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OnruMasbHe KepyBaHHsSI OCECUMETPUIHUME KOJIMBAHHIMU
KpPYIJIol MeMOpaHH

(IIpedcmasaeno waenom-xopecnornderwmom HAH Vipainu A. O. Huxpiem)

Posaasdaemoea Ainitino-keadpamusna 360646 ONMUMGADHOZ0 KEPYBAHHA OCECUMEMPUIHUML
KOAUBAHHAMU KPY2A0T MEMOPAHU. 3ANPONOHOBAHO HOPMYAI0EAHHA 6UULE3260aH0T 30004 6 NOo-
AAPHIG cucmemi Koopdunam. 3a donomozoro memody mruoscrukie Jlazpanotca ompumarno He-
00xi0HT Yymosu onmumanvrocmi. Jlosedeno edunicms onmumasvrozo kepysanms. Ompumano
cucmemy tHmeezpo-dudepenuiasvrux pienans Pixkami ma dodamxosi ymosu oas mei. Pose’s-
30K yici cucmemu 0ae MOACAUBICTNG BUNUCAGNU POPMYAY OAL OOUUCAEHHA ONMUMAALHOZ0 Ke-
DYBAHHA.

Karowo6t caosa: 3a7atda ONITUMAIBHOTO KEePYBAaHHs, KBAIPATHIHUN (DYHKITIOHAJ, METO., MHO-
KHUKIB Jlarpam:ka, HeoOXi Hi yMOBHU ONITUMAJIBLHOCTI, OCECUMETPUIHI KOJTUBAHHSA KPYTJI0l MeMO-
paHH, cucreMa piBHsSIHb PiKkaTi.

OcranH] MHCTHIECSAT POKIB XAPAKTEPUIYIOTHCSI CTPIMKUAM PO3BUTKOM HAYKM Ta TEXHIKU. SHATHMIA
MIPOI'PEC CIIOCTEPIraeThCa B JITAKOOyIyBaHHI, pakeTOOy IyBaHHI, CyIHOOYyBAaHHI, y BiiCHKOBIiil
Ta KOCMiuHill TexHimi. B koxwuiil i3 mepepaxoBaHux rajiyseil 3yCTpidaloTbcs KOJIMBHI IPOIECH.
B ojnux Bumaikax HUMEA MOYXKHA CKOPHUCTATHCH, B IHIIINX — HaBIAKH, 1X HOTPiOHO HeiiTpastizyBa-
TH Yepe3 X HeraTUBHUI BIJIMB HA TPOTIKaHHS TOro abo iHmmoro mnporecy. Lle o3natuae, 1o mporecu
KOJIMBAHHS OTPIOHO HE TLIHLKY BUBYATH, aJjie i BMiTu epeKTuBHO HUMU KepyBaTu. [1omibmi 3amadi
edeKTUBHOTO KEPYBAHHS MEXAHITHUMU [IPOIIECAME CaMe 1 JIOCJIIJIZKY€E TeOPis ONTUMAJIBHOTO Kepy-
BaHHs. B Teopil onTuMaibHOrO KepyBaHHS BakKJIMBE Miclie 3afiMae JiHiHO-KBaIpaTUIHa 33,3494,
[eit TepMmin o3HaUaE, M0 TOTPIOHO 3HAWTH eKCTPEMaJIbHE 3HAUEHHS KBa/IPATUIHOIO (PYHKIIOHA-
Jia Ha MHOXKWHI PO3B’sI3KiB JedKOl CUCTEeMHU JIHITHUX nudepeHiajlbHuX PiBHAHD, ITIPaBl YaCTUHU
SIKAX [IEBHUM YMHOM 3aJI€KaTh BiJ| OJTHOTO abo JEKIIbKOX MapaMeTpiB (KepyBaHb).

Y nani#t poboTi Buepire po3riidIacThecs JiHINHO-KBAIPATUIHA 331a19a O TUMAJILHOTO KEPYBa-
HH$ IIPOIIECOM OCECUMETPUYIHUX KOJUBaHb Kpyritol MmemOpanu. Jst miel 3a1a9i oTpuMani HeoOXi-
JHI YMOBHU OINTUMAJILHOCTI Ta BHUBEJEHA BIJIOBIIHA CHCTEMa IHTErpO-IudepPEeHIaJIbHUX PIBHSIHD
Pikkari B momspHuX KOOpAMHATAX.

ITocranoBka 3azaui. /ludepenriajipbue piBHSIHHS BUMYIIEHUX OCECUMETPUIHUX KOJIMBAHD
KPyTJ10l MEeMOpAHU MAa€ BUTJISIT

0?z(t,r) o (0%2(t,r)  10z(t,r)
61&2_a< o i or )*“(t’”’

(1)

Jie depe3 t MO3HAYEHO 3MIiHHY, IO OmHUCye Yac, tg < t < t1, /g 3MIHHOI ' MAEMO OOMEXKEHHS
0 < r < R. Hiiicui yncaa a > 0, R > 0, tg > 0 ta t; > 0 3amani. Oyukuis u(t,r) € Lo(£2) Hasusa-
€ThCsI JIOIMYCTUMUM KEpPyBaHHSIM, Je MHOXKUHa ) Mae Burs {1 = (t, 7“): to <t<t,0<r<R.
Hnst piBastang (1) 3a7aH0 MOYATKOBI yMOBH

dor) = 10), 0 g )
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Ta KpalioBl yMOBHU
12(£,0)] < 00,  z(t,R) = 0. (3)

Poss’st3kom kpaiiosol 3aga4i (1)—(3) BBaxkaerncst i1 y3arajabHenuil po3s’si3ok. fkicTsb mpomecy
KepPYBaHHsI OIHIOETHCSI 38 JOHOMOIOI0 TaKOro (yHKIOHAA:

R

R t1 R
1 t 1
/z2 t1, r)rdr + 2/[62 LT ] rdr+2//[22(t7r)+u2(t,r)]rdrdt. (4)
0 to 0

0

l\DM—l

HomycTunme KepyBaHHsI, Ha sIKOMY peasi3yeThcst MiHIMyM dyHKIioHa A (4), HA3MBAETHCSA ONTH-
MaJIbHUM KepyBaHHsIM. 3ajada onrumizanii (1)—(4) mossirae y 3HAXOJKEHH] ONTUMAJIBHOIO Ke-
pYyBaHHSI.

Heob6xiami ymoBu onTuMaJjibHOCTI. B niepeBazkHiil GL/ILIITOCTI BUIAIKIB J1IsI 3HAXOIXKEHHS
PO3B’sI3Ky 3a/a4 onrumizarii, moaibuux 1o 3agadi (1)—(4), BUKOPUCTOBYETHCS IIPUHITAIL MAKCHU-
myMmy IlonTpsirina abo mMeToj fuHamMidyHOrO porpaMmyBaHHsi beimana. B maniit poboti jis miel
MeTH 3aCTOCOBAHO MeTOJ MHOXKHUKIB JlarpanxKa, cyTh SIKOTO HOJIsirae B 3aMini dyHKIionasa (4)
TakuM (DYHKIIOHAJIOM:

R R t1 R
J(,u, z) ;/ 2(ty, r)rdr + = = /{82 f1,7 } rdr + — // (t, ) + u*(t,r)|rdrdt +
0 0 to 0
h: o (O%2(t,7)  10z(t,7) 02z(t,r)
+ //w(t, ) [a ( 92 +o o ) +u(t,r) — 8752} rdrdt, (5)
to O

ne dbyukiis (¢, r) nazuBaeTbcs MHOKHUKOM Jlarpam:ka. B pesymabrari Takoi 3aminm 3asada
onrumizarii (1)—(4) 3Bogurbes 70 3aa4i BiamyKanus Minimymy dbyHKionasa (5) i3 BpaxyBaH-
HsIM [I09aTKOBUX yMOB (2) Ta KpaiioBux ymoB (3). Jasi mykaemo npupict AJ dyrknionana (5)
3riHO 3 (HPOPMYIIOIO

AJ = J(p +edh,u+ edu, z +e0z) — J(P,u, 2).

BacrocoByoun mMeros 3 poboru [1| Ta BpaxoByoun Bupas (5), OTPUMAEMO Take CIIBBLIHO-
MIEeHHS:

s = [t + 220 [0y, ]
0 | ot 0 ,

t1 R
[ 0%h(t,r)  1Ow(t,r) 0%h(t,r)
2 9 - 9 o 9
—l—s// _z(t, r)+a < 52 + T ) BT ](52(15, r)rdrdt +
to O
T (@) | 102(0) 0% (t.1)
9 2(t,r 10z t,r 0%z t,r
—i—e// _a ( 52 + . >+u(t, x) 92 }(M(L r)rdrdt +
to O
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R R
g2 g2 0z( tl,
+ — [ [0z(ty,7)]*rdr + — rdr +
2 2
0 0

t1 R

/ [[0z(t, )] + [du(t,r)]?]rdrdt. (6)

to O

Ha nincrasi pisrocti (6) MoxkHa chopMyIIIOBATH TaKe TBEDJIZKEHHSI.
Teopema 1. Onmumanrvre xepysanna u(t,x) 6 sadawi onmumizayii (1)—(4) edune i susna-
YAEMBCA 13 CNIBEIOHOWEHD

22 r 2
9%t r) 6(2:;’ ) =a <8 85"2 r) —|—% é )) + u(t,r), (7a)
o) =100, ZLT g, (76)
|2(t,0)| < oo, z(t,R) =0, (7B)
2 T 2 r r
o7t r) gg’ ) = a? (8 qgf}; ) + iawg: )) + z(t, 1), (7r)
)+ 2T g PRy <, (7)
V0] <o, V(R =0 (7o)
u(t, 7’) + w(t7 T) =0. (7}K)

HoBenenns. fkio mators Micte criBsiguomennst (7a)—(7:k), To mepia Bapiaris dbyHKIHO-
nasia (5) jopiBHIOE Hys0. A 11e 1 € HeoOXijHa yMOBa HOro eKcrpemyMmy. B npomy BHIIAJKY piB-
HicTe (6) MaTHMe BUIVISL

) R 9 R 85 i1 R
AJ—Z/[(SZ(U, 1Prdr+ 82/[ AUl } / [02(t, 7)]+[du(t, r)rdrdt.  (8)
0 0 to 0

Ouesnno, mo AJ > 0 gt du(t,r) # 0. Lle o3navae, mo dyukmnionan (4) mocsarae cBoro Mi-
HIMAJIBHOIO 3HavYeHHsi Ha KepyBaHHi u(t,r). [Ipunycrumo, 1o icHye e ojHe ONTHMAJIbHE Ke-
pysanus u(t,r) = u(t,r) + ou(t,r). Toal obuaBa 1l KepyBaHHS 3a0BOJIBHSIIOTH CIIBIJIHOIICHHS
(7a)—(7x). Kpim Toro, nosurna Bukonysaruchk pisaicts AJ = 0. I3 cuissignomenns (8) Buium-
Ba€, MO 16 MOXKJIMBO TUIBKH B TOMYy BHNaJKy, Koau ou(t,r) = 0. Tomy w(t,r) = wu(t,r), mo
i 3aBepIye j0BejieHHS Teopemu 1.

BuBenenns cucremu inrerpo-audepeniiianbaux piBHaHb Pikkari. Ockinbku cucre-

Ma criBBigaomensb (7a) — (7:x) JinifiHa, TO € migcTaBM BBaykKaTH, IO MalOTh Micle Taki JBi
3aJIe2KHOCTI:
(911) (t,r) 0z(t, p)

pdp, (9)

R
/[PH (t,r, p)z(t,p) + Pra(t,r, p) T
0
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0z(t,p)]

vitr) = ot

[Pgl(t, r,p)z(t, p) + Paa(t,r, p) (10)

ne byl Pyy(t,r, p), Pia(t,r,p), Pai(t,r, p), Paal(t,r, p) norpibuo 3naiitu. Beaxkaemo, 1mo ma-
I0OTh MicIle KpailoBi ymoBU

|P12(t, T, 0)‘ < 090, Plz(t, T, R) =0, (11)
| Pag(t,7,0)] < o0, Py (t,r, R) = 0. (12)
[Toxi6uo 110 Toro, sk 1e Gy/10 3pobieno B [2], ogepxkyemo cucremy naudepeHiiagbHuX PIBHAHD

8P11(t,r,p)+a2<62P12(t,r,p)+18P12(t,r,p)>+a2<82P21(t,r,p)+16'P21(t,r,p)> n

ot 0p? p p or? r or
R
/P12 (£, \) Pas (£, A p)AdA = 0, (13)
0
OPia(t,r, p) 0? Py (t,, ,o) 10Px(t,r, p)
ot ta 8r2 7" or +Pultrp)
- / Pia(t,m, \) Paa(t, A, p)AdA = 0, (14)
0
anl(t, r, p) 2 62P22(t,7“, p) 1 8P22(t,7’, p)
gannhe) z Pt _
5t +a TR + Pui(t,r,p)
- /P22(t7 T )\)P21(t7 )\7 p)Ad)‘ = 0’ (15)
0
OP: i
i,
22((%7"p) + Pra(t,r, p) + Por(t, 7, p) — /P22(75, 7, A) Paa(t, A, p)AdA = 0. (16)

Bicrasisitoun ymosu (7:1) Ta pisaocti (9), (10), MaeMo cuiBBiHONIIEHHS

1
Pii(ti,r,p) = ;5(7“ -p), Pia(ty,r,p) =0, (17)

1
Py (t1,7,p) =0, Pos(ty,7,p) = ;5(7“ - p). (18)

Orzke, CIpaBe/yIUBe TaKe TBEP/ZKCHHSI.
Teopema 2. Qynruii Pi1(t,r, p), Pia(t,r,p), Po1(t,r,p), Pea(t,r,p) 3adocorvrsatoms cucme-
MYy inmezpo-dudeperyiasorur piskwans (13)-(16), xpatosi ymosu (11), (12) i dodamxosi ymo-
u (17), (18). Onmumanrvhe Kepysanma mae 6u2AAd

R

0z(t,
u(t,r) = — / [Pm(t, r, p)z(t, p) + Paa(t, T, p) th P) pdp.
0
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de pynxuia z(t,p) e poss’askom nacmynnoi kpatiosoi 3adai

R
O%x(t,p) _ 5 (0%(t,p) | 10z(tp d2(t, p)
e ° ( 902 +p 9 ) /[Pm (t,r,p) (t,p)+P22(t,r,p)T pdp,
0
0z(ty,

|2(t,0)| < oo, z(t,R) =

Takum guHOM, Y pOOOTI PO3IJISHYTO JIHIHHO-KBAJIPATUYHY 3aJ1a9y ONTUMAJBHOTO KEPYBaH-

Hsl OCECUMETPUIHUMHU KOJIUBAHHSIMU KPYIJI0l MeMOpaHu. AKTya bHICTE 1€l 3a/1a1i He BUKJIMKAE

CYMHIBIB, OCKIJIbKM B OCHOBHOMY MOJIOHI 3a/ati JOCJIKYBaIUCh y HPAMOKYTHIN JIeKapTOBiii

cucTeMi KOOPJAUHAT. ABTOPOM 3allpOIIOHOBAHO (POPMYJIIOBAHHS BUIE3raIaHOl 3824l B MOJISPHIf
cucreMi KOOpAWHAT. 3a JOIOMOTOI0 METOJYy MHOXKHUKIB JlarpaHka orpuManHo HeoOXijHi ymMoBH
ontuMabHOCTI. JlOBE/IeHO €IMHICTE OTUMAIBHOTO KepyBaHHs. OTPpUMAHO CUCTEMY iHTErpo-Ju-
depenmiagpanx piBHgHb Pikkari Ta momatkoBi ymoBu jjist Hel. Po3B’s30K 11i€l cucremu jae Mo-
KJUBICTh BUIKACATH (DOPMYJIY JJIsi OOUUCIEHHS ONTHUMAJBLHOTO KepyBaHHsI. HeoOXimHO TakoxK
BiI3HAYNTHU JOMUILHICTD y3arajJbHEHHs OJEPKAHNX y JaHiil poboTi pe3y/bTaTiB Ha BUMAIOK CHC-
TeM i3 apoboBuMu moxigHuMU |3, 4] 3a 10NMOMOro0 MeTojy po3B’s3yBasibHuX dyHKIH [5-7].

ITuTtoBana JgiTeparypa

1. Koney M. M. Marpuunoe uaTerpo-auddepennuaibioe ypaBHenne Pukkatu njis mapaboandecKoit cucre-
Mmbl // IIpoGu. ynpasienns u uadomaruxu. — 2014, — Ne 1. — C. 12-22.

2. Koney M. M. JluneitHO-KBaJpaTUYIeCKas 3a/a9a ONTUMAJIBHOIO YIIPABJIEHUS JJIs THIEPOOINIECKO CUCTe-
Mmbl // IIpo6a. ynpasienust u uadomaruxu. — 2015. — Ne 1. — C. 40-51.

3. Chikrii A. A., Eidel’man S. D. Game control problem for quasi-linear systems with fractional derivatives
of Riemann-Liouville // Cybernetics and Systems Analysis. — 2012. — No 6. — P. 66-99.

4. FEidel’man S. D., Chikrii A. A. Dynamic game approach problem for equations of fractional order // Ukr.
mat. zhurn. — 2000. — 52, No 11. — P. 1566-1583.

5. Chikrii A. A., Rappoport J.S., Chikrii K. A. Multivalued mapping and their selectors in the theory of
conflict-controlled processes // Cybernetics and Systems Analysis. — 2007. — 43, No 5. — P. 719-730.

6. Chikrii A. A., Dzyubenko K. J. Bilinear Markov processes of searching for moving targets // J. of Informati-
on Sci. — 2001. — 33, No 5. — P. 62-74.

7. Pilipenko Yu. V., Chikrii A. A. The oscillation processes of conflict control // ITpuki. mar. Ta mex. — 1993. —
57, No 3. - P. 3-14.

References

1. Kopets M. M. Problems of control and infomatik, 2014, No 1: 12-22 (in Russian).

2. Kopets M. M. Problems of control and infomatik, 2015, No 1: 40-51.

3. Chikrii A. A., Fidel’man S. D. Cybernetics and Systems Analysis, 2012, No 6: 66—99 .

4. FEidel’man S. D., Chikrii A. A. Ukr. mat. zhurn, 2000, 52, No 11: 1566-1583.

5. Chikrii A. A., Rappoport J.S., Chikrii K. A. Cybernetics and Systems Analysis, 2007, 43, No 5: 719-730.

6. Chikrii A. A., Dzyubenko K. J. J. of Information Sci, 2001, 33, No 5: 62-74.

7. Pilipenko Yu. V., Chikrii A. A. Prikl. Matematika i Mechanika, 1993, 57, No 3: 3-14.

HTY Yxpainu “Kuiscokut noaimernivkud shemumym” Haditiwno do pedaxuii 17.03.2015

ISSN 1025-6415  Jlonoeidi Hauionarvroi axademii nayx Yxpainu, 2015, Ne 9 37



38

M. M. Kormeris

OnrumMmasibHOE yIIpaBJIeHNE OCECUMMETPUYHBbIMHU KOJIe0aHUSIMU KPYTJIOi
MeMOpaHBbI

HTY VYkpaunubt “KueBckuil moJMTeXHUIeCKUl THCTUTYT

Paccmampusaemes aunetino-keadpamuseckas 3adaua ONMUMaNbHO20 YNPABAEHUS: 0CECUMMEMPU-
YHBMU KONCOGHUAMY KPY2A0T Membparsi. TTpedaooicera hopmysuposra ebieynomanymots 3a0a4u
8 noaaphot cucmeme koopduram. C nomowwpro memoda mruoocumenet Jlazparoica nosyuers, He-
006x00uMBIE YCA0BUA ONMUMAALHOCTIU. [[0Ka3a1G eOUHCTMBEHHOCTD ONTMUMANLHO20 YNPABAEHUI.
Hoayuena cucmema unmeepo-duddeperyuarvnur ypasuerut Pukkamu u donosnumenvroie ycao-
sus 0as nee. Pewenue amoti cucmemvs 0aem 803MOACHOCTNG BHINUCATD POPMYAY OAL BHLYUCAECHUA
ONMUMANDHO20 YNDPABAEHUS.

Karouessie cao8a: 3a1a9a ONITUMAJILHOTO YIIPABJICHUs, KBaIPATUIHBIN (DYyHKIIMOHAJ, METOJ, MHO-
xurejseit Jlarpanxka, HeOOXOIUMbIE YCJIOBUsI ONTUMAJIBLHOCTH, OCECUMMETPUYHBIE KOJIeO0aHs KPY-
rJI0it MeMOpaHbI, cucreMa ypapHeHuit Pukkarn.

M. M. Kopets
Optimal control over axisymmetric vibrations of a circular membrane

NTU of Ukraine “Kiev Polytechnic Institute”

The article discusses the linear-quadratic problem of optimal control over axisymmetric vibrati-
ons of a circular membrane. The statement of the aforementioned task in polar coordinates is
suggested. Using the method of Lagrange multipliers, necessary optimality conditions are obtained.
The uniqueness of optimal control is proved. A system of integro-differential Riccati equations and
additional conditions for it are obtained. The solution of this system makes it possible to write
down the formula for calculating the optimal control.

Keywords: optimal control problem, quadratic functional, method of Lagrange multipliers, neces-
sary conditions of optimality, axisymmetric vibrations of a circular membrane, system of Riccati
equations.
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