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We obtain a new Liouville comparison principle for weak solutions (u, v) to semilinear parabolic
second-order partial differential inequalities of the form

ut − Lu− |u|q−1u > vt − Lv − |v|q−1v (∗)

in the whole space R × Rn. Here, n > 1, q > 1, and

L =

n∑

i,j=1

∂

∂xi

[
aij(t, x)

∂

∂xj

]
,

where aij(t, x), i, j = 1, . . . , n, are functions that are defined, measurable, and locally bounded
in R × Rn and such that aij(t, x) = aji(t, x) and

n∑

i,j=1

aij(t, x)ξiξj > 0

for almost all (t, x) ∈ R × Rn and all ξ ∈ Rn. We show that the critical exponents in the
Liouville comparison principle obtained, which are responsible for the non-existence of non-
trivial (i. e., such that u 6≡ v) weak solutions to (∗) in the whole space R× Rn, depend on the
behavior of the coefficients of the operator L at infinity and coincide with those obtained for
solutions of (∗) in the half-space R+ × Rn. As direct corollaries, we obtain new Liouville-type
theorems for non-negative weak solutions u (∗) in the whole space R × Rn in the case where
v ≡ 0. All the results obtained are new and sharp.

Introduction and preliminaries. This work may be considered as a supplement to paper [1]
and is devoted to a new Liouville comparison principle for weak solutions to parabolic inequalities
of the form

ut − Lu− |u|q−1u > vt − Lv − |v|q−1v (1)

in the whole space E = R×Rn, where n > 1 is a natural number, q > 1 is a real number, and L is
a linear second-order partial differential operator in the divergence form defined by the relation

L =

n∑

i,j=1

∂

∂xi

[
aij(t, x)

∂

∂xj

]
(2)

for all (t, x) ∈ E. We assume that the coefficients aij(t, x), i, j = 1, . . . , n, of the operator L
are functions that are defined, measurable, and locally bounded in E. We also assume that
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aij(t, x) = aji(t, x), i, j = 1, . . . , n, for almost all (t, x) ∈ E, and the corresponding quadratic
form satisfies the conditions

0 6

n∑

i,j=1

aij(t, x)ξiξj 6 A(t, x)|ξ|2

for all ξ = (ξ1, . . . , ξn) ∈ Rn and almost all (t, x) ∈ E, where A(t, x) is a function that is defined,
measurable, non-negative, and locally bounded in E.

It is worth to note that if u = u(t, x) satisfies the inequality

ut > Lu+ |u|q−1u, (3)

and v = v(t, x) satisfies the inequality

vt 6 Lv + |v|q−1v, (4)

then the pair (u, v) satisfies inequality (1). Thus, all the results obtained in this paper for solutions
to (1) are valid for the corresponding solutions to inequalities (3) and (4).

The results obtained in [1] for solutions to inequality (1) in the half-space S = (0,+∞)×Rn,
n > 1, show that the behavior of the coefficients aij(t, x) of the operator L as |x| → +∞ manifests
itself in Liouville-type results; namely, the critical exponents in the Liouville comparison principle
for weak solutions to (1) in the half-space S, which are responsible for the non-existence of non-
trivial (i. e., such that u 6≡ v) weak solutions to inequality (1) in S, depend essentially on the
behavior of the coefficients of the operator L as |x| → +∞.

The main goal of the present work is to show that similar critical exponents in the Liouville
comparison principle for weak solutions to (1) in the whole space E also exist and, what is
more intriguing, coincide with those obtained in [1] for solutions to (1) in the half-space S. In
this connection, it is important to note that the latter, generally speaking, is not the case for
solutions to the equations corresponding to inequalities (1), (3), and (4). To make certain of
this, it is enough to compare the famous Fujita critical blow-up exponent qF = 1 + 2/n for
non-negative classical solutions to the equation

ut = ∆u+ |u|q−1u (5)

in the half-space S obtained in [2–4] with the blow-up exponent for non-negative classical solutions
to equation (5) in the whole space E obtained in [5, 6], which is equal to

qB =





n(n+ 2)

(n− 1)2
, if n > 2,

+∞, if n = 1.

In order to trace the relation between the behavior of the coefficients aij(t, x) of the operator
L as |x| → +∞ and the critical exponents that are responsible for the non-existence of non-trivial
weak solutions to inequality (1) in the whole space E, we consider the quantity

A(R) = ess sup(t,x)∈(−∞,+∞)×{R/2<|x|<R}A(t, x)

for any R > 0 and assume that the coefficients of the operator L satisfy the condition

A(R) 6 cR2−α (6)
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with some real constant α and some real positive constant c, for all R > 1. It is clear that if
α < 2, then the coefficients of the operator L may be unbounded in E; if α = 2, they are globally
bounded in E; and if α > 2, they must vanish as |x| → +∞.

We also introduce a special function space WL,q(E), which is directly associated with the
linear partial differential operator P = ∂/∂t−L, and assume that the weak solutions to inequali-
ties (1), (3), and (4) belong to this space only locally in E.

Definition 1. Let n > 1 and q > 1, let L be a differential operator defined by (2) in the
whole space E, and let Ω be an arbitrary domain in E. By WL,q(Ω), we denote the completion
of the function space C∞(Ω) with respect to the norm

‖w‖WL,q(Ω) =

∫

Ω

|wt|dtdx+

[∫

Ω

n∑

i,j=1

aij(t, x)
∂w

∂xi

∂w

∂xj
dtdx

]1/2
+

[∫

Ω

|w|qdtdx
]1/q

,

where C∞(Ω) is the space of all functions defined and infinitely differentiable in Ω.
Definition 2. Let n > 1 and q > 1, and let L be a differential operator defined by (2) in

the whole space E. A function w = w(t, x) belongs to the function space WL,q
loc (E) if w belongs

to WL,q(Ω) for any bounded domain Ω in E.
Definition 3. Let n > 1 and q > 1, and let L be a differential operator defined by (2) in the

whole space E. A pair (u, v) of functions u = u(t, x) and v = v(t, x) is called a weak solution to
inequality (1) in E, if these functions are defined and measurable in E, belong to the function
space WL,q

loc (E), and satisfy the integral inequality

∫

E

[
utϕ+

n∑

i,j=1

aij(t, x)
∂ϕ

∂xi

∂u

∂xj
− |u|q−1uϕ

]
dtdx >

>

∫

E

[
vtϕ+

n∑

i,j=1

aij(t, x)
∂ϕ

∂xi

∂v

∂xj
− |v|q−1vϕ

]
dtdx (7)

for every function ϕ ∈ C∞(E) with compact support in E, where C∞(S) is the space of all
functions defined and infinitely differentiable in E.

Remark 1. We understand inequality (7) in the meaning discussed, e. g., in [7].
Analogous definitions of the solutions to inequality (3) and inequality (4) in E, as special

cases of inequality (1) in E for v ≡ 0 or u ≡ 0, follow immediately from Definition 3.
Theorem 1. Let n > 1, α > 0, and 1 < q 6 1 + α/n, let L be a differential operator defined

by (2) in the whole space E, whose coefficients satisfy condition (6) with the given α and some
c > 0, and let (u, v) be a weak solution to inequality (1) in E such that u > v. Then u = v in E.

As we have observed above, since any pair of solutions u = u(t, x), v = v(t, x) to inequaliti-
es (3) and (4) in E is a solution (u, v) to inequality (1) in E, the following statement is a direct
corollary of Theorem 1.

Theorem 2. Let n > 1, α > 0, and 1 < q 6 1 + α/n, let L be a differential operator defined
by (2) in the whole space E, whose coefficients satisfy condition (6) with the given α and some
c > 0, let u = u(t, x) be a weak solution to inequality (3), and let v = v(t, x) be a weak solution
to inequality (4) in E such that u > v. Then u = v in E.

Each of the results in Theorems 1 and 2, which obviously have the character of a comparison
principle, we term a Liouville-type comparison principle, since, in particular cases where either
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u ≡ 0 or v ≡ 0, it becomes a Liouville-type theorem for solutions to (4) or (3), respectively. We
formulate here only the case where v ≡ 0.

Theorem 3. Let n > 1, α > 0, and 1 < q 6 1 + α/n, let L be a differential operator defined
by (2) in the whole space E, whose coefficients satisfy condition (6) with the given α and some
c > 0, and let u = u(t, x) be a non-negative weak solution to inequality (3) in E. Then u = 0 in E.

Note that all the results in Theorems 1–3, including the partial case where L is the Laplacian
operator, are new and sharp. (We demonstrate their sharpness below by Examples 1–2). Thus, as
we have already mentioned above, the critical exponents in Theorems 1–3, which are responsible
for the non-existence of non-trivial weak solutions to inequalities (1), (3), and (4) in the whole
space E, coincide with those obtained in Theorems 1–3 in [1] for weak solutions to the correspondi-
ng inequalities in the half-space S. In the particular case where α = 2, the critical exponent in
Theorems 1–3 coincides with the well-known Fujita critical blow-up exponent obtained in [2–4].

Example 1. Let n > 1, α > 0, and q > 1 + α/n. Consider the operator L defined by (2) in
the whole space E with the coefficients given by the expression

aij(t, x) = (1 + |x|2)(2−α)/2δij (8)

for all (t, x) ∈ E, where δij are Kronecker’s symbols, and i, j = 1, . . . , n. It is easy to see that
condition (6) is fulfilled for these coefficients with the given α and some c > 0. Further, for
the given α, let

u(t, x) =

{
κt−βE(t, x), if t > 0, x ∈ Rn,
0, if t 6 0, x ∈ Rn,

(9)

where E(t, x) = exp(−γ(1 + |x|2)α/2/t) for all t > 0 and x ∈ Rn, and the positive constants β,
γ, and κ will be chosen below.

First, since the function u = u(t, x) of the form (9) with any fixed positive constants α, β, γ,
and κ is infinitely differentiable in the whole space E and vanishes, along with all its derivatives,
for all t 6 0 and x ∈ Rn, it is clear that u = u(t, x) is a classical solution to inequality (3) for
all t 6 0 and x ∈ Rn.

Now, consider the case where t > 0 and x ∈ Rn. Making necessary calculations, we have

ut = −κβt−β−1E(t, x) + κγt−β−2(1 + |x|2)α/2E(t, x),
∂u

∂xi
= −ακγt−β−1(1 + |x|2)α/2−1E(t, x)xi

and

∂

∂xi

(
aii(t, x)

∂u

∂xi

)
= −ακγt−β−1E(t, x) + α2κγ2t−β−2(1 + |x|2)α/2 x2i

1 + |x|2 E(t, x)

for all t > 0 and x ∈ Rn, where the coefficients aii(t, x) are given by (8), and i = 1, . . . , n.
Further, it is also easy to calculate that

ut − Lu = (ακnγ − κβ)t−β−1E(t, x) +
(
κγ − α2κγ2

|x|2
1 + |x|2

)
t−β−2(1 + |x|2)α/2E(t, x)

and

|u|q−1u = κqt−βqEq(t, x).
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As a result, inequality (3) with u = u(t, x) given by (9) takes the form

(ακnγ − κβ)t−β−1E(t, x) +

+

(
κγ − α2κγ2

|x|2
1 + |x|2

)
t−β−2(1 + |x|2)α/2E(t, x) > κqt−βqEq(t, x) (10)

for all t > 0 and x ∈ Rn. Now, choosing the constants β, γ, and κ such that

β =
1

q − 1
,

1

αn(q − 1)
< γ 6

(
1

α

)2

, 0 < κ 6

(
αn

(
γ − 1

αn(q − 1)

))1/(q−1)

(11)

and taking into account that E(t, x) 6 1 for all t > 0 and x ∈ Rn, it is not difficult to verify that
inequality (10) holds for all t > 0 and x ∈ Rn. Therefore, a function u = u(t, x) of the form (9)
with the given α and q and with the constants β, γ, and κ satisfying conditions (11) is a positive
classical solution to inequality (3) for all t > 0 and x ∈ Rn.

Thus, we may conclude that the function u = u(t, x) of the form (9) with the given α and q
and with the constants β, γ, and κ satisfying conditions (11) is indeed a non-trivial non-negative
classical solution to inequality (3) in the whole space E with aij(t, x) that are the coefficients
of the operator L defined by (8). It is clear that the function v = −u(t, x) is a non-trivial non-
positive classical solution to inequality (4) in the whole space E with aij(t, x) in (2) defined
by (8). Thus, the pair of functions u = u(t, x) and v = v(t, x) is a non-trivial classical solution
to system (3), (4), and, therefore, (u, v) is a non-trivial classical solution to inequality (1) in the
whole space E such that u(t, x) > v(t, x), with aij(t, x) in (2) defined by (8).

Note that the non-negative classical supersolutions to linear uniformly parabolic equations
with globally bounded coefficients in the non-divergence form in the whole space E except the
origin of coordinates in a form close to that given by relation (9) with α = 2 were constructed
in [8, p. 122]. Note also that the positive classical supersolutions to equation (5) in the half-space
S in a form close to that given by relation (9) with α = 2 were constructed in [9, p. 283].

Example 2. Let n > 1, α 6 0, q > 1 + α/n, and q > 1, and let α̂ be any positive number
such that q > 1 + α̂/n. Consider the operator L defined by (2) in the whole space E with the
coefficients given by the relation

aij(t, x) = (1 + |x|2)(2−α̂)/2δij (12)

for all (t, x) ∈ E, where δij are Kronecker’s symbols, i, j = 1, . . . , n. As in Example 2, it
is easy to see that A(R) 6 CR2−α̂ for all R > 1, where C is some positive constant which
depends, possibly, on α̂ and n. Therefore, condition (6) is fulfilled for these coefficients with the
given α and some c > 0. For the given α̂ and q, let β = 1/(q − 1), 1/(α̂n(q − 1)) < γ 6 1/α̂2,
0 < κ 6 (α̂n(γ − 1/(α̂n(q − 1))))1/(q−1), and

u(t, x) =




κt−β exp

(
−γ (1 + |x|2)α̂/2

t

)
, if t > 0, x ∈ Rn,

0, if t 6 0, x ∈ Rn.

(13)

Again, as in Example 2, it is not difficult to verify that the function u = u(t, x) defined
by expression (13) is a nontrivial non-negative classical solution to inequality (3) in the whole
space E with aij(t, x) in (2) defined by (12). It is clear that the function v = −u(t, x) is a
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nontrivial non-positive classical solution to inequality (4) in the whole space E with aij(t, x)
defined by (12). Thus, the pair of functions u = u(t, x) and v = v(t, x) is a non-trivial classical
solution to system (3), (4), and, therefore, (u, v) is a non-trivial classical solution to inequality (1)
in the whole space E such that u(t, x) > v(t, x) with aij(t, x) in (2) defined by (12).

Note that Examples 1–2 are constructed on the basis of those in [1].
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В.В. Курта

Принцип порiвняння Лiувiлля для розв’язкiв напiвлiнiйних
параболiчних нерiвностей другого порядку в частинних похiдних
у всьому просторi

Встановлено принцип порiвняння Лiувiлля для слабких розв’язкiв (u, v) напiвлiнiйних пара-
болiчних нерiвностей другого порядку в частинних похiдних виду

ut − Lu − |u|q−1u > vt − Lv − |v|q−1v (∗)

у всьому просторi R × Rn. Тут n > 1, q > 1 й

L =

n∑

i,j=1

∂

∂xi

[
aij(t, x)

∂

∂xj

]
,

де aij(t, x) — вимiрнi, локально обмеженi в просторi R × Rn функцiї такi, що aij(t, x) =
= aji(t, x) й
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n∑

i,j=1

aij(t, x)ξiξj > 0

для майже всiх (t, x) ∈ R×Rn та всiх ξ ∈ Rn. Показано, що критичнi показники в одержа-
ному принципi порiвняння Лiувiлля, якi вiдповiдають за неiснування нетривiальних (тобто
таких, що u 6≡ v) слабких розв’язкiв нерiвностi (∗) у всьому просторi R×Rn залежать вiд
поводження коефiцiєнтiв оператора L на нескiнченностi i збiгаються з критичними по-
казниками, отриманими для розв’язкiв нерiвностi (∗) у напiвпросторi R+ × Rn. Як прямi
наслiдки одержано новi теореми Лiувiлля для невiд’ємних, слабких розв’язкiв u нерiвностi
(∗) у всьому просторi R × Rn у випадку, коли v ≡ 0. Всi здобутi результати є новими й
точними.

В.В. Курта

Принцип сравнения Лиувилля для решений полулинейных
параболических неравенств второго порядка в частных производных
во всем пространстве

Установлен принцип сравнения Лиувилля для слабых решений (u, v) полулинейных парабо-
лических неравенств второго порядка в частных производных вида

ut − Lu − |u|q−1u > vt − Lv − |v|q−1v (∗)

во всем пространстве R × Rn. Здесь n > 1, q > 1 и

L =

n∑

i,j=1

∂

∂xi

[
aij(t, x)

∂

∂xj

]
,

где aij(t, x) — измеримые, локально ограниченные в пространстве R × Rn функции такие,
что aij(t, x) = aji(t, x) и

n∑

i,j=1

aij(t, x)ξiξj > 0

для почти всех (t, x) ∈ R×Rn и всех ξ ∈ Rn. Показано, что критические показатели в полу-
ченном принципе сравнения Лиувилля, которые отвечают за несуществование нетривиаль-
ных (т. е. таких, что u 6≡ v) слабых решений неравенства (∗) во всем пространстве R×Rn

зависят от поведения коэффициентов оператора L на бесконечности и совпадают с кри-
тическими показателями, полученными для решений неравенства (∗) в полупространст-
ве R+ × Rn. В качестве прямых следствий получены новые теоремы Лиувилля для не-
отрицательных, слабых решений u неравенства (∗) во всем пространстве R×Rn в случае,
когда v ≡ 0. Все полученные результаты являются новыми и точными.
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