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MopesmoBaHHS npoliecy (pijIbTpyBaHHSA PiIIUHNA

Bi/Jl 6araTOKOMOIOHEHTHOTO 3a0py/THEHHSA MPOCTOPOBUM
diapTpoM 3a yMOB igeHTHdIKAIIl MACOOOMiIHHOTO
Koedimienra

(IIpedcmasaeno waenom-rxopecnondenmom HAH Vipainu C. 1. Jlawrom)

Poseaadaemvea 3adaua mo0eato8anna npouecy ovuulents piourn 610 662amMmoKoMNOHEHMHO20
3a0pYOHEHHA NPOCTNOPOSUM PIALIMPOM, AKA BPATOBYE 360POMHUL BNAUE BUSHAMANDHUL Pak-
mopis (Konuenmpayii 3a6pyoHenta piduny ma ocady) Ha Tapakmepucmuky cepedosuwa (Koe-
Piyienm nopucmocmi, oudyaii) i Hadae MOHCAUBICIND BUSHANEHHA MANAO20 MACOOOMIHHO20 KOe-
Piyienma 3a Ymos OMINYEAHHA KOHBEKMUBHUTL CKAAI06UT Had Judysitnumu. 3anponorosaHo
an20pUMM PO38°A3AHHA BION0GIOHOT HeATHITHOT 00epHeHol cutayaapHo 30ypenoi 3adavi muny
KOHBEKUIA—OUPY3iA—MACOOOMIN.

Awnajisz pesysbraris gociikensb [1-11] ¢BiguuTh Ipo HASIBHICTH CKJIAIHOI CTPYKTYPH B3a€MO3a-
JIEZKHOCTI pi3HuX (PaKTOpiB, IKi BU3HAYAIOTH IIporiec (piibTparlil Ta piIbTpyBaHHS Yepe3 IOPUC-
Ti cepejioBHIIA i HE BPAXOBYBAJIMCS B TPAJUIIAHUX (KJIACUIHUX, (DEHOMEHOJIOTIIHUX) MOJIEISAX
Takux cucteM. MoTuBoM 11 IOOYI0BM MATEMATHIHAX MOJEJIEll IIPOIeCciB OYNIeHHs PiauH Bif
6araTOKOMIIOHEHTHOI'O 3a0pyIHEHHsT IIPOCTOPOBUM (iIBTPOM € BIACYTHICTH “MOJEIbHUX MeXa-
Hi3MIB", III0 BPaxOBYIOTh 3BOPOTHMII BILJIUB PI3HOIO POy XapaKTEPUCTHUK IIPOIECY Ha XapakKTe-
PUCTHKHU CEPEIOBUINA, Ta imeHTH(dIKAIlsT HEBIIOMUX MapaMeTpiB, AKi BXOMSTH 10 BiAMOBIAHIX
MoJIesIelt.

Y po6oti [8] po3pobiieHo MaTeMaTHUHY MO/Ie/Ib IPOLECY OUUIIEHHS PIMHI Y TOPUCTiii (iibT-
pyIOUiil HacaIl, MO BPAXOBYE 3BOPOTHUII BILUINB XapAKTEPUCTUK MpOoIecy (KOHIEHTpAIl ocay)
Ha ispTpariiini mapameTpu, Ipu MbOMY J1esdKi KOeIIli€eHTH PO3TJITHYTOrO IIPOIECY BU3HATAIUCS
€KCIIEPUMEHTAJILHUM ITIISTXOM.

YV mamiit pobori mobymoBaHO MaTeMaTHIHY MOJEIb IIporecy (iabTpyBaHHs pinunu Bim Oa-
raTOKOMIIOHEHTHOI'O 3a0pyIHEHHsI B IIPOCTOPOBOMY (bLJIBTPI 3 ypaxyBaHHAM HEBIIOMOI'O MaJjioro
MacoOOMIHHOTO KoedillieHTa 38 YMOB JOMIHYBaHHS KOHBEKTUBHUX CKJIAIOBUX HAJ Iudy3ifiHUMMA.
Posp’s130k BijiosiiHoT 06epHEHOT 3a/1ati J1a€ MOXKJIUBICTD iICTOTHO HAOJM3UTH YUCOBI PO3paxyH-
K JI0 peaJIbHUX €KCIEePUMEHTAIbHUX JaHuX (Y MOPIBHAHHI 3 KIACHIHUME, (DEHOMEHOIOTTIHUMU
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Moziesisimu [8]), GBI TOYHO IPOrHO3yBaTH i PO3PaxoByBaTH e(bEeKTUBHICTH IIPOIECY OCA/ZKEHHSI
JIOMIIIIOK PI3HUX TEXHOJIOTIYHUX BOIHO-IUCIIEPCHUX CHCTEM.

ITocranoBka 3azad4i. Posmisinemo kpusostinifinuil napasesenines (dinerp) G, = ABCDA,
B.C,D,, obMexkeHMit IIaJIKUMI OPTOIOHAJIBHUMEI MiXK CODOI0 B KYTOBHX TOYKax i pebpax eksi-
norenniansaumu nosepxusvu ABB A, = {z: fi(z,y,z) = 0}, CDD.C, = {z: fa(x,y,z) = 0},
a Takoxk nosepxusamu tedii ADD, A, = {z: f3(x,y,z) = 0}, BCC.B, = {z: fi(z,y,z) = 0},
ABCD = {z: f5(z,y,2) = 0}, A,B.C,D, = {z: fs(z,y,2) = 0}. Ilpunyckaemo |8|, mo uac-
TUHKH 3a0py/IHEHHs JIOMINIOK PEYOBMHM MOXKYTb I[E€PEXOJUTH 3 OJHOIO CTaHy B iHImmil (mpo-
IeCH 3aXOIUICHHsI-BIIPUBY, COPOIi—1ecopbIlii), Ipu HbOMY KOHIEHTpAIlil 3a0py/IHEeHHSI BILIH-
BAIOTh HA XapaKTEPUCTUKU BIJIOBIHOIO cepejioBuIna (mopucricrsb, koedimnient diabrparii To-
o). Kounenrparnist 3abpyaaennsi € 6ararokomionentuoo (C = C(xz,y,z,t) = (C1,...,Cp) =
(Ci(z,y,2,t),...,Cn(z,y,2,t))), ne C; — KoHIeHTpaIlisl i-i KOMIOHeHTH jomimku (i = 1,m)
y pimkomy dingbrpytouoMmy cepempoBuiii. Bigmosinuuii mporec dinbrpyBanus s obsacti G =
= G, x (0,00) omumemMo TaKOI MOJEIBHOIO 33/a4€l0:

w +7-VC; + BiCi + ¢ f: k1,C1Cy = D;AC; + ea(t)P,
l,g=1,l#g (1)
= (Zﬁz Z) —ea(t)P, 1=1,m,
aC;
CilaBB,a, = Ci (M, 1), I |l ep.c. 0,
9C; 0 (2)
on ADDAsUBCCyByUABCDUAByCy D ’

Ci(x,y,2,0) = Clo(x Y, 2), P(z,y,2,0) = Pg(x,y, z),

U= k(P)V, V-7=0, (3)
. o
¢laBB. A, = Px, ¢lepp.. = ¢, 5 =0; (4
" ADD,A,UBCC, BsUABCDUA, B,Cs D,
0 ([ P@. 5.7, 1) didgdz = (), (5)
G

ne P(z,y,z,t) — KoHIeHTpallist ocajy y BHyTpimHiil Touni (x,y,z) obaacri G (3aBaHTayKeHHsI
dinbrpa) B MomenT wacy t; ; — KoedilieHTH, M0 XapaKTepU3ylOTh MacoBi 00’€MH OCA/XKEH-
Hsl JIOMINIOK 3a OJMHUINO 4acy; «(t) — mykaHuil KoedilieHT, 1o XxapakTepusye MacoBi 06’emu
BijipBaHUX Bij| rpaHysl 3aBaHTayKeHHsl 4acTUHOK; ((t) — dyHKIis, 110 XapakTepusye MacoBi
PO3ILOJIN Ocajy 3 JacoM (3HAXOIUTbCH ekcrepuMeHTaIbHO [9]); (5) — yMmoBa nepeBH3HAYECHHS,
o(P) — nopucricrb cepenosuiia (o(P) = oo — €0.P(,y, 2,1)); V — oneparop Daminbrona;
A=V-V — omneparop Jlamnaca; D; = dy;e — xoedimient qudysil goMimku y piguni; oy, do;,
£ — TBep/i mapaMeTpu (XapakKTepu3yoTh BiIOBinHuHA M sikuii mapameTp o (P)), 1o 3HaX0AAThCst
eKCIIePUMEHTAJIbHO; € — MaJiuii apaMerp (BiH XapakTepusye IepeBaru OJHUX CKJIAJIO0BUX IIPO-
1ecy HaJ IHIIAMH, a came, J1ecopOIiifHi CKJIaJ0BI Ta ABUINA MI>KKOMIIOHEHTHOI B3a€MO/IIl I[HOTIO
IPOIECY € MAJIMMHE MOPIBHAHO 3 iHmuMu foro ckiaagosumu); C; (M, t), Coo(x Y, Z) — JIOCTATHBO
iaki (BYHKIHT, y3romkeHi Mixk coboro Ha pebpax obnacti G; M — noBijibHA TOYKA BiAIOBiI-
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HOI moBepxHi; ¢ — diaprpariitnmii morenmian (0 < ¢, < ¢ < ¢* < 00); U(vy, vy, v;) — BEKTOP
mBuakocTi dinprparii (|U] > ve > ¢€); k = K(P) — xoedinjent dinsrpanii BignosigHoro mo-
pucroro cepenosuiia (K (P) — 3aiana, 0cTaTHROrO riajKka MyHKIIs); 71 — 30BHIIIHSA HOPMAJIb
JI0 BIJIITOBITHOT TOBEPXHI.
lasixom BBejenust napu byHkuiit ¥ = ¥(x,y,z), n = n(z,y,z) (IpocTOPOBO KBa3iKOM-
IJIEKCHO CHpsizKeHuX 13 dyHKIiew ¢(z,y, z)) takux, mo kgrad ¢ = grad ¢y gradn [9] i 3aminoro
IPaHUYHMX YMOB Ha yMOBH |app,A, = 0, ¥|cc.B, = Q«, nlacp = 0, n]a,p.c.B, = Q7
I 3a7a9a 3aMIHIOETHCS OLIBII 3araJibHOI0 IPSMOIO 3a/1a9€l0 Ha 3HAXOKEHHSI IIPOCTOPOBOTO
anajiora KBasikoudopMmHoro Binobpazkennst obsjacti G, Ha BiANOBIAHY 00JIACTH KOMILJIEKCHOI'O
kBazinorenijany Gy, = {w = (p,1,1): @x < @ < "0 <P < Q4,0 < n < Q*}, ne Q., QF —
L . Iy N :
HeBimomi mapamerpu; Q.QF = Q = gds — KUIBKICTh PiAWHU, IO IPOXOAUTH Uepe3
EFF.Ey

JlesiKy KBasiekBinoreniiaibuy nosepxuto FFF,E, obnacri G, (noBua diaprpamniiina Burpara).
[Tpuitmemo, 1m0 gana 3aj@da Ha MPocTopoBe KoHdopMHe Bimobpaxkents Gy, — G, (G = {w =
= (0, ,n): Px < 0 < p*,0 < P < Q4,0 < 1 < Q"} — Binnosinua G, 06J1aCTH KOMILIEKCHOTO
HOTEHIaly) [pH JesSKOMY yCepeJHEHOMY 3HaueHHI k poss’sizana |7, 8|, 3okpema, mobyjmoBaHO
IUHAMIYHY CITKY Ta II0JIe IIBHIKOCTI U, obumciaeno ginprpamniiiny surpary Q = Q.Q*. Tomi,
saificnuBin 3aminy 3minnnx r = z(,¥,n), ¥y = y(e,¥,n), z = z(p,¥,n) y cucremi (1) Ta
yMoBax (2), IpUXOAUMO JI0 BiAoBiAHOI 3a1a4i st obacti Gy, X (0, 00)

Ao(p)ei) | 20c .
—— 4 v*— + Bic; + ¢ E ki gcicqy =
ot ai | Lo=li%g
04c; 04c; 0“c; oc; oc;
_ .2 i i 7 i i 6
edo; <U 057 + b 92 + by o + dl_alf) + d2_877> + ea(t)p, (6)
op “
\ E - ;:1 /Bzcz - EOC(t)Pa

Ci(¢*7¢7777t) = C;‘(T/Jﬂ?at)a Ci,w(¢*7¢7777t) = 07

Ciﬂﬂ(@’ 0, m, t) = Ci,w(gpa Q*a m, t) = Cz’,n(% ¢a 0, t) = Ci,y](@, ¢, Q*, t) =0 (7)

i, 0, m,0) = ¢ 0@, b, m), (e, ¥,m,0) = pd(, ¥, m),

o) [[[ 0@, 77,t) dgdidii = (), (8)
Guw

e

¢i = ci(p. ¥, m,t) = Ci(z(p, 9, n), y(, ¥, m), 2(0, ¥, m), 1),

p=ple,¥,m,t) = P(x(e,9,m), y(@, ¥, ), 2(0,1, 1), 1),

bi=bilp, ) = (V) b2 =balio, ) = (Vi)

di = di(p,0,m) = A, dy = da(p,1h,m) = An,

v* (o, 0, m) = v2(x(, 0, m), (0, ,m), 2(@,1,m)) + vi (@(0,,m), y(@,%,m), 2(0,,m)) +

+ v (z(p, %, ), y(p, ¥, n), 2(p, %, n))  (aus., manp., [7, 8]).
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AcumnroTruka po3B’sa3ky. Poss’s3ok 3azadi (6), (8) 3 rounicrio O(e") mykaemo y BUIIIsI
ACHMIITOTHYHUX psiB 7, §:

n+1 n+1
= c20+26jc” +Ze I1; ; +263H” +Ze]/zﬂ +Zej/2ﬂw +
n+1 ~ n+1
+ Z eIP1L; ; + Z &M + Reg, 9)
Jj=0 Jj=0
n+1 n+1
p=po +Zejpj Zs]P +Zs P; +Zej/2P + Zsj/sz +
n+1 . n+1
+Y &2Pj+> &P+ R,
=0 =0 (10)
k
)+ elay(t) + Ralt,e), (11)
j=1

He Rc,i(@a¢anat’€)? RP(¢a¢anat’€)a Ra(@aw,n’tae) —  BaJIMIIKOBI a/1enu, Ci,j(@a¢an_at)a
pi(e,,n,t); «j(t) — unenn perynsipuoi dactuam acumnrotuku (i = 1,m; j = 0,n);
IL i (&, v, m,t), Pj(&, ¢, n,t) — dyskii Tumy IIPHMEZKOBOIO 1apy B OKoJli ¢ = §* (LonpaBku Ha
Buxoi 3 dinsrpa) (j = 0,2), I; (€, ¢, n,t), P (f ¥, n,t) — B oKoJi p = P, (HOIpPABKU HA BXOJI

y (biﬂpr) (.] :_0’ Q)La (byHEHH Hi,j(@’w,n’ )7 ,J(Qp ¢a77a )7 ﬁ@j(gp,iﬁ,;’};,t), ﬁi,j(@,w,ﬁ’t) Ta
Pi(p.h,n,t), Pi(o.t,m,t), Pi(o,0,7,t), Pi(p,2), 7, ) (j =0,3) — B okonax ¢ = 0, ¥ = Q,

n=20n= Q (monpaBKU B OKOJIL 61‘IHI/IX ‘cTiHOK” d)lJH)Tpa) BianosinHo; £ = (9% — ¢)/e,

E=(p—p)fe, ¥ = V/Ve, ¥ = (Qu—)/Ve, 1 = n/ve, T = (QF —n)/Ve — “postsrn”

BIJMOBITHUX 3MIHHHIX.
HTnsixom mipcranosku cruiseinpomens (9)—(11) y (6)—(8) 1 BEUKOHAHHS CTAHIAPTHOI IIPOIIE-
Jaypu “npupiBHIOBaHHsT KOeIIE€HTIB DU OJHAKOBUX CTEIEHHAX € OJIEPKUMO TaKi 3ajadi Jjis

sHaxokennst ¢ (@, ¥, n,t), pj(p,¥,n,t) (j = 0,n):

dcip | 20ci 6,00
00——(%, ot +v aQD +/8ZCZO_O Zﬂz G0,

Ci,o(ﬁﬂ7¢7777 ) - 0?707 ci,O(gp*7w7777 ) - Cz*(d’ﬂ?a )7
PO(SD,T,Z),U,O) = pg;

0[] po(@ .7, t) dgdibdiy = pu(t),
Gy

r
oc de;
—0xPj—1 8757] +v 2 a R} +/BZCZ,_] + E kl,gclj 1Cg,j—1 = U,ja
Lg=1,l#g

ap] Zﬁl Cij Za] k pk 1,

CZ,J(¢’¢5775 0) = O, C@,J(SD*,TJZ),U, t) =0,
pj(@ﬂba"?a 0) = 07
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aolt) [[[ po(@.5.7.6) dgdbiai+ o (8) [[[ pyo(B. 5. 7.8) ddibi + - +
Gu Gu

+ () [[[ po(@, 0, 77,t) d@dipdiy = 0.
Guw

B pesyabraTi ix po3B’sa3aHHSA OTPUMAEMO:
©

dc
ci,*(%n?t_f)exp[_ﬂi/wfpn)], t=>f,
Cio = o s ¥
C?,o(f1(f—t7¢777)71/1777)eXP[—§—f]7 t<f7

t m
= Bicio | dt + pd, ao(t) = /j(t) —,
" 0/ (2 CO) T ol@ it dedban
Guw

(

©
6—)\1 / Ui,j(sﬂ/),% f(85¢577) - f + t) eAQ(s,w,n,t)dS’ t> f,

; v?(s,1,m)
t
e_)‘l / UZ‘J‘(fil(S + f - t7¢777)71/17777 8) e)\z(apﬂ/),n,s)ds
O pj_1(f_1(8+f—t7¢777)=1/1777) 7

Cij =

t</,

0

j -~ ~
S ajwt) [[[ 033,07, 1) dpdddi
k=1 Guw

tom j
Pj :/ > Bici; =Y oy xOpry |dE, () =
0 =1 k=1

{[[ po@. .7, ) ddvpi
Guw

e
0%¢; s 9%¢; ;i 9%¢; ;i ac; i oc; ;
.. — . 2 (2] (Y] 2] 1,] 1,]
Uz,g(%l/%??,t) dOz(” 3@2 + by an + bo 8772 + dq o0 + dy o >+
taitpioi = Y kigaoiceg-, (G =2n),
l,g=L,l#g
1A ~ ~
)\1((,0,’1/1,77,15) = _/81 / pj_1(871/}7777f(@7w777) +1 2_ f)czu(sﬂ/fa??af(%iﬁﬂ) +t— f)d37
v2(8,10,m)
¥o
t
i -1 —t i -1(3 —t ~
)\2(@,¢,’I’],t) = _/Bz/pj l(f (S + f ,w’nl)aibanag)c ,J(f (S + f ’w’n)’¢’n’§)d8’
, o(f~Ht+f—t,n),¥m)
®»
= dS . . .
f((p,l/J,n) = /W — Yac IIPOXO/KEHHsI BIANOBIIHOIO YACTHUHKOIO MUISAXY Bl TOYKA
U 87 7/'7
®o

(5'3(%0*,@, ﬁ),y(@*awa ﬁ)’z(@*awa ﬁ)) € ABB*A* H0 TOIKH (ﬂf(SD,E,ﬁ)a y(@ﬂbaﬁ)? Z(Qpﬂbaﬁ)) € GZ
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Y3/I0B3K BiJIIOBiHOT JIiHiT Tedil (SK mepeTHy JesKuX JIBOX oBepXonb ¥(x,y, 2) = 1, 0 < ¥ < Qs
n(x,y,2) =7,0 <7< QY), f1 — dbynkuis, obeprena 10 f BixHOCHO 3MIHHOT ( (BiA3HAYIMO, 110
Taka (PYHKINS iCHY€E, OCKIIbKI 1)2(@, 1, n) — HenepepBHO JudepeHniioBHa, 0OMeKeHa, JI0JIaTHO
Bu3HaUYeHa (DYHKILIS.

CDYHKHH Hi,j(§7¢7777t)7 Pj(fﬂ/fﬂ?at) 2 :NG* (] = 072)7 Hi7j(§7¢7777t)7 P](é.awanat%
(j :~ 07—2)7 fl:[h]((pa 1/}7 7, t)) HLJ(()O; 1/}7 m, t)v HZ,](SO7 ¢7 777 t)) HZ,](()O7 1/}7 7/7\7 t) Ta P]((pa 1/}7 m, t)v
Pi(p,,m,t), ﬁj(gp, P, 1, t), ﬁ]( ,,m,t) (7 = 0,3) 3Haxoggarbes axasorigao (8. Omninka 3a-
JIMIIKOBHUX YJIEHIB [IPOBOJAUTHCS 3TifHO 3 [8].

Po3p’s130K BiamosigHol 06epHeHO] HEeTIHIHOT MOIEILHOI 3a0ati, [0 OIMUCYE IpoIec MiabTpy-
BaHHY PIAMHY BiJl 6araTOKOMIIOHEHTHOIO 3a0PYIHEHHS B IIPOCTOPOBOMY (PLIBTPI, 1a€ MOXKJINBICTD
icTOTHO HAGIM3UTU YUCJIOBI PO3PAXYHKH JI0 PEATbHUX eKCIIEPUMEHTAIbHUX JaHuX (y IOpIBHSIHHI
3 KJIACHIHUMU, (DEHOMEHOJIOTTIHUME MOJIEJISIMU ), OLIBIIT TOYHO HPOTHO3YBATHU i PO3PAXOBYBaTH
epeKTUBHICTD MPOIECY OCAKEHHSI JOMIIIOK PI3HUX TEXHOJOTIIHUX BOIHO-/IUCIIEPCHUX CHUCTEM.
Y mepcrieKTuBI — MOJIEIIOBaHHsI IPOIECIB PIILTPYBAHHSA B YMOBaX HEIOBHUX JAHUX Ta aBTOMa-
TH3alis BiAnOBiAHUX npornecis (aus., Hanpukiaaz, [8, 10, 11]).
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MopesmupoBanue mnporiecca (puJIbTPOBAHUS >KUIKOCTH
OT MHOTOKOMIOHEHTHOI'O 3arpsi3HeHUs IIPOCTPAHCTBEHHBIM (PUIBTPOM
MPU yCJOBUU UAEHTUPUKAIIMA MAaCCOOOMEHHOro Ko3dduiimenra

Paccmampusaemes 3a0a4a MOOEAUPOBAHUA NPOULCCH OUUCTIKY AHCUIKOCTET 0T MHO20OKOMNOHEHT-
HO20 3A2PAZHEHUS NPOCTNPAHCMBEHHBIM HUALIMPOM, KOMOPAA YHUMBIBAEM 00PAMHOE BAUAHUE
onpedeasarowur Gaxmopos (KOHUEHMPAUUU 3a2PAZHENUS AHCUOKOCTNU U 0CadKA) HA TAPAKMEPUc-
muxu cpedol (kKoadduyuenm nopucmocmu, duddysuu) u nPedocmasaiem 603MONCHOCTNG ONpe-
denenus Mano20 MacCOOOMeEHH020 KOIPPHUUUEHMA NPU YCAOBUAT JOMUHUPOBAHUS KOHBEKMUBHDIT
cocmashoir Had Juddystvmu. I[Ipedrootcer arzopumm peutenus coomeememeyowet HeauHetHom
06paMHOT CUHYAAPHO BOBMYULEHHOT, 3a004U MUNG KOHBEKUUA—OUPPY3UA—MACCOOOMEN.

A.Ya. Bomba, A.P. Safonyk

Modeling the process of filtration of a fluid from a multicomponent
pollution by a spatial filter under the condition of identification of the
mass-exchange coefficient

The problem of modeling of the process of purification of liquids from a multicomponent pollu-
tion by a spatial filter is considered. The influence of the determining factors (concentrations of
the contamination and the sediment) on the environmental characteristics (porosity coefficient, di-
ffusion) is taken into account. The problem provides the opportunity for the definition of a small
mass exchange factor under conditions of domination of convective constituents over diffusive
ones. An algorithm of solution the corresponding nonlinear inverse singularly perturbed task of
the convection—diffusion—mass exchange type is proposed.
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