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IIpo nesiki B3aeMHI 3B’sI3KM MixXK (paKTopaMu BepxXHiX
Ta HUXKHIX IIeHTPaJIbHUX paaiB B ajareopax Jli

(IIpedcmasaeno waenom-xopecnorndernmom HAH Vpainu B. I1. Momophum)

Has aneebp JIi odepotcano yzazarvrenmns meopemuro-2pynosoi meopemu Bepa, axa inocmpye
36°A3KU MINHC HAKMOPAMU BEPTHBOLO MA HUNCHDOZO UEHMPAALHUT PAJIE 2pYNU.

Karouwost caosa: teopema bBepa, BepxHiil ImeHTpaJbHUI s, HUXKHIA HMEHTPAILHUN PsII,
Z-pO3KJaJ, BEepXHiil TiIepIeHTpP, HIILIIOTEHTHUH Pe3UIyall.

Hexait L. — anrebpa JIi mag momem k ta Hexait
C(L)={z € L|[x,y] =0 s koxHOrO enementa y € L} —

e nenrp anrebpu L. Ouesumno, mo ((L) e L-ninanre6poro, 6ibin Toro, nentp aaredbpu L Gyse
17 ineamom. Ilobymyemo Temep BepxHiil eHTpaJbHUNE Psi,

(0) = Go(L) < Q(L) < QL) <+ Call) < Cas1(L) < -+ Gy (L) = (oo(L)

anrebpu L 3a takum npasuiaom. Hexait (1 (L) = (L) — e nientp anrebpu L, a gasi ajist KOZKHOTO
nopsiikoBoro uuciaa o nokaaaemo Cqa41(L)/Co(L) = ((L/{4(L)) Ta ajisi KOXKHOTO TPAHUYHOTO

nopsyikoBoro unciaa A suzHaunmo (\(L) = |J (u(L). Ocranmiii @wien ((L) mporo psty Hasu-
pn<A
BAETHCsl 6eprHim 2inepuermpom anrebpu L. Tlosnaunmo takox depes zIl(L) 10BKUHY BEPXHBOTO
[IEHTPAJILHOTO psiay aarebpu L.
Y Bunaaxy, komn L = ( (L), anrebpa L Ha3UBAETHCS 2inepuenmpaibHol0.
[Tobymyemo Temep HUXKHIN IeHTpaIbHUN psif, aaredpu L

L=2(L) 27(L) 2 7a(Ll) 2 Yat1(L) = - (L) = ys0(L)

3a takuM npasuioM. Hexait v (L) = L, y2(L) = [L, L], a gasi 1yisi KOXKHOTO TIOPSIIKOBOTO YHCJIA (¥
oKIa1eMO Yo+1(L) = [va(L), L] Ta 118 KOKHOrO MPAHHYHOIO HOPSIIKOBOIO YHCIa \ BU3HAIH-

Mo YA(L) = () Yu(L). OcranHiit wieH Yoo (L) IBOTO Py HASHBAECTBCS HUNCHIM 2INOUEHMPOM
n<A
amrebpu L. ¥V Bunajky, Komn L = oo (L), anrebpa L HA3UBAETHCA 2iN0UEHMPAALHON.

[Tpupoano, 1o mepmuM oYaB PO3IVISIATUCA BUMAIOK, Koau aarebpa JIi L Mae ckindyennmit
BepXHiil TeHTpaIbHuil psif. 30KpeMa, SKIO BOHA € HUIBIOTEHTHOIO (TOOTO 36iracThest 3 BepXHIM
rieprenTpoM, siKuil Mae CKiHIeHHUt HoMep ), TO 1T HUKHIN IeHTPAJIbHII PsiJl TAKOXK CKIHYEeHHUIA,
a foro JOBKUHA 30iraeThesl 3 JIOBXKUHOI BEPXHBOTO IEHTPAJILHOrO psiy (auB., Hampukaam, [1]).
Y 3B’sI3Ky 3 1M NIPUPOIHO BUHUKAE MHATAHHS PO aaredpu JIi, y aKuX BepxHiil meHTpaabHIi
PAJl CKiHYeHHUl, a BEPXHIl TrillepleHTp Mae CKIHYeHHY KOBUMIpPHICTL. BaK/IMBUM YaCTUHHUM
BUIIAJIKOM TYT Oyjie cuTyallis, Koju 1eHTp anarebpu JIi mae ckindenny koBuMmipuicTh. Bymoa
asrebp JIi, 1m0 MalTh TaKy BIACTHBICTH, € BiJIOMOIO, OLIBIN TOrO, 3 Teopemu 2 crarti 2| Maemo:
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Teopema LZD. Hexati L — aneebpa JIi nad noasem k. Hdrxwo daxmop-aneebpa L/((L) mae
CKIMYENHY 8uMIpHicmb d, mo nozionul ideans [L, L] makootc mae ckinuenny sumipricmo. Biavw
moeo, dimg([L,L]) < d(d + 1)/2.

Mix rpymamu Ta ajarebpamu JIi icHye meBHa anajorist. /Ijast 6araTbox pesyabTaTis, 110 OyJIm
OTPUMAHI B TEOPIl I'PyII, BAAJIOCA OTPUMATH aHAJIOTH B Teopil aiaredbp JIi, i maBmaku. Bisbim Toro,
B JIesIKUX BUINAJIKaX B ajarebpax JIi Moxuse GLIbI TMbOKe POCYBaHHs (3BUYANRHO, Y BUIAJIKY,
KOJIM PO3IVIsiae€Thest asirebpa JIi Hag mosem) (uB., Hanpukias, [3]).

Amnajnorom Tteopemu LZD B Teopil Ipyn € HMXKUeHABEIEHA TEOPEMA.

Teopema ZD. Hexati G — epyna, C — maxa nidepyna yenmpy C(G), wo daxmop-zpyna
G/C ckinuernna. Todi komymarnm [G,G] epynu G € ckinuernnoro nidepynoio.

[leit zaranbpHMit pe3yabTaT BiJirpa€ JOCUTHh BEJIUKY POJIb B Teopil HECKIHUYEHHHUX T'PYII, BiH
JIEXKUTD ¥ PyHIAMEHTI 6HaraTboxX BaKIUBUX 11 pe3yibTariB. Bepire 1eit pesyabraT y Takiit ppopmi
3’ssuBcst B podori B. Heiimana [4]. Ase B kinmi poborn B. Heiiman mumie, 1mo mokasyBas Iifo
crarTio P. Bepy, i Toit 3a3Ha9uB, 110 1151 TEOPEMa € HACJIITKOM OiJIbIIT 3araIbHOTO PE3YJIbTATY, AKII
6yB HuM JjroBejiennii y crarTi [5]. HificHo, B Teopemi 3 i€l poboTH JOBEIEHO, IO SIKIIO HOPMAaJIbHA
nigrpyna H rpynu G Mae cKiHdeHHUI iH1eKe, To ckindennnM Oyze i dakrop ([G, G| H)/[H, G].
Pazom 3 tum P. Bep y crarri [6] naBoguTs Teopemy ZD y 1T 3BuvaiinoMy BUIIs i j1ae it HOBe
nosejierHst. Ty T BUHUKA€E IPUPOJIHE TINTAHHSL: AK N06 A3ani miotc coboro nopadku |G /C(G)| =t ma
I[G, G]|? Hocnimxenns uiel 3agadi ininitosas B. Heiiman y po6oti [4]. Biasur Toro, Bin neprmii
orpumaB oniuky st |[G,G]| B Tepminax |G/((G)|. Haiikpamyy oninky st |[G, G| orpumas
Jxx. Baitrona. Y pobori [7] Bim gosie, mo |[G,G]| < t™, ne m = (log,t — 1)/2, a p — 1e
HaifiMeHIlle YUCI0, sKe IUIATH t. BigbIn Toro, BiH MOBIB, MO IsI HEPIBHICTH JOCSTAETHCA TOI
i Tinbku Tomi, xosm t = p", me p — me mpocre 4Uncao. Ko ¢ Mae GiabIne OmHOrO MPOCTOTO
JIJTBHUKA, TO CUTYyallid CTAa€ 3HAYHO CKJIAJIHIIIOIO.

P. Bep y poGori [6] orpumas ysaranbaennsi Teopemu ZD. Bin posmisiHyB cuTyario, Kom
BEPXHIl IEHTPAJIBHUI psiJi TPYIU € CKIHYeHHUM, & BEPXHIN TiNEepIEeHTD Ma€ CKIHYeHHUI 1HJEKC.
Tounime, BiH 10BiB, 1O cKindeHuicTs dakTop-rpymu G/(,(G) Tarae 3a cobo CKiHUECHHICTDH
Yn+1(G). Y cBoiX 3HAMEHNTHX JIeKIisX |8, Teopema 8.7| npo ainbnorentHi rpymu @. Xoswt orpu-
MaB y3arajbHeHHsT sik TeopeMu ZD, Tak i Teopemu Bepa. Cirin 3a3HavqnTH, Mo B IMUX JEKIISTX
@®. Xomn nazuBae TteopeMy ZD meopemoro Illypa. Hacroinyioun @. Xosna, B Hamm gac Garato
ajirebpaicTiB HazuBaoThb TeopeMy ZD Teopemorio [lypa.

Anasnor pesyiabrary Xosuta mias anre6p JIi 6ys orpumanuii f. Crioaprom [9, Teopema 5.2].
3okpema, 3 Ii€l TeopeMHu BUILIUBAE aHajor Teopemu bepa st anrebp JIi. Ils temaruka Bu-
JIAEThCA JOCHATDH IIIKABOIO, BOHA BKa3y€ Ha Jy:Ke TiCHUi 3B’SI30K MiXK (paKTOpaMu BEPXHBOTO Ta
HIZKHBOIO EHTPaJIbHUX psajiiB. Takok BOHA OoTpuMaJia MPOJIOBXKEHHs sK B ajrebpax JIi (jus.,
nanpukiaag, [10]), Tak i B ix ysaragpaenHsx [11].

3 JIIEBCBKOI'O aHaJory TeopeMu bepa BUILIMBae, MO y BHUIAJKY, KOJU TIIEPIEHTP 3 HOME-
pom n anrebpu JIi L mae ckimgenny xoBumipHicTs d, 10 dimy(yp41(L)) TakoXK € CKiHWIEHHOIO.
VY cBoro uepry, Toit dakt, mo BuMmipaicts dimg(y,41(L)) € ckinuenHOIO, TArHE 3a COOOIO iCHY-
BaHHs TaKoro Haifimenmioro ineany K B anre6pi L, mo dakrop-anredbpa L/K € HUIBIOTEHTHOIO.
Binbm Toro, B mbomy Bunaaky K mMae cKiHdeHHY BUMIPHICTH. [HakIme KaxKydd, HiJIbIIOTEHTHMIMA
pesugayas ajgredbpu L Oyjie CKiHUeHHOBUMIpHUM. bByje mopednwM TyT HarajaTu JesiKi BU3HA-
JEHHS.

Hexait . — anreopa JIi mam monem k. I wexait X — 1e kiac aaredp JIi. IToknamgemo

Resx(L) = {H | H — inean anrebpu L, nyist sikoro L/H € X}.
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Tomi mepernn Ly Beix imeanis 3 muOkuHN Resy (L) nasuBaerbes X-pesudyanom (abo X-xopa-
Juranom) anrebpu L. ko Resy(L) mae naiimenmmii eement R, 1o R = Ly ta L/Ly € X.
[Tpore B 3arampuOMy Bunagxky L/Ly & X.

dxmo X = A — ne knac abenesux anredp JIi, To A-pesumayan Ly B TOUYHOCTI € HOXiTHIM
ineasom [L, L] anre6pu L. 3okpema, maemo L/Lg € 2.

Axmo X = M, — e xnac HigbnorentHux anaredp JIi, cTymiub HITBIOTEHTHOCTI AKUX HE
nepesuirye ¢, 1o Ne-pesuayan Ly, 36iraerbest 3 miganre6poo Yet1(L). 30kpema, Takok MaeMo
L/Ly, € ..

[Ipore skmo X = O — 1e kjac BCix HIABIOTEeHTHUX aJredp JIi, TO B 3arajbHOMY BUITAJIKY
L/Ly ¢ M.

[leprmuit Ham pe3ysbraT sikpas i Ja€ TPAHUIO JIjIs BUMIPDHOCTI HIJBIIOTEHTHOI'O pPE3Uya-
ay y BumaJky, koin Bumipaicts dimy(L/(,(L)) € ckingennoro. IlikaBum € Toit dakt, 1mo itoro
BUMIDHICTb He 3aJIeXKUTh Bij n, a jmrie Bijx BuMipHocTi dakrop-anrebpu L/, (L).

CyTTeBY POJIb ¥ JOBEJEHHI IIHOIO PE3YJIbTATy BiJirpae HASABHICTD y JIeIKUX abeIeBuX ieasis
BaKJIUBUX CIENU(MITHIX TPIMUX PO3KIAIIB.

Hexait L. — anrebpa JIi max momem k i Hexait M — 1ie HEIMOPOXKHS I IMHOXKWHa aaredpu L,
a H — e mimanredopa anrebpu L. ITokmamemo

Cy(M)={zx€ H|z,y] =0 nna Bcix y € M}.

Migvuoxuna Cy (M) vasusaeTbest yenmpanidamopom (abo anyasmopom) M B minaarebpi H.
Hesaxxko nepesiput, mo Cg (M) € migaarebporo airebpu L. Binbmt Toro, skimo M — e imead
B L, ro Cy(M) rakox € imeasom B L.

Hexait M — ne ninanreopa anarebpu L. I mexait A, B — ne rtaxi igeasu B M, mo B < A.
Busnaunmo C)py(A/B) 3a TakuM IpaBUIoOM:

Cy(A/B)={x e M |[z,a] € B nna Bcix a € A}.

Imaxmre xaxxyn, Cy(A/B)/B = Cyyp(A/B).

Hexait L — anrebpa Jli mag mosem k. I wexait B, C' — 1e Taki igeamu anrebpu L, mo B <
< C. Qakrop C/B nasuBaerbesa L-uyenmpanvrum, sximo Cr(C/B) = L. fdxmo A — ne inean
aiarebpu L, ToO MA MOXKEMO BU3HAYUTH Gepxhill L-uenmpanrvruil pad

(0) = Co,0(A) <C,n(A) < ... ¢o(A) < ... ¢y, L(A) = (o,L(A)

ireary A sa tasant mpasmios: (r(4) = C(L)NA, Cornn(A)/Car(d) = C(L/Car(A)N

N A/Ca,r(A) nmas Beix nopsinkoBux uncen o 1a (\r(A) = |J (ur(A) nasa koxKHOrO rpaHmd-
p<A
HOro nopsikoBoro 4ucia . Ocramuiit wieH (oo (A) IBOro psily Ha3UBAETHCS GeprHim L-zi-

nepuenmpom imeamy A. 3a caMEM BU3HAYEHHSIM BUJHO, IO KOXKHHU diieH (q,7(A) BEpXHBOIrO
L-nenrpaabHoro psiay ineany A e imeasiom anrebpu L.

Qakrop C/B nasuBaerbcsa L-exyenmpanvrum, sxmo Cr(C/B) # L. Inean C anrebpu L
HA3UBAETHCsL L-2inepexyenmpanbrum, SKIIO BiH Ma€ 3pOCTAIOYNil psify

0)=C<C1 <0y <Cop1 <---Cy=C

ineanis amrebpu L, koxkeH darTop Cguy1/Cq IKOTO € L-eKIEeHTPAJbHUM Ta L-TOJOBHUM JIJIst
KOXKHOIO ¢ < <. Bymemo rosoputn, mio igean A jiesol aiarebpu L Mae Z-poskaad, sIKIIO

A = (oo,1.(A) B Noo,L(A),
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1€ Moo, (A) — Iie MakcuMasbHUI L-rinepeknenTpaiabuit igean B A. 3a3HaunMO, IO B IIBOMY
BUIIAJIKY 1JIeasl Too, 1(A) micTtuTh KOkeH L-rinepekieHTpanbuuii inean A. 30KkpemMa, 1eil po3KIa,l
enmnnii. ilicno, nexait B — ne Takuil L-rinepeknenTpaibuuii ineas anredbpu L, mo B < A.
Iokmagemo E = 1o 1,(A). fximo daxrop (B + E)/E nemynbosuii, To Bi MICTUTbH HEHY/IHOBHI
L-rosiosuuit inean U/E daxrop-anrebpu L/E. Ockinbku (B + E)/E = B/(B(E), o dak-
top U/E L-i3omopduuii gesikomy L-rosioHoMy dakrTopy 3 igeany B, 3BiIKH OTpUMYyEMO, 10
L/CL(U/E) # L. 3 iumoro 6oky, (B + E)/E < A/E = (s (A), Tobro L/CL(U/E) = L. Lle
npoTupiuds nmokasye, mo B < E. A tomy ineai 7)., (A) MicTuTh KozkeH L-rinmepekneHTpaIbHIi
imean asredbpu L i, oTke, Oyne emuHUM.

Teepaxkenuusa 1. Hexati L — anzebpa JIi nad nosem k. I nexati A — ue idean anzebpu L.
Ipunycmumo, wo A mae cxinuennut pad ideanrie arzebpu L, xootcen daxmop axozo abo L-uernm-
pasvnudl, abo L-exyenmpanvrut ma L-zonoenut. Hxwo daxmop-aneebpa L/CL(A) niasvnomen-
mna, mo A mae Z-poskaad.

Hacaimok. Hexati L — anzebpa JIi nad nosem k. I nexati A — ue idean aneebpu L. Ipu-
nycmumo, wo A mae ckinuenny sumipnicms. Sxwo gaxmop-aneebpa L/Cp(A) niavnomenmua,
mo A mae Z-posxaad.

Teopema A. Hexaii L — anzebpa JIi nwad nosem k. I nexati R — ue wisvnomenmmud
pesudyan anseebpu L. [Ipunycmumo, wo ichye makxe HAMYPAALHE YUCAO T, U0 SUMIPHICTDL
dimy(L/¢n (L)) = d cxinvenna. Todi gaxmop-anzebpa LR wironomernmua. Biavw mozo, R mae
CKINYEHHY euMipHicmy, aka ne nepesuuye d(d + 3)/2.

s rpyn y po6ori [12] 6ysio orpumane Take HalbLIbII MIUPOKe y3araabHeHHs TeopeMu Bepa.

Teopema. Hexatli G — epyna. I nexatli Z — ue sepxnitl 2inepuyenmp epynu G. Sxwo nopsadox
daxmop-epynu G/Z cxinwennuil ma dopienioe wucay t, mo epyna G micmumv maky ckinuenny
nopmaavny nidepyny K, wo daxmop-epyna G/K zinepyenmpasvna. Biavw moeo, |K| < ™,
m = (logyt + 1)/2.

[IpuposHO BUHUKAE TTUTAHHSI IIPO T, IU Oy/Ie MaTU MICIle aHAJIOTIIHE TBEPIZKEHHSI JJIsT areop
JIi? HuxdenaBeneHuit Halm pe3yIbTaT MTOKa3ye, IO BiAMOBiAL Ha I TUTAHHS € CTBEPIHOIO.

Teopema B. Hexati L — anzebpa JIi nad noaem K. Hpunycmumo, wo i eeprrit 2inepuyernmp
Coo(L) mae ckinuernny xosumipnicms d. Todi L micmums makul ckinventnosumipnul idean F,
wo gaxmop-anzebpa L/E zinepuenmpanvra. Biavw mozo, dimg(F) < d(d + 3)/2.
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im. Oanecsa Tonuapa

JI. A. Kypnadenko, A. A. IIvinka, U. 4. Cy66orun

O HeKOTOpPBIX B3aMMHBIX CBA3dX MEXKAYy (pakTopaMu BEPXHUX U HUKHUX
EHTPAJIbHBIX PAA0B B ajredpax Jln

JlHenpornieTpoBcKuil HanmoHa bHbBIN yHEBEpcuTeT uM. OJutecst ['onuapa

s aneebp JIu noayuerno obobuserue meopemuro-2pynnosoti meopemv. Bapa, xomopas uantocmpu-
pyem cea3u mexncdy Paxmopamu 6eprHe2o U HUNCHE20 UEHMPALALHHEL DPAAOS 2PYNNbL.

Karouesnie caosa: teopema Bspa, BepxHmit MEHTPAIbHBIN P, HUKHUI TEHTPAJBHDBINR PsIT,
Z-pa3JioxKeHne, BEPXHUI THIIEPIIEHTD, HUJIBIIOTEHTHBIH PE3UIyall.

L. A. Kurdachenko, A. A. Pypka, I. Ya. Subbotin

On some reciprocal relations between the factors of the upper and lower
central series in Lie algebras

Oles Honchar Dnipropetrovsk National University

A generalization of the group-theoretic Baer’s theorem regarding relations between the factors of
the upper and lower central series for Lie algebras is obtained.

Keywords: Baer’s theorem, upper central series, lower central series, Z-decomposition, upper
hypercenter, nilpotent residual.
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