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MATEMATHKA
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Yren-koppecriongear HAH Vikpaunsr A. A. Bopucenko,
C. B. MupoInrHu4eHKO

O moJtHOIT KpUBU3HE KPUBBIX B HECUMMETPUIHBIX
nmpocTpaHcTBax MMHKOBCKOTO

Hoayuervr oueHKy Ha NOAHYIO KPUBUSHY KPUBHIT HECUMMEMPUYHBLE npocmpancms Murkos-
cko20, doxasanv, 0bobwerus meopem Penzenrs u DPapu—Muanopa. Taxowce npusedena ouenka
OMUHDL 3AMEHYMBLT KPUBHIT, COOePAHCAUUTCA 6 wape npocmpancmea Munkosckozo 3adannozo
paduyca.

ITpocmpancmeom Munkosckozo M™ ™ nazwsaercsa mapa (V" F), rae V'™ — 510 (n+41)-mep-
HOE BEKTOPHOE IIPOCTPAHCTBO C JleKapToBbiME Koopauuatamu 4L, ..., y" L. Hopma Munkoscrozo
F: V™ 5 [0,00) obmamaer croiicrBamu:

1) F e Co(V™\ {0});

2) muis so6oro nosoxkuressuoro q¢: F(qy) = qF(y);
1 9?F?
2 QytoyJ

Hrnouxampucoti npocrpancTBa MUHKOBCKOIO HA3BIBAETCSI KOMIAKTHAS BBITYKJIasi THIEPIIO-
BepxHocTh Fy, onpenensiemasi kak Fy = {y: F(y) = 1}. Hlapom npocmparncmea Munkoscrozo

pagmyca R HasbIBaeTCsi MHOXKECTBO TOUeK, st KOTopbix F(y) < R. Ilycts mis HOpMaJIbHOI
En+1

3) cumMerpuuHas OuinHeliHas dbopMa g = IOJIOKUTELHO onpejesena ma VL,

KPUBHU3HBI k MHIUKATPUCHI F(j B HAJIO)KEHHOM €BKJIMJIOBOM ITPOCTPAHCTBE
paBerctBa 0 < k1 < k < ko.
[Tapamerpuszosas Fj kak r(e)e, rje e npunajyiexxkur eaquananoit cepe S", xoapduyuenmom
r(e)
HECUMMEMPUYHOCTIU A OylIleM Ha3bIBATHL A = max .
eeSm r(—e)
o n+1 o o
s xpusoit L 8 M"™™ ", mapaMeTpru30BaHHON JJIMHON Jyru B mpocTpancrBe MUHKOBCKOrO,
d’X
ds?

BBIIIOJIHEHBI HE-

KpUBU3HA OIpeJessiercs Kak ky = F <

= f k:Mds.
L

Nmeror mMecTo ciemyiomiue ONMEHKNA HA MOJTHYIO KPUBU3HY.

). Tora mosHoi KpuBU3HOIN KpuBOii ectb wys (L) =
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Teopema 1. Ilycmv M "t npoemparncemeo Munkosckoeo ¢ K0aPPuUYUEHMOM HECUMMEM -
pusrocmu X. Ilycmo eskiudosa Hopmasvhas Kpususna k unduxampucs, daHH020 NPOCTPAHCIGEE
ydosAEMBOPAEM, HEPABEHCTNEAM

0<k <k<ks

Tozda dasn noanoti kpueusnv, 6 npocmpancmee Munkosckozo wyr(L) u e6kAudo60t noanot kpu-
sushv, wg (L) npocmoti 3amrrymot kpueol L ewnosnens, nepasencmea

l<ﬁ>wE(L) <wp(L) < w<z—i>2wE(L)-

st cuMMeTpuaHOro npocTpaHcTBa MUHKOBCKOIO HEpaBEHCTBa JIOKa3aHbl B [1].

st KpUBBIX €BKJIMIOBOTO IIPOCTPAHCTBA U3BECTHA CJICAYIOIIAs TEOPEMA.

Teopema Penxenst [2]. /las noanots kpususnv, wg npocmot samknymot kpueot L ¢ E"
UMEEM, MECTNO HEPABEHCMEO

wg(L) > 27.
CaencrBue 1. Jlas noanot xpususmve wyr(L) npocmots 3amxnymoti xpueot L 6 npocm-

parcmee Mumnxosckozo GEPHO HEPABEHCTMEO

2k
A kg

Takske 15T KpUBBIX €BKJIMIOBOIO IIPOCTPAHCTBA M3BECTHA

wM(L) >

Teopema @apu—MuwuiHopa (3, 4|. Ecau daa noanot xpueusns, wg npocmot 3aMKHymot
kpueoti L 6 B3 evinosneno nepasencmeo

WE(L) < 47(-5

mo kpusas L nesaysaena (L asasemea eparuyel 6.400cento2o Jucka).
Caencrsue 2. Ecau 0as noanot kpususHs, npocmots samknymoti xpusoti L 6 npocmparcmese
Mumkosckoeo M3 ewmoaneno nepasencmeo

41 kil
< (2
wym (L) < 3 <k2>’

MO KPUBAA ABAAEMCA HE3AY3NCHHOTL.

Jl1st KpUBBIX €BKJIMJIOBOIO IIPOCTPAHCTBA M3BECTHA

Teopema 2. Jlas esraudosot daunv £p(L) npocmot samxrnymot kpusot L, codeporcawetica
6 wape paduyca R npocmpancmea B u ee noanoti kpusushv 6bmosneno Hepasencmeo

0p(L) < Rwg(L).

AHAJIOTUYHBII PE3yJIbTAT UMEET MECTO B IIPOCTPAHCTBE MUHKOBCKOTO.

Teopema 3. Ecau npocmas samxnymas xpusas L 6 npocmparcmee Munkosckozo codep-
oicumes 6 wape Munkosckozo paduyca R, mo das ee daunve MuMKo8CK020 SMINOAHEHO HEPQ-
8E€HCMB0

2 4
(L) < R@ (%) wn(L).
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Jlas mokasaTesbeTBa OCHOBHBIX PE3YJILTATOB IIOTPEOYIOTCS:

Jlemma 1 [5-7). ITycmo M™ asasemes komnaxmmot evnykiol zunepnoseprrocmvio ¢ KV,
ITyecmv O — smo mouka enympu obaacmu, ozpanuvennoti M™, u h asasemces paccmosmnuem
om O do M". IIycmv nopmarvrve kpususnot k 2unepnoseprrnocmu M"™ ydoeaemesopsaiom nepa-
sencmeam 0 < k1 < k < ko. Toeda dan yana o mesncdy paduycom-eexmopom M™ v enewmnet
HOPMAADIO BLINOAHEHO HEPAGEHCMEO

cosa = hkq.

JIemma 2. ITycmo das e6kaudosoti Hopmarvrol kKpususts, k urnduxampucs, Fy npocmparem-
6a Munxosckozo M™ L ¢ xoapunyuernmom Hecummempuurocmu X evinosneno 0 < k1 < k < ko.
Tozda 0 e6KAUI0B0T UMb, p eAUHUNHO20 BEKMOPA Npocmparcmea MunKko6cko20 6epvl 0UEHKU

2 << 2
T+ 0k S O+ Dk

1. Jloka3aTejibCTBO BCIIOMOTraTeJIbHbIX yTBep>KJaAeHu. {11 moKa3aTe bCcTBa JIEMMbBI 2
HaM IIOHA00UTCSI
JIemma 3 (8, § 24|. ITycmov das nopmaavrotl kpusushos ky, sunykiol Komnaxkmuot unepno-

seprnocmu N™ 6 E™ gunoaneno, nepasercmea

0 <k <kp<ko

Tozda nauborvwasn chepa, xomopoti N™ moorcem Kacamvesa HYMPEHHUM 00PAZOM U NOAHOCNBIO
codepotcamucs 6 wape, o2panuserHom dannol cghepoti, umeem paduyc = 1/k1; nHaumenvwasn cghe-
pa, xomopoti N mooicem wacamuvca sHewMHuM 06pasom U NoAHOCTBIO codepicamsb 6 cebe wap,
oeparunennol dannol cepot, umeem paduyc < 1/kso.

Ucrnonb3yem JaHHbBI pE3YJIBTAT It ONEHKYU €BKJIUI0BON JJIUHBI €INHUIHBIX BEKTOPOB B HOP-
Me MUHKOBCKOTO.

HokazarenabcTtBo jieMMbl 2. O6o3naunm depe3 O nenrtp uuaukarpuchl Fy. Ilycrs B TO-
JKax p,q € Fy mocruraercs MUHAMYM U MAKCHMYM COOTBETCTBEHHO €BKJIMJIOBBIX JIJIMH €JIH-
HUYHBIX BEKTOPOB HOpMBI MuHKOBCKOro, torga Op nu Og OpTOroHaJbHBI B €BKJIMIOBOI HOPME
T,Fy u T,Fy coorsercrienno. O6osnaunm p', ¢’ € Fy muaMeTpasbHO IPOTUBOIONOKHBIE TOYKH
oTHOCUTEIbHO (O TOYKAM P, ¢ COOTBETCTBEHHO.

I[To emme 3 cdepa paauyca r = 1/kg Kacaercst Fy BHyTpEHHUM 0O6Pa30M U MOJHOCTBIO COJIED-
JKUTCsI B 06/1aCTH, OMPAHMYEHHON IOBEPXHOCTHIO, a cdepa pajuyca R = 1/k; unaukarpucer Fy
KacaeTcsl BHYTPEHHUM 00Pa30M U IOJHOCTBIO COHAEPXKHUTCSI B IIape, OrpaHUYeHHOM JaHHOHN cde-
poii. I3 mamHbIX yc/IOBHil ciemayer

/ /

0P 10g] 1

Op| ) [Oq] ~ A )

Op| +|Op'| = —, [0q] + 04| < —.

k‘Q kl
Torma uz cucrem mosyvdaem

2 2
— - <|0p|<p<[0q] € 77—
Tk, S0P s P10 s g
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2. Jloka3aTeJIbCTBO OCHOBHBIX pe3yJibTaroB. JlokaszaresbcTBo TeopeMmsl 1. Ilycrs s
1 0 — HaTypaJlbHble IIAPAMeTPhI JJINHbI KPUBOH | COOTBETCTBEHHO B IPOCTPAHCTBE MUHKOBCKOTO
u eskngoBoM npocrpancrse [2|. Torma X (s) = X(o(s)) u mo oupenenennto ds = F(X,)do,
rie X, = dX/do, r.e. do/ds = 1/F(X,). Paccmorpum napamerpusaruo UHIXKATPUCHL F{
B BUe r'(€e)e, e e € S™, u napamerpusyem cdepy KOOPAUHATHBIME YIJIAMU P17, . . ., Pn. TaK Kak
napaMeTpusanus KpuBoii HaTypaJbHast, T0 Kpubas Xg = dX /ds siBisiercst kpusoit Ha Fy, X =
=1r(X,) Xy u X, — KpuBas Ha eJIMHUYHOI eBKJINIOBOI cdepe ¢ napamerpusanueit X, (o(s)) =
= (¢1(8), -, ¢n(s)).

HemnocpeicrBenubiM juddepeHnnpoBaHueM ¢ UCIIOJIb30BAHUEM HOJIOKUTEILHON OJJHOPOHOC-
TH HOPMBI IOJIydaeM

do d*c d X)) = Or Op; do

o= r(X,) =r, = r(gradr, Xy )sn. (1)
s

—_— = —\T = =
ds? ds( (Xo)) Op; 0o ds
[Tpennonaras, uro kg # 0 gaua L, paccMOTpEM Tenepb JBa OPTOHOPMHPOBAHHBIX BEKTOPHBIX
HOJIsl T U V BJOJb KpuBoii: 7 = X, u v Takoe, 90 X,o = kpv. Juddepennupys paiumyc-BeKTop
U [OJICTABJIsIs [OJIyYeHHble Bbipaykenust u3 (1), mosydaem

X  &EX (do\®  dX &
_ < J) 7 = rkg(rv + | grad r|gn cos 57), (2)

ds? do? \ ds do ds?
e § — yros mexjy v u gradr.
YUauThIBasi yCJIOBHE OPTOHOPMHUPOBAHHOCTH TOJIeH v U T, kjs MOXKHO IE€PEUCATh B BUIIE

d?X
kn = F(W) = rk:E\/r? + | grad r|%, cos? BF (e), eecS". (3)
Ucnonb3yst ycioBue oqHOPOIHOCTH HOPMBI MUHKOBCKOTO U OIEHKH U3 JIEMMBI 2, ITOJTY UM
1+ Mk 1 1+ Ak
UMk py = L (A Vke (4)
2 r(e) 2

PaccMorpum mosisipayio cucremy koopauaar B B Tyers u = u(gy, . .., p,) € S™ 1 06o3Ha-

qnm v’ = Ju/Op;. CymecrByer Takasi napaMerpusanysi S™, 9T0 B OKPECTHOCTH [IPOU3BOJILHOM

Toukn u,ul, ..., u" o6pasyior oproHopMupoBannmii Gazuc BTl B raxom ciywae s Brermmeit

eBKJIMJIOBOi HOpMaJ n MHAUKATpuchl Fy cymecrsyor {a;}i | u b takue, uro n = a;u’ + bu.

Hust rouku p € Fy, coorBercrByoleii u, mojiydaeM y = 8—(7“(u)u) =rj(w)u+r(u)u’ € T,F.
Pj

13 yciosus (n,y) = 0 HemocpeICTBEHHOM HOACTAHOBKOIL mostydaeM, 4To a; = —br;/r. Torma

Ty 4 TP .
n= b(u — —uz>. Tak kak b # 0, TO OGyJIeM UCKATh yroJi (v MeXKJly BeKTopamu u u u — —u'. U3
r r

ycj1oBrusA OPTOHOPMUPOBAHHOCTH basuca cijaeayer, 9To

2 2
L I e P N !
r 72 r

Toryma syt o BEpHO

ry 4
u— —u
r

-
\/r? + |grad r]%n
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N3 semm 1 u 2 nostyyaem

2](51 T

<
(1+ A)k2 \/r? + |grad 7“|%m

<1 (5)

Ucnonbayst onenku (4), (5) mas (3), nosmydaem

5 il

S
1

1/k
ker— <—1> <k < kgr

Teneps, ucnosib3ys Boipazkerue st r u3 (1) 1 MHTEerpupupysi 10 § HEPABEHCTBA, HAXOIUM OIEHKH

Ha TOJIHYI0 KPUBU3HY.

Paboma C. B. Mupownruvenko svinoanena npu noddeporcke donda umenu H. U. Axuesepa.
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Cymcroti 20cydapcmeentnlil yrnusepcumem Hocmynuao 6 pedaxyuro 11.04.2014
Xaporosckuli HAUUOHAALHBLT YHUBEPCUMEM,
um. B. H. Kapasuna

Ynen-kopecnongear HAH Ykpainn O. A. Bopucenko, C. B. Mipornran4ieHKo

IIpo noBHY KpMBUHY KPUBUX y HECUMETPUYHUX IIPOCTOPAX
MiukoBcbKOro

Odeporcaro ouinku Ha NOBHY KPUBUHY 3AMKHEHUT KPUBUL HECUMEMPUYHUT Npocmopie Minkoscy-
K020, dogedeno yaazarvrenns meopem DPenzenrs i Papi—Misnopa. Haro maroosic ouinky Ha 082U~
HY 3AMKHEHUT KPUBUL, AKI POZMAUOBAHT 8 KYAl (ixcosarnozo padiyca npocmopy Minkoscvkozo.

Corresponding Member of the NAS of Ukraine A. A. Borisenko,
S. V. Miroshnichenko

On the total curvature of curves in nonsymmetric Minkowski spaces

The estimations of the total curvature of closed curves in nonsymmetric Minkowski spaces are
obtained. Generalizations of the Fenchel and Fary-Milnor theorems are proved. The evaluation of
the lengths of closed curves in a ball with fixed radius in the Minkowski space is presented.
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