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HUszyvwaemes epanuynoe nosedenue max Ha3vi8AEMBIT PEYAAPHLLT 0MOoOpasicerull, KOmopoie A6-
AANOMCA ECMECTNBEHHBIM 0000WEHUEM KEA3UKOHPOPMHBLL omodpasicenuti. Hatiden pad spger-
muensix ycrosut wa xoagduyuenm duaamavyuu Ky das 2omeomopdrozo npodosdicenus yra-
3AHHBLIT 0OMOOPAAHCEHUT NO NPOCTNBIM KOHUAM 6 02PAHUMEHHBIL KOHEUHOCBAZHBIL 0OAACTNAL.

Katouesnle cA08a: POCTHIE KOHIIBI, TPAHNYHOE TTOBE/IeHNe, KOHEYHOCBSA3HbIE 00JIACTH, PEry-
JITPHBIE 0TOOparKeHUsI.

[Tpobitema rpaHUTHOTO TTOBEIEHNUST SIBJISIETCSI OJTHON U3 MEHTPAJIBHBIX TEM TEOPUU KBA3UKOHMOPM-
HBIX OTOOpaskeHuit n ux 0600Iennii. B mocseanmne roabl HHTEHCUBHO M3y YaIOTCA PA3IMIHbIE KIac-
CBhI 0OTOOpAYKEHU ¢ KOHETHBIM UCKAYKEHUEM, eCTECTBEHHBIM 00pa30M 0000IIatIune KOH(pOPMHBIE,
KBa3UKOH(MOPMHBIE U KBasUPeryJIspHble 0ToOparkeHns. IIpu a3ToM, Kak u paHee, OCHOBHBIM T'€O-
METPHYECKIM METOJIOM B TEOPUH OTOOParKeHUil 0CTaeTCst MeTo/| Moy ieit (cM., Hanpumep, [1, 2]).

Bce HeobxouMble HaM OIPEeJEICHNs U3 TEOPHU IPOCTHIX KOHIIOB MOXKHO Haiitum B [3, 4].
B crarbe [4] Takxke joKa3aHa CIeIyIONas, OJe3HAs B JabHEHIIEM, JTeMMA.

JIlemma 1. Jlob6ot npocmoti xoney P oepanuvennoti xonewnocsasrnot obaacmu D 6 C co-
OEPIAHCUM, UEND PABPEZOE O py, AEHCOULUT HA OKPYHCHOCTNAL Sy € UEHMPOM 6 HEKOMOPOTL Mmouke
ro € 0D u paduycamu T, — 0 npu m — oo.

Samevarue 1. 3amMeTnM, ITO Ha IJIOCKOCTHU J00as KOHEYHOCBSI3HAA 00JACTh OTOOparKaeT-
¢ KOH(OPMHO Ha HEKOTOPYIO 00JIACTh, OTPAHMYEHHYI0 KOHEUHBIM JHCJIOM IONAPHO Helepece-
KAIOIINXCsT OKPYKHOCTEN (Tak Ha3bIBAEGMYIO KPYroByto 00sacTh) (CM., HampumMep, Teopemy V.6.2
B [5]).

Kax sro caemyer u3 teopembr 4.1 B [6], npu kordopMHOM 0TOGpazkKeHUU ¢ KPyTroBOi obsac-
™ Dy Ha objacte D B C mMeeT MecTO B3aMMHO OJIHO3HAYHOE COOTBETCTBUE MEXKJY TOUYKAMU
rpanuibl Dy u npocThiMu KoHIaMu obsiactu D u npu 9ToMm Tpesesbhbie MHO)ectBa C(g,b),
b € 0Dy, coBnanator ¢ tenaom I(P) coorBercTByIommero mpocroro Kouma P B D.

Eciu Dp — 1onoJHeHne orpaHHYeHHON KOHEYHOCBA3HON 06;1acT D ee MpOCTHIMU KOHIAME
n g — KoHgopMHOe oTobpazkeHne obyractu ) Ha HEKOTOPYIO KPYyroByio objacts Dgy, TO ecTecT-
BeHHo B Dp onpeaenutb MeTpuky pg(p1,p2) = |g(p1) — g(p2)|, tie § — ommcannoe Bbie npo-
nomxenne g Ha Dp. Eciim h — xondopMHOe 0TOGpaskeHne o6aacTn D ma mekoTopyio Jpyryio
KPyToByI0 00s1acTh Dy, TO cOOTBeTCTBYIOMmAas MeTpuka pp(p1,p2) = |h(p1) — h(p2)| mopoxnaer
Ty 7K€ CAMYIO CXOJHMOCTB U, CJIEIOBATENILHO, Ty 7K€ CAMyIO TOTOJIOTHIO B D p, ITO I METpUKa pg,
IIOCKOJIBKY ¢ O h~! aBnsiercs KomdOpMHBIM oTOGparkeHneM MexK Iy obnactamu Dy u Dy, Koro-
poe 1o Teopeme 4.1 B [6] mpomoKaercs 10 romeomopdmama Mexay D, n Dg. B mambHeiinmem
YKa3aHHYIO TOIOJIOTHIO B HPOCTPAHCTBE D p 6y/IeM HA3ZLIBATEL MON0A02UET NPOCTBLT KOHUOE.

1. O npooizkeHN NPAMBIX OTOOparkeHuii. Bee HEOOXOMUMBIE JIJIsT 9TOTO U CJIELYFOIIETO
IIyHKTOB OIIPEJICJICHHsT MOXKHO Haiitn B crarbe [7].
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lomeomopdusm f: D — D' knacca Cobonesa W . ¢ akobmanom Jy(z) = |f2|° — |fz[" > 0
. B. B D OyzeM Ha3bIBATD Pe2YAAPHbIM 0mobpasiceruem. JIis TAKOro 0TOOParKeHNsT OIPe e/ INM
ero JuAaMaYUIo

K, - L+ 1rd
[l = 1f=]
ecn f, # 0, u Ky = 1 B OCTaJIbHBIX TOYKAX.
Jlemma 2. ITycmv D u D' — oeparnunenmvie xoneurnoceasmve obaracmu 6 C u f: D — D' —

pez2yaaproe omobpasicenue. Feau

d(zo)

dr
e D 1
/ K@)~ "0e? W)

npu nexomopom 6(xo) < d(zg) = sup |z — zg|, 2de
€D

1Kl (0, 7) = / K ldz],
DNS(zo,r)

mo f npodoasicaemca do menpepwisrozo omobpasicenus Dp na D'p.

JleiicTBUTEIbHO, BBULY 3aMedaHns 1, 6e3 orpaHMYeHHs OOITHOCTH MOYKHO CUMTATh, 9To D’
ABJIAETCS KPYyroBoil obsacThio. TakxKe 10 3aMedYaHHio 1, BBUIAY METPU3YEMOCTH ITPOCTPAHCTB
Dp u D'p, J0CTATOYHO JOKA3aTh, YTO JJIs JIIOOOr0 IPOCTOro KoHia P obmactu D mpenesbHoe
MHOXKECTBO

L:C(P7f) :{yecy:kh_{&f(xk)u xp — P, {L‘kED}

COCTONT U3 €IMHCTBEHHON TOUKH 3y € 0D’

BamernM, uTo L # @ B CHTy KOMIAKTHOCTH MHOYKECTBa D' I sIBJIsIeTCS IOMHOMKECTBOM 0D’
(eMm., manpumep, npemiokenne 2.5 B 8] wim upeoxenune 13.5 B [2]). Homycerum, 9ro numeercs
JBe TOUKM Yo U 2o € L, u nyerb U = B(yo,10), e 0 < 1o < |yo — 2o|-

[Iycrs xg € I(P) € 0D u oy, k = 1,2,..., — 1ienb pa3pe3oB, JEKAIMX Ha OKPYKHOCTSIX
Sk = S(xg,7) u3 gemmbl 1 ¢ accoruupoBanubiMu obactsivu dy. Torma B obmacTsx d;C = f(dy)
HAfyTCS TOUKI Yk U 2k C |Yo — Yr| < ro ¥ |Yo — 2k| > 70, Y — Yo ¥ 2, — 2o upu k — oo.
[Tycts C), — HenpepbIBHBIE KPUBbIE, COSUHSIONTHE Yg U 2 B dj. 3aMETHM, 9TO MO TIOCTPOCHUIO

ITo ycI0BHIO CHIIBHOM JOCTIZKIMOCTH TOYKH %, HaiigeTca KontunyyM E C D' u amncmo § > 0,
JIJIST KOTOPBIX

M(A(E,Cy; D) = 6

npu 6ospmux k. Bes orpammuenust 0OIMHOCTH MOXKHO CUMTATD, UTO IIOC/IEHEe YCJIOBHE BBIMOJI-
HeHO 1ytst BeeX k = 1,2,.... Bamerum, uro C' = f1(E) aBnsiercs KOMIakToM B D, U HOTOMY
go = dist(xg, C') > 0. Ouarp ke, 6€3 orpaHuIeHns OOITHOCTH MOYKHO CUUTATD, UTO Ty < £0 JJIsI
Bcex kK = 1,2,....
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[Iycrs T, — cemeficTBO Beex HenpepbIBHBIX myTeil B D \ d,y,, COEIMHAIONMX OKPYZKHOCTh
So = S(zo,e0) u T, m = 1,2,.... 3amerum, uto 1o nocrpoennto Cy, C dj, C d), a/1st THOOBIX
m < k u, Takum obpaszom, no npunmumny munopuposanus M (f(Iy,)) = § npu Bcex m = 1,2, .. ..

C apyroit croponsl, semmauna M (f(T,,)) paBHa eMkocTn Konjencatopa B D' ¢ obKIaKaMu
d, w f(D\ By), tne By = B(xo,e0) (cm., nanpumep, A.4 B [2]). Takum o6pa3om, 110 IPHHIIILY
MHUHOpupoBaHusi u Teopeme A.28 B [2]

M) € 375
rje Y, — ceMeiicTBO nepecedenuii ¢ obyacTbio D Beex okpyxkHocreit S(xg, p), p € (Tm, o), HOC-
KOIBKY f(2m) C X(f(Sm), f(S0)), tme X(f(Sm), f(So)) cocTont m3 Beex 3aMKHYTBIX MHOXKECTB
B D', otnensiomux f(Sy,) u f(So). Haxonen, no ycnosuto (1) noayuaem, uro M (f(Ty,)) — 0 upu
m — oo. [TosyaeHHOE IPOTUBOPEYNE OMPOBEPraeT MPEIIOIOKEHNAE, YTO IPEAEJTLHOE MHOYKECTBO
C (P, f) cocrour Gosiee 4eM U3 OJHOM TOUKH.

2. O mpoagosrkeHnn oOpaTHBIX OTODPaAKEHMUIA.

JIemMma 3. IIyemo D v D' — oepanuvennmvie xonewnoceasnue obracmu 6 C, Py u Py — pas-
AUNHBIE NPOCMBLE KoHUuv obaacmu D, f — peeyaaproe omobpasicenue obaacmu D wa obaracmov
D' u nyemv oy, m=1,2,..., — yenv pazpesos npocmozo xorua Py us aemmol 1, sesrcauus na
okpyotcnoemax S(z1,mm), 21 € I(P1) C 9D, ¢ accoyuuposarnvimu obaracmamu dy,. IIpednono-
orcum, wmo Pynruua QQ unmezpupyema Ha WMPUTOGHLT NUHUAL

D(ry={z e D:|x—z|=r}=DNS(z,7) (2)

das mexomopozo muoocecmsa E wucea r € (0,7rg) noaoorcumenrvnol aunetinot mepo, 2de ro =
= Tmgs MO — MUHUMAAOHBIG HOMED, OAA KOMOPO20 00AGCTIVG Ay, He COOEPHCUM NOCA08aMmeEND-
nocmeti, crodauuxca x Py. Ecau 0D’ — caabo naockas, mo

C(PL,HNC(R, f)=2.

B cmty merpusyemocty pacmmpenns D p obgactu D 1o mpocThIM KonmaM (cM. 3amedanme 1)
1 eIMHCTBEHHOCTH TIPEJIENIa 10 JIIOOOI METPUKE, TUCI0 Mo B JIEMME 3 BCETJa CyIIECTBYET.

Teneps BoiGepem € € (0,79) Takoe, uro Ey := {r € E: r € (g,79)} UMeeT MOJIOKUTETBHYIO
suHeitHyo Mepy. Takoil BHIOOD BO3MOXKEH B CHJIy CUETHON IMOJIYaAUTHBHOCTHA JUHEWHON MEpbI
u ucuepnauusag E = |JE,,, tne E,, = {r € E:r € (1/m,r)}, m = 1,2,.... Beuny kpurepus
HrKHEro @-romeomopdusma (cMm. teopemy 2.1 B [9] mim reopemy 9.2 B [2])

M(f(Xe)) >0, (3)

rae Y. — cemeiicTBo Beex mTpuxoBbix jmHuil D(r), r € (g,1¢), u3 (2).

[Tpennonoxum, aro C1(Co # @, tue C; = C(F;, f), i = 1,2. ITo nocrpoennio Haiiercst
TAKOE M1 > My, ITO Opy, JIEKAT HA OKPYKHOCTH S(21,Tm,) € my < €. Ilyers dy = dpyy u dy C
C D\ dyy, — HEeKOTOpast 06J1aCcTh, OIpejeiseMasi [EelbIo Paspe3oB mpocToro Kouna Po. ITycrs
Yo € C1 () Ca. Torna maiinercst pg > 0 Taxoe, 1o S(yo, po) () f(do) # 2 1 S(yo, po) () f(ds) # 2.

[Monoxum I' = A(dp,dy; D). Cornacno (3), mo mpHHIMIY MUHOPHPOBaHus u TeopeMe A.28
B [2],

1

M(f(I)) < m < o0.
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[ycrs My > M(f(T')) — nekoropoe koneunoe uucio. o ycnosuio dD' — cnabo miockas u 1io-
romy Haidijgercs p, € (0,pg) Takoe, 9TO

M(A(E, F; D)) > My

nuist Beex koutunyymos E u F B D' nepecekatormux okpysknoctu S(yo, po) 1 S (Yo, px). Omaako
9TH OKPY?KHOCTH MOYKHO COEJMHUTH KPUBBIMU ¢ U C2 B obsactsax f(dy) u f(ds) coorBeTcTBEHHO,
1, B 9aCTHOCTHU, JIJIT STHX KPHUBBIX

My < M(A(er, ;D)) < M(f(T)).

[Tonyuennoe nporuBopeune omposepraer mnpeanonoxkenne, aro C () Ce # .

BakJoueHne CJeIyomeil TeopeMbl TOIyIaeTcsl U3 JEMMbI 3 PACCYKIEHUEM OT MPOTUBHOTO
u3 Teopembl Pybunu (cMm., nHanpumep, teopemy 111 (8.1) B [10]) u MeTpuzyemMocTH NIPOCTPAHCTE
D’'p u Dp B COOTBETCTBUH C 3aMeUaHHEM 1.

Teopema 1. IIyemv D u D' — oepanuvenmvie xvoneunocsasnvie obracmu 6 C. Ecau f —
peayaaproe omobpasicenue D na D' ¢ Ky e LI(D), mo [~ umeem npodossicerue no npocmuvim
Konuam do menpepuisnozo omobpascenus D'p na Dp.

Anasornyno, KoMOHHUDYsT JieMMy 3 ¢ jlemMoit 9.2 B [9] mim emmoit 9.6 B 2], HeMemmeHHO
MOJIy9aeM CJIEJYIONIee yTBEPXKICHUE.

Teopema 2. IIycms D u D' — ozparunennvie xonewnoceasmvie obaacmu 6 C. Ecau f: D —
— D' — peeyaaproe omobpasicenue ¢ yeaosuem (1), mo f~1 moorcem Goimv npodoasicerno no
npocmuim Koryam 00 menpepuierozo omobpasicernus D'p na Dp.

Hakonern, koMOuMHUPYs JieMMy 2 ¢ T€OpeMOU 2, mojiydaeM CJeAYIONuil pe3yjbTaT O TOMeo-
MOP(MHOM IPOIOJIXKEHAN Ha TPAHUILY IO IIPOCTHIM KOHIIAM.

Teopema 3. [Tycmv D u D' — ozpanunenivie xoneunoceasnuie obaacmu ¢ C u nycmo
f: D — D' — peeyasproe omobpasicerue c ycaosuem (1). Tozda f umeem npodoasicerue no
npocmuim Koryam 0o zomeomopdusma Dp na D'p.

OTMeTHM, 9TO MHOYKECTBO TEOPEM O CYIIECTBOBAHUN PETYJISIPHBIX pellreHnil ypasHenuit besb-
TpaMU Ha IJIOCKOCTH MOXKHO Hafitu B Monorpadun [1].
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Hremumym npuraadtott Mamemamury u METAHUKY Hocmynuso 6 pedaxyuro 26.01.2015
HAH Yxpaunw, Kues

1. B. IleTrkosB

. . 1,1 .
I'panuyna noseainka romeomopdismis kiacy W) . Ha miomiuHi
O MPOCTUX KIiHI[SIX

IHcTuryT npukiragHoi MaremaTtuku i Mexaniku HAH Vkpainu, Kuis

Locaidocyemoes epanuuha nosediHKkG Mak 36GHUL PERYAAPHUL 61000paHCEHD, AKI € ICMOMMHUM
Y3Q2ANDHEHHAM KBA3IKOHPOPMHUL 61d00pasicens. 3natideno Hu3ky ePexmusHur ymos na Koedi-
uienm duramayti Ky das 2omeomopdrozo npodosorcenis exasanux 61006pasicens no npocmus Kir-
UAL 8 0OMEIHCEHUT CKIMUEHHO38 AZHUL 00AACTNAL.

Karouo6t caoga: TpocTi KiHIl, T'paHUYIHA MOBEIIHKA, CKIHIeHHO3B s3HI 00J1acTi, perysspHi
BiI0OparkeHHsI.

I. V. Petkov

The boundary behavior of homeomorphisms of the class W,>! on
a plane by prime ends

Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Kiev

The boundary behavior of the so-called reqular mappings that are a natural generalization of quasi-
conformal mappings is studied. A number of effective conditions on the dilatation coefficient Ky for
a homeomorphic extension of these mappings by prime ends in finitely connected bounded domains
are found.

Keywords: prime ends, boundary behavior, finitely connected domains, regular mappings.
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