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This note serves to announce a multiplicity result for Keller C 01 -functionals on Frechet spaces which are invariant
under the action of a discrete subgroup. For such functionals, we evaluate the minimal number of critical points by
applying the Lyusternik—Schnirelmann category.
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We consider a multiplicity problem, namely evaluating the minimal number of the critical orbits
of afunctional f:F — R which isinvariant under the action of a discrete subgroup G of a Fréchet
spaces F. In [1], it was proved that if a functional f:F — R of the Keller class C! is bounded from
below and satisfies the Palais—Smale condition at the level ¢ = inf £, then ¢ is a critical value for f.
Our goal is to significantly improve this result. To this end, we consider functionals which are
invariant under a discrete subgroup action. To evaluate the minimal numbers of critical points of
such functionals, we employ the Lyusternik—Schnirelmann method.

1. A compactness condition. The initial point of our approach is to introduce a compactness
condition of the Palais—Smale type for G-invariant functionals.

We denote by Fa Fréchet space whose topology is defined by an increasing sequence of semi-
norms (|| . ||n) . Moreover, the complete translation-invariant metric

o1 |p-yl,

dx,y)=S —_" "7l
x,y) L 1+||x_y”n

induces the same topology on F. We denote by B (x, 7) an open ball with center x and radius » > 0
with respect to this metric.

In what follows, we consider only Fréchet spaces over the field R of real numbers. Let E be
another Fréchet space, C (E, F) the set of all continuous linear mappings from E to F. A bornology
B on Eis a covering of E satisfying the following:

1. B is stable under finite unions;

2.if AcB; and Bc A, then BcB.

Murysanus: Eftekharinasab K.A. A multiplicity theorem for Frechet spaces. Zonos. Hay. axad. nayx Yip.
2022. Ne 5. C. 10—15. https://doi.org/10.15407 /dopovidi2022.05.010

10 ISSN 1025-6415. Dopoo. Nac. akad. nauk Ukr. 2022. Ne 5: 10—15



A multiplicity theorem for Frechet spaces

The compact bornology on E'is the family B of relatively compact subsets of £ having the set
of all compact subsets of Fas a base, in the sense that every Be B is contained in some compact
set. We endow the vector space C (E, F) with the B, -topology which is the topology of uniform
convergence on all compact subsets of E. This is a Hausdorff locally convex topology which can be
defined by the family of all seminorms obtained as follows:

[£1;,,, =sup{lEce, e< B}

where Be By, and ne N . Let U be an open subset of Eand f:E — F be a mapping. If the direc-
tional derivatives

_qi L e th) = (x)
Foon=lim

exist for all xeU and all he E, and the induced map df:U — C (E,F)is continuous for all
xeU , then we say that fis a Keller C!-mapping (see [2]).

Let L be a topological group with the identity element e. A continuous action of L on Fis a
mapping A :LXF —F, A(l,m) written as /- m ,such thate-m=m and (/,* L) -m=1 - (l,-m)
for all /;,l,e L and all me F (here, * denotes the operation of L). A set Ae F is called L-in-
variant, if / -me A for all me A and all [e L. A functional f:F — R is called L-invariant,
if f(I - m) = f(m) for all [e L and me F. A mapping h:F —F is called L-equivalent, if
h(l-m)=1-h(m) forall me F and all [ e L. Let G be a discrete subgroup of a Fréchet space F, and
letg:F —F /G bethe canonical surjection. Asubset A ¢ F is called g-saturated, if A=g ' og(A).
Suppose the space F, generated by G has the dimension n. Let F, be a topological complement
of F,, such that Fis isomorphic to F, xF,. Let T" be the n-torus, then G =Z" and q(F)=Z" xF,.
Let ¢ be critical point of /. We call the set ¢ (¢(c)) consisting of the critical points of f, a critical
orbit of f through c.

Definition 1. Let /:F — R be a G-invariant functional of the Keller class C 3 We say that f
satisfies the Palais—Smale condition, PS;-condition for short, if, for every sequence (x,) < F for
which f(x,) is bounded and f’(x) — 0, the sequence g(x,, ) contains a convergent subsequence.

2. A multiplicity theorem. To locate critical points, we will apply the strong version of the
Ekeland variational principle (see [3]). It states the existence of a certain minimizing sequence
on a complete metric space along which we reach the infimum value of the minimization problem.

The Lyusternik—Schnirelmann category Cat;A of a subset A of a topological space T is
the minimal number of closed sets that cover A and each of which is contractible to a point
in T. If Cat; A is not finite, we write Cat; A =oo. Let Co (F) be the set of compact subsets of F.
Define the sets

Aj={AcF :AeCo(T),Cat,)q(A)=i}.

From [4, Proposition 2.2], it follows that each A; is a deformation invariant class of subsets of
F. The i-th Lyusternik—Schnirelmann minimax value of fis defined by

W; = Inf supf(x).

i xeA
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The proofs of the following two lemmas are based on the standard arguments, see, for ex-
ample [4, Lemma 3.2, Lemma 3.3]. Let CB (F) be the family of all nonempty closed and bounded
subsets of F. We define the Hausdorff metric on CB (F) by

dy; (A, B)=max {supd(a, B), supd (b, A)}
acA beB

Lemma 1. The space (A, d,)) is a complete metric space.

Proof. The space (CB (F),d; ) is complete since Fis complete (cf. [5]). Thus, we only need
to prove that A is closed in CB (F). Let (A;) c A;. Suppose A€ CB (F ) and d (A,,A)—0.By 6,
Corollary 1.2. 13] and [6, Proposition 1.2.14], the space ¢(F)=T"xF, =(S! ) xF,is an ANR. So,
by [7, Theorem 6.3], there existsa closed neighborhood Uof A such that Cat (¢ (A))=Cat,\U.
As g '(U ) is a closed neighborhood of the compact set A, there exists % such that A , cU. There—
by, Cat, ) (q(A))=Cat, U > Cat, ) (q(A;,)>i. Therefore A€ A;.

Lemma 2. Let f:F — R be a G-invariant functional of the Keller class C\. Then, the function
Y: A — Rdefined by ¥ (A)= max [ (x) is lower semicontinuous.

Proof. Let (B,)c A, Suppose Be A; and dj (B,, B)—0. For each x;e€ B, there exists
a sequence (x;) < By such that x; — x,. Thus,

S (x)=lim/ (x; )<hm‘1’(3k)

Jeo

and, as x € B is arbitrary, we have W(B) < lim 'Y (By).
k—>eo
Theorem 1. Let G be a discrete subgroup of a Fréchet spaces F. Assume that the dimension

of the space generated by G is a finite number n. Let f:F — R be a G-invariant functional of the
Keller class C.. If f is bounded from below and satisfies the Palais—Smale condition, then f has
n + 1 critical orbits.

Proof. Consider the increasing sequence of the Lyusternik—Schnirelmann minimax values
W, 1<i<n+l. Define the sets

S, ={xe F1f/(0)=0, / (x)=p;}.

We claim that if u; =W, =W for some k,i <k <n+1, then S, contains k —i+1 critical orbits.
This concludes the proof of the theorem.

We prove the claim by contradiction. Suppose that S, contains m distinct critical orbits
q(xy), -+, q(x,,)and m < k —1. Pick the positive number 7, so that, on the balls B (x;,2r),1<j<m
the canonical surjection ¢ is injective. Define the set

B, —U U B(x;+g,7).

j=1geG

We show that there exists €, 0< g2 < 702 such that

>¢, VBePpc D
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if xe f([u—¢, u+£2])\B,0. Because, if (1) is not valid, then there exists a sequence (x;) CF\ B,
such that

e p|<ust and V@l , Vi VneN.Be .

Since f satisfies the PS;-condition, we may assume that g(x;) — ¢ (x) for some X € F. Since f and
/" are G-invariant, we may suppose that x; € [0,1]" xF,.
Whence, x; = X yields xe F\ B, and f(¥)=pand f'(¥)=0 which is impossible, because B
0 )
is a neighborhood of §,,. There exists A € 4; such that

¥ (A)=maxf<pu+e’.
A

This is achievable by the definition of ;. Let A4y = A\ B, . By [4, Proposition 2.2], we obtain
o
k < cat,(pyq(A) <caty gy (q(4 )UQ(BQVO )) < catypyg(Ag)+cat, pyq(By, )<

<catypyq(Ag)+m <catypyg(Ag)+k—i.

Thus, Aj€ A;. By Lemma 1, the space (A;,dy ) is complete. Also, by Lemma 2, the func-
tion W:A; = R is lower semicontinuous. So, we can employ the Ekeland variational theorem [3,
Theorem 4.7]. By the latter theorem, there exists C € A; such that

(P1) w(C)<w(A)) < y(A)<p+e?,
(P2) dy (C,Ap) <5,
(P3) w(S)>w(C)—edy (C,S), VSe A, S+C.

As ANB,, =@ and dy (C, Ay) <e <1, then ANB, =9. Also, the set D ={se C :u—e> < f(s)}
" "

isasubset of £~ (ju—e?, u+€*])\ B,. The set D is closed and, as fis continuous, then it is compact.
By (3) for each y € D, there exists /i , € B such that

) hg, ) <-¢ (2)

Since f”is continuous, it follows from (2) that there exists r, >0 such that, for all ge G and all
he F with ||h||n <r, we have

S'(y+g+h),hg ,)<-e

Since D is compact, we can find a subcovering D, -, D, defined by

Di :B(yi’ryi)'
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Define the functions ®; : F —[0,1] by

[ Y d(x+gCD;)
ngG , XE€ G Dj,
¢;(x)= Y > d(x+g,.LCDy) =
k=1geG
| 0, otherwise.

Fix a G-invariant continuous function ®: F — [0, 1] such that

L u<f(x),

q’(x):{o, f)<u—e?

Let 1, = min 7, . Define the continuous curve A :[0,1]xF — F
1<i<p

)4
At x) =0+ 11, 0 ()Y W () (B, )
=1

Forallxe F,all ge Gand all £ € [0, 1], we have A (¢, x +g) =A(¢,x)+g.

It follows from [4, Proposition 2.2] that cat, ) (g(A(1,C))) > cat ) ((C)) > i, whence, as
A(1,C) is compact, A(1,C)e A,. By the mean-value theorem (see [2]) and (P3) for each y € D,
there is T € (0,1) such that

f(l(i,C))—f(X)=<f'(7»(TyC)), rminq)(x)i\yi(x)(h&yi )>=
i=1

p P
= rmind)(x)z ‘Pi(x)<f'[x + Trmind)(x)z Wi (x)(hy, v ) J, hyg, v > <
i=1 i=1

< _erminq)(x)'

If xe D, then ®(x)=0and f(A(L,x))=f(x).
Let y e Cso that f (A(1,50)) =w(D). Then, L < f (AL, ¥¢)) =~/ (¥) < =iy SO, Yo € D and
®(y,)=1which imply that f(L(1,y,))—/f (y,) < —¢€r,,,- Therefore,

y(S)+edy (C,8)<y(C).
However, d,; (C,8)<r,.. by the definition of S. Hence, ¥(S)+edy (C,5)<y(C) which
contradicts (P3) and concludes the proof.
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TEOPEMA KPATHOCTI JId ITPOCTOPIB ®PEIIE

. . . . 1
Y crarti chopMyIbOBaHO TeopeMy KpaTHocTi st yHknioHamnis 3 knacy Kemrepa C, Ha mpocropax Dpere.
[l Takux (pyHKIIOHATIB MU A€EMO MiHIMAJIbHY KiTBKICTh KPUTHUYHUX TOUOK, 3aCTOCOBYIOUN Karteropiio Jlioc-
tepHuka—IIInipespbmana.

Kmouogi caosa: npocmopu @pewe, kamezopis Jiocmepnuka—Ilnipervsmana, ymosa Ilaraica—Cmeiina, disi duc-
Kpemmoi epynu.

ISSN 1025-6415. /lonos. Hay, axad. nayx Yxp. 2022. No 5 15


https://doi.org/10.1016/S0294-1449(16)30348-1
https://doi.org/10.1016/0040-9383(66)90013-9

