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OHTI/IMEIJH)HG KepyBaHHA ,HI/IHaMi“IHOIO CUCTEeMOIO Jpyroro
MOPAJIKY
(IIpedcmasaeno waenom-xopecnondenmom HAH Vipainu A. O. Huxpiem)

Poszeasdaemocs npobaema MiHimizauii Keadpamuuro2o GYHKYIOHAAL HA PO36 A3KAT CuCMme-
MU QUPEPEHUIANDHUT Pi8HAND IpY2020 nopadky. Jlas docaidorcerms chopmyavosanoi 3a0awi
onmumizayii 3acmocosano memod mroorcnukie Jlaepanorca. Taxut midrid dag moorcausicms
ompumamu Heobxioni ymosu onmumanrvrocmi. Ha ocnoei yur ymos susedena cucmema 0u-
Pepenyianvrux pistans Pikkami. Po3e’asox ompumarnol cucmemu 00360A7€ SUNUCAMU ABHY
POpMYAY ONA ONMUMANALHORO KEPYBAHHS.

Karouwost caosa: kBajipaTndnauii (DYHKITIOHAJ, METO, MHOYXKHUKIB Jlarpanxka, HeoOXigHi yMo-
BU ONTHUMAJILHOCTI, ONITUMAaJIbHE KePYBaHHsI, cuCTeMa AudepeHIliaJlbHuX PIBHIHL Pikkari.

Tlocanka crmpaBemIMBO BBAXKA€ThCsI OJHNM 3 HANOIIBIN Ba)KJIMBUX 1 BIAMOBIJAILHUX €TAINB IIO-
JIBOTY JiTaka. Takuii BUCHOBOK IIOSICHIOETHCsSI B IIEPINY YEPry Ti€l0 OOCTABUHOIO, IO OCHOBHA
JaCTUHA TOJHOTY IPOXOIUTH MPHU IPUOJU3HO CTAabIIbHUX KYyTOBUX 1 JIHIAHUX MMapaMeTpax IIo-
JIBOTY, TOI sIK IIiJT 9aC MOCAIKH IIi IapaMeTpPH iCTOTHO 3MiHIOI0ThCA. CaMe 3 i€l TpUIuHT 3TiIHO
31 CTATUCTUYIHUMY JTAHUMHU HAMOLIbINa KiTbKIiCTh KaTacTpod 1 aBapiit mpuraiae Ha eTalr MOCaJKu
Jgitaka. Y 3B’43Ky 3 aKTYaJbHICTIO TPOOJeMU 301/IbIIeHHS HAIHHOCTI 3ra/IaHOr0 eTaly I0JIbO-
Ty JliTaKa BaroMOro 3HadeHHsI HaOyBa€ BUBYEHHsSI MaTeMaTHYIHOI Moaesi 1boro mporecy. OmHa
3 TakuxX Mojeseit posisiHyTa B [1, ¢. 253-254|. BanpononoBanuii MeTo/ HA3UBAETHCS ABTOIILIO-
TOM JIjIsl TIOCAJIKK JiiTaka 3a riicaoo (Bin dpani. glissade — koszannst). OpHak po3riis 3a1a4i
onrtumizanii B [1] Mae qekiibKa HeOIIKIB, Yepes3 M0 IPaKTUYHe BUKOPUCTAHHS ChOPMYTBOBAHIX
TaM pe3yJIbTaTiB HEMOXKJIMBE. 30KpeMa, Jjisl CucTeMu audepenIiajibaux piBHsiHb (1) He BKasaHi
moyaTkoBi ymoBu. IIpo HeoOXimHi yMOBH ONTHMAJILHOCTI 30BCIM He 3rajiyeThcd. BimcyTHe Bu-
BeJIeHHsI CUCTeMHU IudepeHIiatbHnX piBHsIHb PikkaTi. fK HacHiIoK, g crucTeMa CKJAIA€ThbCs
3 TPbOX, & He 3 YOTUPLOX (sIK IMOBUHHO OyTu) piBHsiHB. JIOJATKOBI yMOBHU Jisl 1€l CUCTEME HE
BKasaHi. OcHOBHA MeTa JaHOl poOOTH IOJISAra€ B YyCYHEHH] BUINE3TaIaHUX HEIOJIKIB.

ITocTtanoBka 3ajad4i. IIporec mocagaky jgiTaka 3a TJIiCaJ0I0 OIMUCYETHCS TAKOK CHUCTEMOO
IBOX JHHIMHUX IN(EpPEeHIAILHIX PIBHSIHD:

dxl(t) d.l‘g(t)

i - a0 .
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Jle depe3 t MO3HAYEHO 3MIHHY, IO OMHUCYE vac, tg < t < t1, Aifichi dmcna tg Ta t1 3amani, PyHK-
il x1(t) Ta x1(t) ONUCYIOTH MOJIOXKEHHs JiiTaka B MOMEHT dacy t, dbyHKIisa u(t) Ha3UBAETHCS
JIOIyCTUMUM KEPYBAHHSIM 1 HAJIEIKUTDH J0 KJacy KyCKOBO-HerepepBHUX (yHKmii. st cucremn
piBusiHb (1) 3a7ani MOYATKOBI yMOBH

z1(to) = Z10, x2(to) = x20, (2)

Je 4nciaa xTig 1 Too BimoMi.
dxicTh mpoItecy KepyBaHHS OIIHIOETHCA 3a JOIMOMOTOK (DyHKITIOHATIA

t1

Iz ) = 5 [1£230) + 9230 + (@) . 3)

to

Je ancsia f 1 g TakoXK 3ajaHi. 3a/ada MoJsra€ B 3HAXOZKEHHI JIOIyCTUMOrO KepyBanHs u(t), Ha
sskoMy (QyHKIIOHAT (3) 0carae CBOro HAWMEHIIOr0 3HaYeHHsI. ZIKINO Take KepyBaHHs iCHY€E, TO
BOHO HA3UBAETHCIA ONMUMAAGHUM KEDYSUHHAM.

Heob6xinui ymoBu onTuMajibHOCTI. J[1s1 3HAXOMKEHHST ONTUMAJIbHOTO KEPyBaHHS BUKO-
prcTaEMO MeTos MHOXKHUKIB Jlarpamzka. 3 1i€ro Meroro 3amictb dyHKIIOHANA (3) PO3IJISHEMO
Takuit (PyHKITIOHAJ

t1 t1

Horpaonoa) = 3 [18230) + a0 + 2Ot + [ pa()aale) -

to to

da:l (t)
dt

]dt—l—

t1

+ [ palo)|utt) - 222, (@

Haui snaxommvo tpupict AJ dyukmionara (4):
AT = J(ﬁl?ﬁ%fl?f%ﬂ) - J(p17p27$17$27u)7

e Py = p1+E0p1, Po = P2 +€0p2, T1 = x1+€0x1, To = o+ 022, U = u+edu. licaa ogeBumanx
CIIPOIIEHD (PO3KPUTTS JIYKOK, IHTErPYBAHHs IaCTHHAME Ta 3BEICHHS TIOIOHNX TJICHIB) OCTAHHE
CITIBBI/THOITIEHHSI MaTUME BUTJISIT

t1

AWAES 5/ Hfa:l(t) + dpl(t)]éa:l(t) + [g:vg(t) +pi(t) + dp;—(t)] dza(t) +

dt t
to

+ [U(t) —l—pg(t)]éu(t)] dt —P1 (t1)5x1 (tl) — pg(tl)éajg(tl) —+

] di + ¢ 7 Spa(t) [u(t) - dx;t(t)] dt +

+ 8/5191 (t) [$2(t) - da:;t(t)

i i 2 2 2
+3 /[f[5:r1(t)] + g[0xa (£)]? + [du(t)]?]dt. (5)
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Ha mincrasi piBrocti (5) MoxkHa cHOPMYJTIOBATH TaKe TBEP/KEHHS.
Teopema 1. Onmumanrvre kepysarns u(t) 6 sadawi (1)—~(3) edune i 6usnavaemves i3 cnis-
810HOWEND

WO e, 2y, (62
z1(to) = w10, 2(t0) = @20, (6b)
PO — i), P2~ () - o), (60
pi(t1) =0,  pa(t1) =0, (6d)
u(t) + pa(t) = 0. (6e)

Busenenns cucremu gudepeniiiajgpbaux piBHaHb Pikkarti. Ockijibku cucrema cCrib-
BisHomens (6a)—(6e) siniiina, TO MiKOM OOIPYHTOBAHOIO € TilloTe3a MPO iCHYBaHHS TaKUX 3a-
JIE?KHOCTEI:

p1(t) = ru(t)za(t) + riz(t)z2(t), (7)
pQ(t) = ?”Ql(t)xl(t) + 7929 (t)xg(t), (8)

ne dynkii 74;(t) (1 = 1,2;j = 1,2) norpibno suaittu. Jndepenniooun pisaicrs (7) Ta Bpaxo-
By1oun crissiguomtenns (6a), (6e), (8), orpuMaeMo piBHSHHS

dpy(t drii(t dria(t
i) _ [drn® O ) en@) + [T () + e (6)| o).
dt dt dt
. . o dpi(t) _
[TopiBHIOIOYM OCTAHHE CIIBBiIHOIIEHHS 1 CIIiBBIHOIIIEHHS - fx1(t) Ta BpaxoByroun, 1o
obuiBa IIi CIiBBiIHOINIEHHST MaIOTh MiCIle JIJId JIOBUIBHUX X1, X2, OTPUMAEMO TaKi BA PIBHIAHHSI:
dri1(t
illt( ) _ r12(t)ra1(t) + f =0, 9)
dria(t
iZZt( ) — Tlg(t)?”gg(t) + 7‘11(15) = 0 (10)
Amnanoriuno i3 croisBignommens (8) Ta (6¢) 3HaxommMO
droy (t
2dlt( ) — 791 (t)’l”Qg(t) + 7“11(25) =0, (11)
droa(t
2th( ) + Tlg(t) + ?”Ql(t) — T§2(t) +g= 0. (12)

Ha mincrasi cuiseignommens (6d), (7) Ta (8) orpuMaeMo Taki yMOBH:

Tll(tl) = 0, Tlg(tl) = 0, T‘Ql(tl) = O, ng(tl) = O (13)

Bepyun 5o ysaru momnepemui MipKyBaHHsI, IIPUXOJUMO IO TAKOTO BUCHOBKY.
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Teopema 2. Qynuxuii r45(t) (1 = 1,2; j = 1,2) e poss’azkom cucmemu dupepenyiaronu
pistans (9)—(12) ma 3adososvnaroms ymosu (13).

3aysaoicerna. Bpaxosyroun ymosn (13) i nopisuroroun pisusuns (10) Ta (11), Maemo piBHicTb
7“12(t) = 7“21(25).

Besmocepenuro i3 TeopeMm 1 Ta 2 OTPUMAEMO TaKe TBEPIKEHHSI.

Teopema 3. Onmumanrvre u(t) Kepysanmns mae euzand

u(t) = —T21(t)$1(t) — TQQ(t)QS‘Q(t),
de pynruii x1(t) ma xo(t) € poss’azkom cucmemu JuPepeHyianvHux pieHaHs

da:l(t)
dt

d$2 (t)
dt

= I (t), = T21(t)33‘1(t) — 7”22(25).%2@)
i 3a0060AbHAIOMB NOYAMKOST YMmosu (2).

TakuMm YuHOM, POSIVISHYTO 33189y ONTUMAJLHOTO KEPYBAHHS ITPOIECOM IIOCAJIKN JIiTaka,
aKTYyaJbHICTh sIKOT 00yMOBJIeHA HEOOXITHICTIO IIiIBUINEHHST HAIIHHOCTI IIBOTO eTaly MoJbOTY. K
MaTeMaTH4IHy MOJEJb IPOIEeCy 0OpaHo JIHIAHO KBaJpaTUIHy 33134y ONTUMAJILHOIO KEPYBAHHSI
JJIT BUMIQIKY JTUHAMIYHOI CHCTEMH JIPYTOTO MOPSIKY. 3a JOIMOMOTOI0 METOy MHOXKHUKIB Jlarpamn-
2Ka, OTPUMaHO HEOOXiIHI yMOBH ONTHMAJILHOCTI. BeTaHOB/IEHO YMOBH, 110 3a0€311€4YI0OTh €UHICTh
ONTUMAJILHOIO KepyBaHHst. OTpuMaHO cucTeMy AudepeHIialbHIX PiBHIHL PiKKaTi Ta 101aTKOBI
yMOBH Jj1s1 Hel. Po3B 130K Ii€l cucTeMn Ja€ MOXKJIMBICTD ITOJATH ONTHMAJIbHE KEPYyBaHHs B sIBHIH
dbopwmi. B nepcriekTusi BaykmBuM € orpuManis Gopmyt it obuncsienns QyHKIii 11 (t), ri2(t),
r91(t), ro2(t) Meromom, 3anpononosanuM y [2|. LlikaBuMm Jyist IOAJIBIINX JOC/I/IPKEHb € TaKOXK
YCKJIaJIHEHHsI PO3IVISTHYTOT MaTeMaTHIHOI MOJiesli B HAIIPSIMKAX, OIUCAHUX B [3-5].
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M. M. Kormerr,
OnrumajibHOE ynpasJieHue JUHAMUYECKON CHMCTEeMOII BTOPOTO IOPsijKa

HTY Vkpannsr “Kuesckuit osinreXxuudeckuii HHCTUTYT”

Pacemampusaemces npobAEMA MUHUMUSAGUUY KEAOPAMUUHO20 GYHKUUORAAG HA PEWEHUAT CUCME-
ML Qupeperuuarvhoir ypasreruti 6mopozo nopadka. s uccaedosarus chopmysuposarnoti 3a-
davu onMUMU3AUUU NPUMEHEH Memod muoocumeneti Jlazpanoica. Taxot modrod das 603mooic-
HOCND NOAYHUUMD HEOOLOOUMbIE YCAOBUSA onmumaavhocmu. Ha ocnose amuzr ycarosutl evieedena
cucmema Jupdepenyuarorvir ypashenuls Pukkamu. Pewenue nosyuennol cucmembvt no36oAAem
BHINUCAMY ABHYW POPMYAY OAL ONMUMANDHO0 YPAEHEHUA.

Karouesnie caoa: KBaJIpaTUIHBIN (DYHKIIMOHAJ, METO/I MHOXKHUTe el Jlarpanka, HeoOXOMMbIe

YCJIOBHUSI OIITUMAJIBHOCTH, ONTHUMAJbHOE yIpaBjeHue, cucreMa IuddepeHuaJbHbIX ypaBHeHMI
Puxkkarn.

M. M. Kopets
Optimal control over a second-order dynamical system

NTU of Ukraine “Kiev Polytechnic Institute”

The problem of minimization of the quadratic functional on solutions of the system of differen-
tial equations of the second order is considered. The method of Lagrange multipliers is applied to
research the formulated optimization problem. Such approach has given a chance to obtain necessary
conditions of optimality. On the basis of these conditions, the system of differential Riccati equations
1s deduced. The solution of this system permits us to write the closed formula for optimal control.

Keywords: quadratic functional, method of Lagrange multipliers, necessary conditions of opti-
mality, optimal control, system of differential Riccati equations.
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