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3amada KosmMoropoBa mmpo icHyBaHHS aOCOJJIIOTHO
MOHOTOHHOI i KpaTHO MOHOTOHHOI (DPYHKIIII 3 3aJaHUMN
HOpMaMH1 MOXiTHUX

(ITpedcmasaeno waenom-xopecnondermom HAH Yrpainwu B. II. Momoprum)

Poses’azano 3adawy Koamozoposa npo icnysanns Gyrkuyii 3 3a0aHUMYU HOPMAMU TOTIOHUT Ha
KAGCAL KPAMHO MOHOMOHHUL T ADCOAOMHO MOHOMOHHUL HYHKUIT Y 6uNnadky JoGIAbHO20 YUCAG
nopm. Taxoorc noxasaro 36’°a30% 3adawi Koamozoposa i npobaemu momenwmis Maprosa.

Karouost caosa: 3aia41a KosmMoroposa, KpaTHO MOHOTOHHA (DYHKITisl, ADCOJTFOTHO MOHOTOHHA
dbyHKIIisA, HEPIBHOCTI M MOXiTHUX.

1. ITosnavyennsi Ta mocraHoBka 3amad4i. Yepes Lo (R_) mosnaummo mpoctip icrorno obme-
skenmx BuMipHnx dynknii r: R — R 3i seuuaitnoto wopmomo || - || = || - [ r_)-

Hnsg r € N uepes L. (R_) 6ynemo nosnauaru npocrip dyukiii z: R_ — R, mo marors
JIOKAJTbHO abCoIIOTHO Henepepsry mnoximny nopsuky r— 1, 9 = z, i rakux, mo 2" € Log (R-).
Hoxmanemo Ly, oo (R-) = Lo (R-) [ Loo(R-).

Hdna x € Rir e N nokmagemo z'y := (max{z,0})".

Mu posrisimaemo 3amady Kosamoroposa mpo icuyBanHsg (PYHKIT 3 3aJJaHUMU HOPMaMU TTOXi-
JHAX YV HUXKYEHABEJIEHIN ITOCTAHOBII.

Banaua Kosmoroposa. Hexait sajano kinac bynxmiit X C Ly, o (R-) i mosimbny cucremy d

mimx gmces 0 < k1 < ko < ... < kg = r. 3HaiiTu HeoOXiJaHI 1 HOCTATHI YMOBHM Ha CHCTEMY
goparnux gucen My, , My,, ..., My,, aki 6 rapantysamu icuysanns ¢ynknil x € X Taxoi, mo
|z®)|| = My, i = 1,...,d.

Hexait 3amano d € N i mii ancia 0 < k) < k2 < ... < kg = r. [lokmanemo k := (ki, ..., kq),

k? := (ko,ks3,...,kq) i °k? := (Ko, ks,...,kq_1). HaGip momarnux wmcen {My,, ... , My,} 6y-
nemo nosnadaru depes My, nadbopu {Mp,, ..., My, } i {My,,..., My, ,} — 4gepe3 Mz i M2y
BignosinHo. st 3amanux Bekropa k := (ki,...,kg) 1 dyskuil z € X nokiagemo

Mk(:c) = (Mkl(ib), e ,Mkd(:z:)),
e
My, (z) = %),  i=1,....d
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Bynemo nazusaru Habip nogatuux uuces My momyctumum jyist Kiaacy X C LZO’ (R_), sixio
icnye dynkuis 2 € X raxa, mo ||zF)| = My, i = 1,2, ..., d (abo, 6imbim koporko, My (x) = M).
MHOXKuHY BCiX HEHYJIBOBUX JolycTuMuX Habopis My Oymemo nosnadaru depes Ay (X). Bamuc
My € Ax(X) osnagae, mo muoxknua My gomycruma st Kiaacy X .

YV HaBeJleHUX NO3HAYEHHsIX 3a/1a9y Kosmoroposa MoxKHA ¢HOPMYJTIOBATH TaKuM IUHOM. JIj1st
sayanoro kmacy dbymnknitt X C LT, (R-) i mosimbnoi cucrevm d mimax «mcen k oxapakrepn-
gyBaru MHOXKHUHY Ay (X).

IcTopito nmuTanus Ta OrJIsA BiIOMUX pe3y/bTaTiB cTOCOBHO 3aja4i Koysimoroposa MoxkHa 3Ha-
fitu B pobori [1].

2. Ksiacu abCcoJIIOTHO MOHOTOHHUX Ta KPaTHO MOHOTOHHUX yHKIIi. Heckinuenno
nudepentiiioay Ha R_ dyukiio Oyjgemo HazuBaTtu abCOJIOTHO MOHOTOHHOIO, SIKITIO BOHA i BCi
i1 noxizui Hesix'emui va R_. Yepes AM (R_) Gyaemo nosnadaTu Kjiac abCoOIIOTHO MOHOTOHHUX
na R_ ¢dyukmii.

CupaBeyinBe HIKIeIo[aHe iHTerpajbHe 300parKeHHs 171t ADCOJIIOTHO MOHOTOHHUX (DYHKITIH,
o 6yso goseneno C.H. Bepumreitnom [2].

Teopema 1. Qynxuisn x(t) € abcosrommno mMonomonHoro modi i Misvku Modi, KoAu it MoKHCHA
nodamu Yy euzandi

o0

o(t) = /et“dﬁ(u), teR, (1)

0

de B(u) — mecnadua obmesicerna Pynryia.

Yepes L7 (R-) nosmaunmo xmac yukniit © € Ly, o (R-) maxnx, mo mia k =0,...,7 —1
noxinui %) ¢ mecuagumvu ta ouykumu (nus. [3]). Oyukuii 3 knacy L% o (R_) bynemo nazusaTn
r-KpaTHO MOHOTOHHWMU.

P. Bimbsmcon [3| moBiB Taky Teopemy.

Teopema 2. Qynruin y(t) € r-Kpamuo MOHOMONHOW MOJL T MINLKU MOJL, KOAU

o0
1
t)= 5 [(A+ut)idB(u),  teR-, (2)
0
de B(u) — mecnadua obmesicerna Pynryia.
Mot aucen ay,...,aq depes diag(ay, ..., aq) NO3HAIMMO KBaJPATHY arOHAJILHY MATPHUINO
HOpsIKY d 3 YUCIAMIE a1, . . ., Gg Ha TOJIOBHIH aiaronasi. s manoro Bekropa ¢ € RY mosznadnmo
gepes diag(ay,...,aq)c pe3ynbrar MHOXKeHHs1 Marpuii diag(ay,...,aq) HA BEKTOP-CTOBIEIb C.

Hnst muoxxuaun A C RY nokagemo
diag(ai,...,aq) A := {diag(ai,...,aq)c: c € A}.

3p’s30K Mizk MuozkuHaMu Ay (AM(R-)) i A(L5] o (R-)) BeTanosmoe Taka Teopema.
Teopema 3. Hexati 3adano yini wucaa 0 < ky < ko < ... <kg<r, k= (ki,...,kq). Todi

A(AM(R-)) = diag((r — k1)!,..., (r — ka)!) Ak (L5 o0 (R-)).

ITpu nosesenHi 1€l Teopemu Mu BuKopucroByemo (1), (2) i Toit daxr, 1m0 yci Hopmu 110XifHIX
nopsaaKis ki, ..., kq y dymxmiit 3 xnacis L] (R-) i AM(R_) nocaraioTbest B TOUIL HyITb.
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3. Pos3p’sa30k 3amaui Kosmmoroposa. Hexait m € Ny Ay > 0, s = 1,....m, a1 > az >
>.o>as >0, 0= (A,...,A\n), a=(al,...,ay). PyHKIio

m

O(LL o(R-),a,\t) : Z (as+ )",

rasusarumemo LT (R_)-ineambrum crmafinom 3 m Bysnavm. Oymkmio

P(AM(R_),a, A;t) Z)\e

nasusaruMeMo AN (R_)-igeanbHuM ClutaifHOM 3 M By3JIaMIL.

Hexait X mnosmasae ommn 3 xmacis Ly (R-) abo AM(R_). Hamm noseseno, 1o saxmio
k = (k1,...,kq), 0 < k1 < k2 < ... < kg < rid napne, To mius jposinbaoro My € Ag(X)
icnye emnmumit X-imeanpunii cmmaitn ¢(X; My;t) 3 He 6inbine HiXK d/2 By3iaamu, Ui sIKOTO
My (d(X; My)) = M.

Posp’asok 3ayadi Komvoroposa ma xmacax Ly (R-) Ta AM(R_) nae mmxuaecdopmysbo-
BaHa TeopeMa.

Teopema 4. Hexatir, de N, d >3 10< k < ks <...<kg=1r — nesid’emui uini wucaa,
k = (k1,...,kq). Hexati X nosnauae odun s xaacie Ly, (R_) abo AM(R_). V eunadxy, xoru d
nenapme,

{Mk c Ak(X)} — { My € intAkz(X) }\/

My, = [|o®™) (X, Mye2)||

k1 >0 k1=0

Mz € 0A2(X) ) Az (X) My € 0A2(X) ) Az (X)
U 1Y s s )
My, = (|60 (X, M) | My, > || (X, M) |

a Yy eunadky, xoau d napHe,

My € intAy2(X)
(M € Ac(X)} = {Mkl > [k (X, Mwﬂl} v

ki1 >0 kt=0

Mk2 E 8Ak2 (X) ﬂAkQ (X) Mk2 E 8Ak2 (X) nAkQ (X)
P R A BV S
My, = (¢ (X, Maye) | My, > [|¢"1) (X, Mzyo) ||

Kpim moeo, My € intAx(X) modi i misvku modi, xosu My2 € intAw2(X) ¢ My, >
> [|o") (X, My2)|| (npu nenapromy d) abo My, > ||¢*) (X, Maye)|| (npu napromy d).

4. 3B’g30K 3aga4i Koamoroposa ta npobjemun momeHTiB Mapkosa. IIpobiema mo-
MEHTIB Mag€ JOCTaTHBO JaBHIO icTopito. [leprumu 11 movasin cucremaruano susuatu 1. JI. Hebu-
moB, A. A. Mapxkos ta T. Crinteec. Kiacuuni pesysnbraru 3 1€l mpobjieMaTnkn MOXKHA 3HANTH
B Monorpadisx [4, 5]. Mu posrisaemo npobsiemy MOMEHTIB y TakoMy (hOPMyYJ/TIOBAHH].

ITpoGiiema momentiB MapkoBa. Hexaii na namiboci [0,00) 3amano cucremy QyHKILH
ULy ..., Up. SHAKTH HEOOXiTHI Ta mocTaTHI yMoBH Ha HabIp umcen ¢ = (cp,...,¢,) € R, aisa
TOTO 100 TapaHTyBaTH iCHYBaHHSI HECIIaIHOI oOMexKeHOT PYHKIIT o Takol, 110

o

k= /uk(t) do(t), k=1,...,n. (3)

0
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Yepes M(uq, ..., u,) HO3HAYUMO MHOXKHUHY BCix Habopis ¢ € R", saxi jomyckaors 306pa-
skenmst (3).

BinmiTumo, 1110, 3riziHO 3 0O3HAYEHHAM, PIBHOMIpHI HOpMU abCcOTIOTHO MOHOTOHHOT Ha R_ dyH-
kil z () Ta 11 MOXiHUX MOCATAIOTHCA Y TOUI HyJb. BHaCIIOK iHTerpasboro 3o6paxkents (1)
e osHavae, mo st k = 0,1,...

[e.o]

Je®] = 24)(0) = / dFdB(u),

0

Takum YuHOM, CIIpaBeINBa HUXKUYECHOPMYJIbOBAHA TEOPEMA, fKa IOKa3ye, M0 PO3B’HA30K
zagaqi Kosmoroposa na KJraci abco/TIOTHO MOHOTOHHUX (PYHKITIH Jla€ TAKOXK PO3B’I30K IIpobdIeMu
MoMenTiB Mapkosa 3 dymkmisyu uy (t) = t5, ... ug(t) = t*a.

Teopema 5. Hexati sadarno d € N, 0 < k1 < ky < ... < kg, k= (k1,...,kq). Todi

A (AM(R_)) = M(th, ... tha),
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3amauya KosmMoroposa o cymiecCTBOBaAaHUM aOCOJIIOTHO MOHOTOHHOIM
M KPaTHO MOHOTOHHOU (PYHKIWU C 3aJaHHBIMA HOPMAaMU IPOU3BOIHBIX

JlaempormeTpoBcKmit HAIMOHANBHBIN yHuBepcuTeT uM. Ouecst ['omaapa
Yuusepcurer Kennecoy, CIITA

Pewena 3adavwa Koamozoposa o cyuecmeosanuy, GyHKyuy ¢ 3a0GHHBMU HOPMAMU NPOU3EBOOHDBLL
HA KAGCCAT KPATMHO MOHOMOHHBIT U GOCOAIOMHO MOHOMONHBIT GYHKUUT 6 CAYHAE NPOU3BONBHOL0
yucaa wopm. Tlokazana ceasv s3adavwu Koamozoposa u npobaemovr momenmos Maprosa.

Karouesnte caosa: 3amada Koamoroposa, KpaTHO MOHOTOHHAS (DYHKITHS, aOCOTIOTHO MOHOTOH-
Hast (DYHKIUSI, HEPABEHCTBA JIJIsl IPOU3BO/IHBIX.

V.F. Babenko, Yu.V. Babenko, O. V. Kovalenko

Kolmogorov’s problem about the existence of absolute monotone and
multiply monotone functions with given norms of derivatives

Oles Honchar Dnipropetrovsk National University
Kennesaw State University, USA

Kolmogorov’s problem about the existence of a function with given norms of derivatives for classes of
multiply monotone functions and absolute monotone functions in the case of an arbitrary number of
norms is solved. The connection of Kolmogorov’s problem with Markov’s moment problem is shown.

Keywords: Kolmogorov’s problem, multiply monotone function, absolute monotone function, ine-
qualities for derivatives.
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