 [oo < [|f™ |- Hpemmomozin nporusuoe. Hycrs [|sM]|ls > [[£T)oo-

Honoxum 6(z) = s(x) — f(z). Torma 6 (x) = s7)(z) — f7)(2) moxer MensTh 3HAK TOMBKO
Tp+EL

B y31ax ciadina s(z), a suaanr, v(67)) < 2m. Tak xak [ ol —x)d(z) de = 0, dynkuus
Tp—Ek

0(z) He paBHA HYJIIO TOXKJECTBEHHO HU Ha KakoM mHTpeBasie u3 [0;27) u ¢y (z) — HeoTpunaresis-

nas bysknus (k= 1,...,2m + 1), To Ha KaxXJ0M uHTepBase (T — ek, Tk + k) DyHKIWMs 6(x)

MmensieT 3HaK. IlockoibKy HOocuresm dyHKIWit v (x — k), k= 1,...,2m+ 1, nonapuo He nepece-

katorcst, 70 v(0) = 2m + 1, 9410 B CHiLy HepUOIUYHOCTH (DYHKIWMH O IPUBOJUT K IPOTHBOPEUHIO.
Teopema nokazamna.
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B. ®. Babenko, O. B. KoBasienko

IIpo inTepnoagiiiiini Ta ekcTpeMaJibHi BJIACTUBOCTI igealbHUX
nepioanYHUX CIJIaliHIB

Zlosedeno ichysanmna ma excmpemarvhy GAGCMUBICMD NEePioduwH020 10easbH020 CNAGTHA, UL0 TH-
mepnoaoe 3adany GYHKUI0 8 cepedHboMy.

V.F. Babenko, O. V. Kovalenko

On interpolational and extremal properties of periodic perfect splines

The existence and the extremal property of a periodic perfect spline, which interpolates the given
function in mean, are proved.
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