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ITpo mopiBHaAHHI Ta HemOpiBHAHHI Mipu Xaycaopda
(IIpedcmasaeno axademivom HAH Yrpainu B. C. Kopoaorom)

Poszsumorx 3azarvrur memodic obvucaenns poamiprocmi Xaycdoppa—besukrosuua — oodHa 3
YEHMPAALHUL Npobaem meopii Ppaxmaanis. Jlocaidoceno mpusiasvhicms (hempusiasvhicms)
mepeorcesur mip Xaycdopga. 3natiideno docmamui ymosu, npu SUKOHAHHE AKUL CIMETCMEa
AOKAADHO MOHKUT NOKPUMMIE NOPOOHCYOMY NOpieHAHHE mepedtcesi mipu Xaycdopga H (-, P).
Taxoorc 3natideno 3azarvhi docmammi Ymosu Ao8IpUocmi OAA 06MUCAEHHA PO3MIpHOcTT Xayc-
dopgpa—Besurosua A0kaAbHO MOHKUT cucmem nokpummis. Jlosedeno dosipuicmyv cimeticmaa
UYUATHIPUYHUT 810PI3Kie Paxmopianvhoi cucmemy wucierHs. Tlokazarno, wo waac dosipuux
NOKPUMMIE CYMIMEBO WUPWUT 30 KAAC MOKPUMINIG, AKI TOPOIHCYNOMb NOPIBHAHHI MEPEHCEST
Mmipu Xaycdopda.

Mipa Xaycnopda ta po3miphicTs Xaycaopda—Be3ukoBuda € OCHOBHUME 1HCTPYMEHTAMU JOCTiT-
JKeHHsI B Teopil bpakTasiiB, 3 sIKUMH IIOB’si3aHa 3HAYHA KIIBKICTH BigkpuTux npobsem [1, 2|. 3a-
Jada 3HAXO/ZKEHHsT 91 X04a O OIiHku po3mipHocTi Xaycropda—be3nkoBuda 3auiaeTbest HEPo-
3B’$I3aHOI0 HABITH JIJIsi KJIACY JBOBUMIDHUX camMOadiHHUX DPAKTAJIB, 10 38 [0BOJILHIIOTH YMOBY
Biskpurol MmuokuHM [3]. Tomy po3BUTOK MeTO/IB OOUNCIIEHHS BKa3aHO! (DPAKTAILHOI PO3MIPHO-
CTi € BAXKJIMBUM $IK 3 TOYKH 30Dy PO3BHUTKY 3arajbHOI Teopil, Tak i JJIsd JOCJIKEeHHsT (bpak-
TAJBHUX BJIACTUBOCTEH KOHKPETHUX CiMeicTB (ppakTaabHuX MHOKUH. OIuH i3 MiIXOMiB, SKMii
[I0YaB IHTEHCUBHO PO3BUBATHCS IIPOTATOM OCTAHHIX IT'sITH POKIB, HOJISITA€ Y BUBYEHH] JTOBIPYOCTI
ciMmeiicTBa MMOKPUTTIB [jIsT 00YHUCIeHHsT po3MipHocTi Xaycinopda—besukoBuda Ta I0CITiKEHHS
HOPIBHSIHHOCTI (HEMOPIBHSIHHOCTI) MOPOJZKEHUX MIp 3 KJIACHYHOIO Miporo Xaycaopda.

Hexait (M, p) — merpuunuii npocrip, F — obmexena miavuoxkuna, d(F) — 11 giamerp. Ha-
rajlaemMo, 1o cimeiictBo @y mimmuoXKMH 3 M HA3BUBAETHCA CIMEUCMEOM AOKGADHO MOHKUL MO-
wpummie (CJITII) muoxunn M, axmo Ve > 0 I{E;}jen (E; € Py, d(Ej) < &, Vj € N):
M C |JE;. BayBazknmo, 0 He B KOXKHOMY METPHIHOMY IIpocTopi ichye xoua 6 ogune CJITII.

J
a—mipHoo Mipoto Xaycraopda minmvuoxkuau E C M Bigaocuo 3amanoro CJITII &), wazu-

Ba€TbHCA

HY(E,®y) =lim | inf {Y d(E;)* | = lim HY(E, ®a),
J

e—0|d(Ej)<e e—0

Je indimym Geperbes 3a BeiMa MOMK/IMBAMU He OLIBII HizK 34nCIeHHUME -HOKPUTTAMA { ) }jen
vuoxkuan E, ne E; € @), Vj € N fdxmo (M, p) = R", o cimeiictBo Beix Biakpurnx (3aMKHe-
HUX) MMHOXKUH TIOPOJKYE KJIACHUHy -MipHy Mipy Xaycmopda H<(-).

Osnauvenns 1 [4]. CimeiicrBo ¢ niMHOXKMH HA3UBAETHC Mepexkero Ha M, sKIo:

(a) 3 Toro, mo A; ta Ay Hanexarb P, Bumiusae, mo abo Ay C Ay, abo Ay C Aj, abo
Ay ﬂAQ = O

(b) koxkHa 3 TOYOK npocTropy M HasexkuTh abo 10 nesikol MHoxkuau C' € ® HysIBOBOTO Jlia-
MeTpa, abo m0 cimeiicTBa MHOXKUH 3 P, gKi MafOTh sIK 3aBTOIHO MAJHU TiaMeTp;

© M. B. Jle6iapb, I. M. Top6in, 2014

ISSN 1025-6415  Jlonoeidi Hauionarvroi axademii nayx Yrpainu, 2014, Ne8 35



(¢) ® — 3umcsienHe ciMefcTBO MiJMHOXKNH;

(d) xoxken emement A € ® micTuThes JmIIe B CKiHYeHHiH KiibKoCTi eremenTiB 3 P;

(e) koxkHa MHOXKUHA 3 P € F,-MHOKHUHOIO.

Axmo ¢ — mepexa, To H*(-, ®) nazupaors MepexkeBoro Mipowo Xaycuopda [4]. Ouesuno,
[0 BCAKA MEpPeXKa € CiMeliiCTBOM JIOKAJIbHO TOHKUX IMOKPUTTIB mpocTtopy M.

Osnauenns 2. Hexait &5y — CJITII wa M ta o > 0. Mipa H%(-, ®)/) HasuBaerbes nopis-
Hanrnoro 3 Mipoto Xaycaopda, skio icaye gonarna koncranra C' = C(a) > 0 Taka, 110

H*(E) < H*(E,®) < CH*(E), VEC M.

CJITII ®,; nasuBaeThbest nopieHanHum, ko Va > 0 ignosigna mipa H*(-, ®r) € nopis-
HAHHOIO 3 Miporo Xaycaopda.

Osnauenns 3. Hexait @)y — CJITII na M ta o > 0. Mipa H*(E, ® /) nasuBaerbcst Henopic-
HAHHO0 3 Miporo Xaycaopda, sikio icaye muoxkuna F C M raka, mo H*(FE) =0, HY(E,®) > 0
abo HY(E) € (0,+00), H*(E,®) = +oc.

CJITII ®); HasuBaeTbCsT HEMOPIGHAHHUM, SKINO icHye « > 0 Take, IO BiAIOBiAHA Mipa
H(-,®)) € venopiBHsiHHO© 3 Mipoto Xaycaopda.

Osznavennsa 4. Hepin'emue [mcio

dimy (E, ®y) = inf{a: H*(E,®)) = 0}

Ha3UBaE€ThCsT posMipHicTio Xaycnopda—besukosnaa muoxkuau £ C M signocao CJITII @py.

Osnauvenns 5. CJITII ®,; nazusaerbcsa dogipuum Cimeticmeom nokpummie njist OOIUCICHHSI
posmiprocti Xaycaopda-besnkosuua wa M, skio dimgy (F, ®) = dimg(F), VE C M.

Besmnocepeninbo 3 03HAMEHHST BUILIUBAE, IO JIOBLIbHE CiMeiicTBO P )y MOPIBHIHHAX HOKPUTTIB
€ noBipunM Jiyis obunciieHHs po3mipHocTi Xaycnopda—besukopuda. Ymosu josipuocti CJITII
BUBYaJIICsT DaraTbMa gocyiqaukamu. [leprm Kpoku y 1iboMy HalpsiMy Oyiu 3pobseni A. Besuko-
BuueM [5|, sikuii 10BiB JOBipYicTh ciMelicTBa IUIHAPIB JBifiKoBOro poskiasy. Pesyibsrar A. Be-
sukoBu4a OyB y3aranbaenuit 1. Bisutiaresi [6] ayist cimeiicTBa s-agnannx mutinapis. M. Ipanso-
BUTHIA TIOIIUPUB HONIEPE/IHI pe3y/braTu j10 cimeiictsa Q-S-unninmapis [7]. S. Albeverio ta I. Top-
6iH y3araJbHUIM 1[I Pe3yJIbTaTH J0 ciMeiicTBa Q™ -IMIHIAPIB JJIst TaKUX MaTpullb Q, eleMeHTn
POk> P(s—1)k AKEX Biokpemseni Bix mynsa [8]. ¥ poborax [9, 10| 6ymo snaiizeno fesxi saraibhi
JIOCTATHI YMOBH, SIKi TAPAHTYIOTh HE JIUIIIE JOBIPYiCTh, ajie i MOPiBHIHHICTD CiIMEHCTB OKPUTTIB.
Vei i pesysibraru Oyau OTPUMaHI 3 BUKOPUCTAHHSIM TAKOTO IIi/IXOJY:

Teepaxkenns 1. STxwo dan danozo CJATIT @ ichyromsv dodammi konemanmu 3 € R ma N* €
€ N maxki, wo das dosinonol kyai B ichye ne Ginvwe N* muoorcun By € @, axi noxpusaromo B,
ma d(Bj) < - d(B), mo cimeticmso ® e dosipuum.

Hmxkuenasemenuii pe3yibrar y3arajibHIOE Ta [OTVIMOJIIOE TBePIKEeHHS 1.

Teopema 1. Hexat (M, p) — mempuyunui npocmip ma ® := &y — CJTII nwa M. ITpunyc-
mumo, wo ickyroms dodammni koncmanmu C = C(a), B i gynruia f(z): Ry — N maxa, wo:

1) dasn 6ydv-saxoi kyai I C M icnye ne Giavw ax f(d(I)) nidmmoorcun

AL AD Ay € @,

(1)
(D) < fdI), da))<pdI) i Ic|]aj
j=1
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2) das dosiavrozo & > 0 icnye €1(0) > 0 maxe, wo
fdD) - (dD)? <, das dosinvnoi kyai I, diamemp axoi ne nepesuwye €1(0).

Todi cimeticmeo ® dosipue das obuucaenna posmiprocmi Xaycdoppa—besurosuwa na M.
Hosenennsi. 3posymino, mo dimyg(F) < dimg(E,®), VE C M. Hosexemo renep, 1o

dimy (F) > dimy(E, ®). Bubepemo o ta 6 tax, mo 0 < § < o < 1. Hexait {[;}jcny — 10BinbHE

e-IOKpuTTH MHOXKUHE F Ta ¢ < £1(0). 3adikcyemo neske I;. 3 NpHIyIIEHHSA TEOPEMH BUILINBAE

I

I
Al(]Ij) 3 ¢ raknx, mo d(A;) <

icayBammnst He Ginbine Hixk f(d(I;)) miaMHOKHAH A{j, Aéj, ce

n)
< BA(IL) masii € {1,... I(I;)} a GONE c U AP
i=1

Orxe,

en)
S (AT < FAI))(BAI;) = Fd(I) () B (d(1;)* .
=1

Takum wwmHOM,

i)

Z Z(d(Az'Ij))a <Cp” Z(d(lj))aﬂS
Jj =1

J

st gosineroro a € (0,1], 6 € (0,a) i mast mosimbrOTO €-moKpuTTst {I;}jcN MEOXKHHN E, € <
< €1(0). Tomy

(1)

HE(B,®) <Y Y (dAP)* < OB~ > (d(I;))*

j =1 J
Jist JioBiabHOrO 0 € (0, ) i nosinbHOro e-nokpurtst {1} jen Muoxkuun I, € < e1(6). Orxe,
Hy(E,®) <CB*HY°(E), VYa>0, Vie(0,a), Ve<ei(d)
TakuMm YuHOM,
HY(E,®) < CB*H*°(E), VYa>0, Ve (0,a). (1)

[Mpunycrumo, mo dimyg E < dimg (F, ®). Bubepemo «v i § Tax, mob a € (dimy E, dimy (E, ®))
ia—0 e (dimg E,dimy (E, ®)). Toni H*(E,®) = +o00 ta H* ™% = 0, mo cynepeunrs HepiBHOC-
ti (1). Tomy dimg(F,®) > dimy E, mo i 1oBoauTh Teopemy.

3ayBaskKUMO, IO TBEPIKEHHSI | HEMOXKJIMBO BHKOPUCTATH JIIs JOCJIKEHHST JOBIpYOCTi Ci-
meficTBa HI/IiIiH,H,pI/I‘{HI/IX BiApPI3KIB HABITH 11 (PaKTOPiaJbHOT CUCTE€MH HHCJIEHHSI, TOOTO 1151
cimeitcrBa Q-tmningapis (mus. [11]), sike mopoixene marpuneo @ 3 ¢ = 1/(k+ 1), Vi €
€ {0,1,...,k}. IIpu rakomy BHOOPI MaTpuIii @ KoxkHe Jiiicae yncio x € [0, 1] moxHa 300pasuTu
Yy BUIISL

B ()
m—;(k+1)!, ne ag(z) € {0,1,...,k}. (2)
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[Tokaxkemo, sTKuM YUHOM Teopema 1 J03BOJISE JOC/IIUTH IPOOIEMY JTOBIPYOCTI [IJIsT BUIIAJIKY
dakTopiaabHOI CHCTEMHU YHCJICHHS.

Teopema 2. CJITII ®, axe ckaadacmvea 3 UUNMHOIPUNHUL 610PI3KIE PaAKMOPIANLHOT CUCEMU
yucaeHHA, moomo

®={E:E=Aooy.cr, % €{0,...,i}, i=12,....k, keN},  oe

k k
o
A = : Z
arag..ay {96 T e [Z(ZH)I’ k+1)! +; z—i-l }

=1
€ 008ipuor0 dasn obuucserHs poamiprocmi Xaycdoppa—besurosuna Ha 0OUHUNHOMY 610PI3KY.

HoBenennsi. Hexait § — mosuibHe jnomarue uucso. Toxi icuye minimasnbhe kg = ko(d) € N
Take, mo ¥V k > ko Bukonyerbcs mepisnicts (2k + 2)((k 4 1)1) 7% < 1. Jls ko BuGepemo goBimbHe
c1(6) € (1/(ho + 1) 1/ko)).

Hexait I — nosiibHuit cermenr (a,b) ta d(I) < £1(9). Just xoxxuoro cermenta I icuye mini-
masibte 3Hadennst m = k(d(I)) rake, mo 1/m! < d(I). Ilpu upomy icuye ne Ginbite, Hixk 2m + 2
IIHAPUYHUX BIIPI3KiB panry m, ob’equanns sskux micrurb 1. [okmagemo f(d(I)) = 2m + 2,
c=1, 8 =1. Toxni, oueBuaHO, BCi yMoBHU Teopemu 1 BUKoHYIOThCH 1, oTke, CJITII @ € moBipunm.

O3zuavennst 6. CJITII ® nazuBaerbcs Hedogipuum CiMeTCMEOM NOKPUMMLE it OOUUCIICH-
Hs1 posmiprocti Xaycaopda-bBesukosuua ua (M, p), skio IE C M : dimg(F, ®) # dimy (E).

Axmo @ memoBipya Jyisi obuucienHs: po3MipaocTi Xaycnopda—besnkoBuda, TO BOHA TOPOJI-
xkye Mipy Xaycuopdba H*(-, ), sika He € HOPIBHAHHOIO 3 KJIacHYHOI Mipowo Xaycaopda.

[TapaiokcaspHuM, Ha TEPIMHH OIS, MOXKE BUIATUCH TON (bakT, 110 HePIi MPUKJIaII He-
nosipunx CJITII ciouarky Gysm BiAKpUTI [j1s1 TBOBUMIPDHOTO BHUIIAJIKY IIPU BUBUYEHHI (DpaKTaIhb-
HUX BJIACTHBOCTEHl caMoadiHHUX MHOYKHMH IIPOTSTOM OCTAHHBOIO JecATUIiTTss XX CT. (1AuB., Ha-
npuksan, [12]). puponto nocrae nuranus npo icuysannst posipunx CJITII, siki He € nopis-
HAHHUMU. 3 II€I0 METOIO JOCJIJMMO CIMEACTBO IUJIHJAPIB, MOPOIXKEHUX @—306pa>KeHH$1M, JJTST
BUIIAJIKY, KOJIM iCHY€ HOCJILOBHICTD HATYPAJIbHUX UHCE/I {n tren, nk > 1 Taka, mo g = 1/ng,
Vi e {0,1,...,np — 1}. ¥V npomy BunaJxky (Q-306pazkeHHsi JificHUX duces 306ira€Tbesi 3 KJacu-
qHuUM po3kJiagoM Kanropa [13].

Hmxuenomana Teopema moka3ye CyTTEBY PI3HUITIO MiXK MTOHSTTSIMU JOBIPYOCTi Ta MOPiBHSIH-
HOCTI CciMelicTBa MOKPUTTIB.

Teopema 3. Hexating = 4% ma ® — cimeticmso YUATHOIPUNHUT 810pi3Kie poskaady Karnmopa.
Todi CATII ® ¢ dosipuum dasa obuucaenna poamiprocmi Xaycdopga—Besurosuua na 0OUHUYHOMY
610pisky, ase nopodcena num mipa Xaycdopga H* (-, P) € HenopieHanHo10 3 KAGCUMHOW0 MIPOIO
Xaycdopga.

HoBenennsa. PozrsinemMo MHOXKHUHY

o
ag(x
A= {x € [0,1]: xzz% ar(x) € {0,1,...,2F -1}, VkeN}
=1 [izin
i nosenemo, mo dimp A = 1/2, HY/?(A,®) > 1 1a H/?(A) = 0.
Hexait A — wmipa JleGera na opuHu4HOMY iHTepBaJi Ta (¢ — HMOBipHiCHA Mipa BHUIIAIKOBOI
BEJIMIUHU

£ = Z

— 1= ln’l
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ne £, — He3aJIe2KHI BUMTAIKOBI BeInInHy, fKi HabyBatoTh 3Hadens 0,1, ... 2k _13 UMOBIpHOCTAMHA
1/2%. Hexait A, (x) — muiinap n-ro paury poskiany Kanropa, skumii mMictuts Touky = € [0, 1].
3po3yMiso, mo st Oyab-sIKOI TOUYKH T € A BUKOHYETHCSI

,ug(An(x)) = 2—n(n+1)/2 Ta )\(An(x)) _ 4—n(n+1)/2.
OTtxe,

In pe(An(2)) 1
1nA§(An o) 3 veed (3)

Ockinbkn A — crekTp MipH fi¢, TO, BUKOPUCTOBYIOUM Teopemy 2.5 3 [6], orpumyemo dimp (A, @) =

= 1/2. Hexaii § — posinbae mnomarne qucino. Tomi icuye wminimanbae kg € N Take, mIo

. _ k(k+1) .

Vk > ko Bukonyerbcs mepismicrts 2 - 487 2 0 < 1. lna ky BubGepeMo IOBLIbHE e1(0) €
ko (kg+1) ko(kg—1) .

€ (1/4 "2 ,1/4 "2 ). Hexaii I — nosinbuuii cerment < a, b > ta d(I) < &1(8). st xo-

sKHOro cermentTa I icuye minimasnbre snadenust m = k(d([)) raxe, mo 1/4~ 2 < d(I). Icnye ne
6inbine, HixK 2-4™ mutisapis panry m, o6’equnanns sikux mictutb 1. [Toknagemo f(d(I)) = 2-4™,
c=1, 8 =1. Toxi, oueBugHO, BCi yMoBHU Teopemu 1 BUKoHYOThCs 1, oTke, CJITII @ € moBipunm.

Hexait {E;} — nosinbhe e-nokpurtst muokuan A nmmrinapavu 3 ®. He smennryroun 3arasb-
nocti Ej (VA # @, Tobro Ej = Ay, (x) nna gesworo x € A. HepisnicTn

L= p(A) = p|UE; | <3 on(E) =D d(E))?

BUKOHYETbBCSI JIJIsI KOYKHOTO &-ITOKPUTTS MHOKUHU A mmiaapavu 3 ©. Orxe, H 1/2 (A,®) > 1.

3 inmoro 60Ky, MHOXKHUHY A MOXKHA TOKPUTH ol .92 .. .9kl BijpizkaMu (KOXKeH 3 HUX

€ 00’eTHAHHSIM oF [WIHJPUYHUX BIIPI3KiB k-r0 paHIy) JIOBXKUHU 9= k?, Bignosinnuii o-06’eM
1poro nokpurrs (pu a = 1/2) gopismoe 2~ DF/2. (27]?2)1/2 — 0 (k — o0). Tomy HY?(A) =0,
IO 1 JOBOJIUTH TEOPEMY.

Saysaocenns 1. OcraHHe TBEP/KEHHS € JIOKA30M CYTTEBOI PI3HUIN MiXK MMOPIBHSHHUMU Ta
JOBIpUYMMHU ciMelicTBaMU IMOKPUTTIB Ta MOKAa3YeE, 110 KJIAC JIOBIPYMX CIMECTB NOKPUTTIB 3HAYHO
mupIuii 3a Kjaac mopieHstHHEEX. CIIIBBIIHOIIEHHST MiXK IMMH JBOMAa KJIACAMU B IIEBHOMY CEH-
ci 1moyibHe /10 CIBBIIHOIIEHHS MiXK OIJTIIIEIEBUME TIEPETBOPEHHSIMU Ta [IEPETBOPEHHSIMU, SIKi
36epiratorh posmipHicts Xaycnopda—besukosuua (nus. [14]).
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O cpaBHUMBIX U HECPABHUMBIX Mepax Xaycaopda

Passumue 0buwux memodos suuucaerus pasmeprocmu Xaycdoppa—besurosuua — 00na us 3 yenm-
PAALHOIT NPobaem meopuu Ppaxmanos. Hccaedosarna mpusuasbHOCG (HEMPUBUAALHOCTIDL) ce-
meswvix mep Xaycdopgpa. Hatidenve docmamourvie Ycao8us, NPU GHINOAHEHUY KOMOPHIT ceMel-
CMBA AOKAALHO TOHKUT NOKPuMUl noposcdatom cpashumvie cemesvie mepor Xaycdopga H (-, D).
Taxorce natidens, 0bugue Aocmamounvie YCA08Us 00BEPUMEALHOCTIU OAA BLIMUCAEHUS DA3ZMEPHO-
cmu Xaycdopga—Be3ukosunua A0KaAbHO MOHKUT cucmem nokpuimud. /lokazana 008epumesbHocmy
cemeticmen YUAUHIPUNECKUT 0MPe3ros Gaxmopuaivholl cucmemu ucuucienus. Ilokazaro, wmo
KAGCC J0BEPUMENDHBIT NOKPOIMUL CYWECTMEEHHO ULUPE KAACCA NOKPLIMUL, NOPOAHCIMOUUL CPAG-
HuMmbvle cemesve mepvl Xaycdopga.

M. V. Lebid, G. M. Torbin

On comparable and non-comparable Hausdorff measures

General methods of calculation of the Hausdorff-Besicovitch dimension are developed, and the
triviality (non-triviality) of net Hausdorff measures is studied. Sufficient conditions for a fine cove-
ring family to generate comparable net Hausdorff measures H® (-, ®) are given. General sufficient
conditions for a fine covering family to be faithful are also found. The faithfulness for the family of
coverings generated by the factorial expansion for real numbers is proved. It is shown that the family
of faithful coverings is essentially wider than the family of coverings generating the comparable net
Hausdorff measures.
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