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O mamyuinem mmpubJankeHuu KjaccoB I'enbaepa
JIMTHETHBIMU METOJIaMU

(IIpedcmasaeno waenom-xoppecnondenmom HAH Ykpaunw B. II. Momoprvim)

Hatidenv, mourvie 3HAGUEHUA AUHETHDIT OOHOMEPHBIT Nonepeunukros kaaccos lIeavdepa 6 npo-
cmpancmee C, a makatce EAUMUHG NOZPEUHOCTNY HAUAYUULE20 NPUOAUNCEHUA Kaaccos Tenn-
depa WUPOKUM KAACCOM AUHETHHLT TOAOHCUMENOHDIT MEMOJ08.

1. ITycre X — simHeiiHOE HOPMHUPOBAHHOE IIPOCTPAHCTBO ¢ HOPMOH || - ||x, a M — duxcuposan-
Hoe ToaMHOXKecTBO X . HamoMuuM ompe/ieieHnsi HEKOTOPBIX AITPOKCUMAITHOHHBIX XapaKTEePUCTUK
kiacca M (em., nanpumep, |1, 2]). Ilycte N € N u yepe3 Ly 0603HAUNM MHOXKECTBO JIMHEHHBIX
mHOroobpazuit ' C X paszmepuoctu me Boie N. Bemmanna

dny(M;X) == inf sup inf ||f —ul/x (1)
FeLy feMueF
HaspiBaercss N-nonepewnuxom no Koamozoposy xinacca M B npocrpancrse X. Yepes L(X; F),
F € Ly, 0603Ha4iM MHOXKECTBO JIMHEHHBIX HENPePLIBHBIX orneparopoB A: X — F. Jlunetiroim
N -nonepeuwnurom knacca M B npocTpancTBe X Ha3bIBAETCs BEJIUINHA
ANM;X) == inf  inf sup ||f — Af]x. (2)
FeLy AcL(XGF) feM

Ha ceromnst TouHBIE 3HAYEHUs MONEPEUYHUKOB dy U AN U3BECTHBI JJIsl PAJIA BayKHBIX MHO-
2KeCTB M B pa3iMuHbIX HOpMUPOBAHHBIX npocrpancTBax X (cm. [1-4] u cepuiku B HuX). derasinb-
Hee PACCMOTPHUM BOIIPOC O TOYHBIX 3HAUEHUSIX IONEPETHUKOB KJIACCOB HENPEPBIBHBIX (DYHKIHIA,
3a/IAHHBIX MOJIyJIeM HEeIPepPbIBHOCTH.

[Iycrs C' u C' — npocrpancTBa HenpepblBHBIX Ha orpeske [0,1] u l-nepuoguyeckux byHK-
nuit coorsercrsenno. Hopmy B 9THX mpocTpamcTBax BBEJEM CTaHIapTHBIM obpasom | f|| :=
= max{|f(x)|: z € [0,1]}, tne f € C wm f € C. Jlyist UPOU3BOJIBLHOIO BBIILYKJIOIO BBEPX MOJLYJIsI
HenpepbiBHOCTH W (M. [1, § 6.1]) pacemorpum kiace

HY :={f €C: (Y6 = 0) A(Va', 2" € [0,1]: |2/ — 2| < &) = | (') — f(z")| < w(d)}

u ero l-meprommteckmii anaor — xiaace HY. B gactrocTH, KOra w(t) = t*% «a € (0,1], krac-
col HY u HY o6biuno HassiBaiores xaaccamu leavdepa mopsiika o u obosHadaiorcs yepes H®
u H® COOTBETCTBEHHO.

N-nonepeunnku no Konmoroposy kmaccos H* n HY ussecrnbl st eex N € N:

dn (H®; C) = %w(%) (3)

S L 1
w20 = (s 7m) Y
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rie [z] obosHauaer mesyro dactb uucia z. Pasencrso (3) ycranosieno FO.U. T'puropsinom [5],
coorrommenus (4) mast vedernsix N nosydensr H. I1. Kopreitaykom [6] (cm. Takxke [7]), a mis
gerbix N — B.11. Py6anom [§].

B ormme ot nonepeunnkos 1o KoMoroposy, TodHble 3HAMEHUsT JTUHEHHbIX MOTepPeTHIKOB
AN(HY;C) u Ay (H®; C') u3BecTHBI JIUIIb B TPUBHAJILHOM CJIydae, KOIJIa MOJLYJIb HEIPEPbIBHOC
TH w JmHeeH Ha orpeske [0,1/2N]. B ocranbubix ciydasx usBecTHO 9], uto dy < Ay. 3amada
0 HAXO2KIEHUH JIMHEHLIX HoepednnKkos kiaccos H u H* neonmoxparno crasunacs H. I1. Kop-
neituykom [3, 4, 9, 10]. Tlo-Bugumomy (cm. [9]), OCHOBHAsI e CJIOXKHOCTH COCTOUT B OTCYTCTBHU
5 @EKTUBHBIX METOJIOB OIEHKH IOIEPEYHUKOB AN CHH3Y, KOTOpble Obl HCIOJIb30BAJN JINHET -
HOCTb OTOOparKeHWUH KOHEYHOI'O PaHIra.

Hwzke OymyT Haiijgenbl ognoMephble nonepednuku A (HY; C) u Al(fl w.C ). Ilycrs Vi — wmmo-
xkecrBo dyuknuit o: [0,1] — R orpannuennoit Bapuaiun taknx, 4ro o(0) = 0 n o(1) = 1.
O6o3naunmM depe3 K npocrpancTBo nocrosHHbIX (yakumii. ITockonbky K C HY | To npumensisi
teopeMy Pucca o npejicraBieHnn JuHeiiHOro orpanndeHHoro dbyHkimonana B C') MOXKEM 3allicaTh

1
)\I(HW§C):A€}:I(1£ K S If — Afll = inf S f- /f(t)dff(t) :
0

()

AnayornaHeIM 00pPa30M YCTAHABINBAETCS PABEHCTBO

1
/ t)do(t
0

B nanbretintem Gysiem rooputh, uto dynkmusa o € Vi noposicdaem HanTydImmi IMHEHHBIIT
MeToJ| npubszkenns kiaacca H® (kmacca HY) mpocTpaHCTBOM KOHCTAHT, €C/IH OHA PEAJIH3YeT
nadUMyM B 1paBoii dactu pasencrsa (5) (pasencrsa (6) COOTBETCTBEHHO).

Teopema 1. IIycmov w — evinyravil 66epr modysv nenpepvsnocmu. Tozda

A (HY;C) = inf sup
oceVy EH“’

(6)

1/2

M (H: 6 = 2/w(t) dt,

0

a mauaywwui memod npubausicenus xaacca H® mpocmparncmeom xomemanm noposicdaemes
Pynxyuet o(t) = t, t € [0,1].

Teopema 1 B ciayuae n = 1 nomreepxkiaaer runoresy H.II. Kopueituyka (cm. [4, § 8.2.2])
0 TOM, 9TO

Aoy 1(H C —2n/
0

HokazaresbcrBo. Hecioxxuo nposeputs, uro jyist Beex = € [0, 1]

1 1/2
— [ fyat| =2 [ wit)at. (7)
0/ 0/
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sup |f(z
feH®




[Mokaxkem, uro st Kaxoil dyHkuuu o € Vi Haiigercs rouka =, € [0,1], B KoTopoii

1
0/f

HeiictBuresibHo, 1mycTh HepaBeHCTBO (8) HeBepHo st Beex x € [0, 1]. Torma

1/2

> 2 / w(t) dt. (8)

0

sup
feHW

1/2

dr < 2 /w(t) dt. 9)

0

sup
feHw

1
fa) - / £(t) do(t)
0

o _

Paccmorpum dynximo @, (a;t) = min{w(|a — t]); w(la —t +1|); w(la —t = 1))}, a, t € [0,1].
Ouesnino, uro @y, (a;-) € H* u nupumensist reopemy Pybunu (cm. [11, p. XI, § 4.1]), noayaum

1
x}/ sup
9 a€(0,1]

1
/gpw x;t) dxdo(t)
0

1
Pw(a; ) /gowatda
0

11 1/2
2//g0thda :2/w(t)dt.
0'0 0

[Mocaeauaee nporuBopeunt Hepasencrsy (9). Hakownen, ucnonnsys (6), (8) u (7), umeem
1
v0) - [ 1ty

0

Teopema 2. ITycmv w — evnykavili 66epr Modyav nenpepvisnocmu. Tozda cywecmeyem
Heybvsarowan Gynrkuus g, € Vi maxas, wmo g,(t) + gu(1 —t) =1 das ecex t € [0,1], u

O\H

1/2

> 2 /w(t) dt > M\ (H”;C).

0

M(HY;C) > inf sup
oeVy fGH“"

1
/w x —t]) dg,(t) dna ecex  x € [0,1]. (10)
0

Boaee mozo, pynruus g, noposcdaem nausywwut aunetnsii memod npubiusicenus xkaacca HY
NPOCTPAHCINEOM KOHCTAHN.

JlokazaTeapCTBO TEOPEMBI 2 aHAJOIMYHO JIOKA3aTEIbCTBY TEOPEMbI 1 ¢ T€M OTIMYHEeM, 9TO
BMecTO (DYHKIUH @, HEOOXoauMO paceMoTperb GyHKIuu @y (a;t) = w(la — t|), a,t € [0,1],
a BMecTO paBeHCTBa (7) — [OKa3aTh, 4TO CyIIECTBYIOT HeyObiBaomast byHKIus g, € Vi 1 9ucio
A > 0 rmakue, uro juis Beex x € [0,1] cnpaBemiMiBo paBeHCTBO

1
/w |z — t]) dg., (t) = A.
0

Teopema 2 ycraHaBIuBaeT B3aUMOCBsI3b MeXK Ly nonepednukoMm Ai(HY; C') u dbyukuueit g, €
€ V1, nopoxjaomeil HauIydInuii JUHeRHbIH MeTo Npub/mKenus: Kiacca H® mpocTpancTBoM
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koHcTaHT. Takum ob6pazom, coorHomenue (10) MOXKHO paccMaTpuBaThb Kak HesSBHBI OTBET Ha
BOIIPOC O TOYHOM 3Hauenuu nonepedrnka Aj(HY;C). B 1o ke Bpemsi, UCIOJIb3ysl TeOpeMy 2,
JINHEHHbIEe OJHOMEPHBIE IIOIIEPEIYHUKN KJIaCCOB FeJIb;Lepa MO2KHO BBIYUCJIUTH ABHO.

Teopema 3. Ecau o € (0,1), mo

T2 - a)r@ + %)

21“@—%) , (11)

a HauAyuul aunetnoitl memod npubausicenus xkaacca HY npocmparcemeom xonemanm nopoic-
daemca Pynxyuet

M(HYCO) =

2 2)0

I'l—a) dt
g(x) T (1 Oé> /t1/2+a/2(1 _ t)1/2+a/2’ T € [Oa 1] (12)
2
B o6men cayuae (N > 1) rounste suadenus nonepednuxos Ay (HY; C) u Ay (H*; C) ocraior-
cst HemsBecTHBIMH. OIHAKO U3 TeopeM 2 U 3 HECJOXKHO yKa3aThb HOBbIE OIEHKU:

MU C) < (HC) < M(H50), we () =w( ), 1

AN(HC) < AN(HYC) S M(HYC)N™®, 0<a< 1. (14)

2. BMecre ¢ KOJIMONOPOBCKUMU ¥ JIMHEHHBIME IIOITEPEIHUKAMU OIPEIeIeHHBI HHTEPEC IIPel-
CTABJISIET TaKyKe W3Yy4YeHWe W JIPYTUX AIMPOKCUMAIMOHHBIX XapakTepucTuk kiaacca HY. Ilycrb
F € Ly. Yepes LT(C; F) 0603Ha4UM MHOMKECTBO noaoscumenvhviz omeparopos A € L(C; F),
T.e. Af meorpunarensna, ecimu f € C mHeorpunarenbna, a epes LT (C; F) — MHOXKeCTBO olle-
paropos A € LT(C;F), npejicTaBUMbIX B BHjIe

Af =o1(f) -e1 +@2(f) -ea+ -+ on(f) - en, fed, (15)
JIJIsi HEKOTOPBIX JINHEHHBIX OrPAHUYEHHBIX MOJIOKUTEIBHBIX (DYHKIUOHAJIOB (01, 02, - . ., 0N Ha C
U HEOTPHUIATEIbHBIX HENPEPLIBHLIX (DYyHKIHH €1, €9, ..., EN.

Bamernm, uto muozkectso LT (C; F) mocrarouno mmpoko. Jeitcteutensro, K C HY, osTo-

My Jir060ii oneparop A € L(C'; F') takoii, uro sup ||f — Af|| < oo, uHBapnanTeH Ha IIOCTOSIHHBIX
JeH®
dbyuximsx. CirenoBaTesbHO, €10 MOXKHO IIPEJICTaBUTh B BHje pasHoctn A = Ay — Ag 1Byx ore-

paropos A1, Ay € LTT(C; F).
Paccmorum crieiyronue aHajaoru JIMHEHHBIX MOHEPEIHUKOB

AG(H®;C) = inf  inf —A
N(H?:C) Ay et S, 1F = AFI;

AFH(H®;0) = inf  inf — Af].
N (H%0) Ay acc o 2, If = Afll

Teopema 4. ITycmv w — ewnykavil eeepr modyss nenpepovisrocmu, N € N u wy(t) =
= w(t/N), t € [0,1]. Toeda AT (H*;C) = A\ (H*N;C).
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HokazaresbcrBo. Ormernm, 9ro HepaseHcTBO Ay (HY; C) < A (H®N; C) Hecq0xKHO JIOKa-
3aTb, ONMPasAch Ha TeopeMy 2. IT03TOMY HUKe IpHUBELEHA CXeMa JOKA3aTeIbCTBA IMPOTHBOIO-
aoxxuaoro Hepapencrsa Ay (HY;C) = A\ (H“N;O).

Cuepsa MOXKHO IOKa3aTb, YTO /IS HPOU3BOJBHOM cucTeMbl u3 m € N HelepeceKaroImxcs

m o
orpeskos {[aj, 55|17, C [0, 1] obmeit gyt 1/N cymectsyer neybbisatomas bynxmus g € Vi
CO CBOHCTBaAMU
1 m
0

j=1

Q<”®
=

1
/w z —t))dg(t) = M (HY;C)  Vzelol] (16)
0

st sToro gocrarodno pacemorpers dynknuio gy (t) := max{g(Nt);1}, t € [0,1], tne g € V1
IOPOZKIAET HAMJTY YNNI JIMHEHHBINH MeTo NpuOJIKenns Kiacca H* 1pocTpaHCTBOM KOHCTAHT,
U HOJIOXKHUTH

( ) ?N(x_ak‘i"Yk—l), JTE[OZk-,ﬁk], k:1’2,"'ama

g(x) =3
gN(rWi‘)’ HAIS [/Bk:aak‘-i-l], kJZO,l,...,m,

e fo =0, i1 = luancaa 0 = vy <y < -+ < Y = 1/N TakoBsl, 910 Y — Yk—1 = Bk — Qk,
k=12,....,m

Hautee, ucrosib3yss teopemy PyOuHu, paccyxjeHus TeopeMm 1 um 2, a TakyKe HPEIbIILYITUI
daxT, MOXKHO J0Ka3aTh, ITO JJist JII0OOH HeyObiBaoIieil dyukiun o € Vi,

1
,u{x € 0,1]: /w(|x — ) do(t) < Al(H“N;C)} < % (17)
0

rje i obosnadaer Mepy Jlebera Ha oTpeske.

Haxowen, mycts F' € Ly uw A € LTT(C; F) — npoussosbHBIA omepaTop, /i KOTOPOTO
sup ||f — Af|| < oo. Hockosbky K C H®, 1o u3 onpejeienus: (15) u npejcrabjienust JuHei-
fen«

HBIX ITOJIOKUTEIbHBIX (pyHKIuoHaaoB B C (CM. [12, § 2.1]), HECJIO?KHO I10Ka3aTh, YTO HAMyTCHd
HEOTpHUIIATE/IbHbIE (DYHKINI {ek}évzl cC,e1+e+ - --+eny =1, u dyaxiuun {O‘k}é\;l cW
takue, uro nys Beex f € C u x € [0,1],

1
Af(m Zek /f dO’k
k=1 0

Ucnonb3yst HepaBercTBo (17) suist QyHKIWMHA 0F, MOXKHO JIOKA3aTh CyIIECTBOBAHHE TOYKU T €
€ [0,1], B koropoii st Bcex k = 1,2,..., N BBIIOJIHEHO HEPABEHCTBO

1
/cpw T;t) dog(t) = A\ (HN;O).
0

Torna

sup [|[f — Afl| = sup sup [pu,(z;t) — (Apu(z;-))(t)] = sup (Apw(w;-))(z) >
feHw x€[0,1] t€[0,1] z€[0,1]
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Mz
Q

2 (Apu(T;)(T) = M(HN; O A(HEN;C).
k:l
Takum obpaszom,
MGT(HY;C) = inf inf sup lf —Afl = \M(HY;C).

FELN AeL++(C5F) ¢

O0ObeuHsIst YTBEPXKIEHUsT TeopeM 3 U 4, TOJyduM CJIeIyToIree.
CaencrBue 1. Ecau a € (0,1) u N € N, mo

r2- a)l“(% + %>

e (3-3)

AN (H®C) =

Erme omauM ciesictBueM TeopeM 2 U 4 SIBJISIETCs CJIeyIOlIee yTBEPKICHUE.
Caencteue 2. [lycms w — sunykaviil 6sepr modyab venpepovisHocmu. Tozda

AG(HY;C) = 2T (HY;0), N=1,2.
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. C. CkopoxomaoB

IIpo maiikpaiiie Habn>keHHd KJaciB [esbaepa jiHillHUMEU MeToaMu
3natidero mouni 3HaueHHA NHITHUT 00HOBUMIPHUT nonepeunukis kaacie Ieavdepa 6 npocmopi C,

G MAKONHC BEAUMUNY NOTUOKYU HATKPAUL020 HADAUNCEHHA KACI8 T esblepa WUPOKUM KAQGCOM NTHIT-
Hux dodamnur memodie.

D. S. Skorokhodov

On the best approximation of the Holder classes by linear methods
We find exact values of linear one-dimensional widths of the Hdélder classes in the space C. The

error of the best approrimation of the Hoélder classes by a wide class of linear positive methods
s determined.
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