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O HecTauMOHApPHOI OCECUMMETPUYHOI 3a1aue
JIJIs1 yIIPYTOTO MOJYNIPOCTPAHCTBA
MPU CMENIaHHBIX TPAHUYHBIX yCIOBUAX

Paccmampusaemcs: 3adaua onpedenenust HanpaieHHo-0eQoPMUPOBAHHOZ0 COCMOSIHUS YNPY2020 NOJY-
NPOCMPAHCMEA, HA ZPAHULE KOMOPO2o 0elicmeyem HeCMauUOHAPHASI HOPMATbHAS Hazpy3Ka. Dopiuy-
JUPYEMCsL CMEUWARKAS KPaesas 3a0aud, pewlerue KOmopot Cmpoumcst ¢ NPUMEHeHUeM UHMEZPALbHbIX
npeobpasosanuii Janraca u Xanxens. Bomonneno mounoe obpawenue npeobpasosanuii. Kax pesyiv-
mam, noIyueHo aHATUMUYecKoe peuleHue 3a0auu, Komopoe onpedeisem nepeMeuierue 6 nPouU3eon-
HOU MOUKe OCU CUMMEMPUU 8 NPOUIBOTLHBIIL MOMEHM 8PEMEHUL.

Knrouesuoie cnosa: Hecmauuonapmvle ynpyzue 60JiHsl, UHMezZpajivbrHvle npeo6pa306auuﬂ, CMeuanHvle
Zpanudrvle Ycilosus.

B 3ajjauax reopun yrpyrocTu rpaHUIHbIE YCIOBUS TPUHAIIEKAT K OJTHOMY U3 CJIEIYIONTUX TUTIOB
(cMm., Hampumep, [1]): 3azaeTcst BeKTOp HanpsskeHui (1epBasi KpaeBasi 3aj1aua); 3a/1aeTcsl BEKTOP
repeMeltieHnii (BTopast KpaeBas 3a/1aua); 3a/1aeTcs HOpMaJIbHAsT COCTABJISIONIAsT BEKTOPA Tlepeme-
IIEHWS U KacaTeJbHbIe COCTABJIAIONINE BEKTOPA HANIPSKeHMST (TPEThsT KpaeBasl 3a/1aya); 3a/1aeTcst
HOPMaJIbHAs COCTABJIAIONIAs BEKTOPA HAINIPSIKEHUST M KacaTesbHbIe COCTABJISIONINE BEKTOpA Tie-
pemenienud (deTBepTasi KpaeBad 3aja4ua). [lepBbie Ba THIIA YCJIOBUM SBJISIOTCS OCHOBHBIMH, /1B
MTOCJIe/THUX HA3bIBAIOT “cMelanHbiMK . Kak TTOKa3bhIBAeT OTIBIT, TUIT TPAHUYHBIX YCJIOBUM CYIIECT-
BEHHO BJIMSIET Ha BO3MOYKHOCTH MOJYUEHUST aHAJTUTUUECKOTO PEIleHsT HeCTAllMOHAPHBIX 3a/1a4.
B wactHocTH, B ybsmkanuu [2] MeTogaMu MHTErpaJbHbIX TPeoOpasoBaHUi JaHO pelleHne He-
CTAIlMOHAPHON MEePBOI KPaeBOU 33/la4i TEOPUU YIIPYTOCTH /LISl YIIPYTOi oayTmockocTh. [Toary-
YeHHOe aHAJTMTUYECKOe PelieHre TTO3BOJISeT ONMpeNe/uTh HalpsKeHue (mepeMenieHne) TOJTbKO
BJ/IOJIb OCU CUMMETPUHM JIJIST HEKOTOPBIX KOHKPETHBIX BUJIOB HArpy3ku. CBg3aHHBIE C yAaPHBIMU
MIPOIIECCAMU TTOCTAHOBKY W MCCJIEIOBAHUSI B PaMKaX TPETheil KPaeBOU 3aau U3JI0KEHBI B 00-
3opHoii crathe [3]. Hakoner, B pabote [4] cTrpouTcs TOUHOE aHAJIUTUYECKOE PelieHne II0CKOI
3a/1a49M O JIEVCTBUYM HECTAIMOHAPHON HAarpy3KM Ha MOBEPXHOCTD YIIPYTOl TIOJYTIIIOCKOCTH B yC-
JIOBUSIX YETBEPTOI KpaeBOl 3a/1auM.
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B gannoii nmy6iMKanuy MOJIy4eHO TOUHOE pelleHne |
HeCTallMOHAPHOI 0CeCHMMETPUYHON 3a/1aui JIJIs1 YIIPYTO- Q (r 2
IO MOJIYIIPOCTPAHCTBA TIPU CMEIIAHHBIX TPAHUYHBIX YC- 0
JIOBUSX 4eTBEepPTOH KpaeBoii 3a/1a4u, KOr/ja Ha IJIOCKOCTH x Wy / / / b/
IPaHMIbl 3a/laHa HOPMaJIbHasA COCTABJIAIONIAs BEKTOPA /
HaIIPSIKEHUS U KacaTesIbHas COCTaBJISAONasl BEKTOpa I1e-
pemenenusd. Ilomyuennoe pentenue onpenesnser Xapak-
TEPUCTUKU BOJIHOBOTO TIpoIlecca B IIPOU3BOJILHON TOUKe
obbexTa. /1711 perienust 3a[a4n MPUMEHSIIOTCSI MHTeTpasibible ipeodpaszoBanust Jlammaca u bec-
ceJsist, oOpaleHne KOTOPhIX YAAETCs BBIMOJHUTD JIJISt IOCTATOYHO MIMPOKOTO aCCOPTUMEHTA JIeii-
CTBYIOIUX HECTAI[MOHAPHBIX HATPY30K U TIOJIYYUTh BbIPA)KEHUE JIJIs1 YIIPYTOTO MepeMeleHus B
SIBHOM BH/IE.

OO6umii cayyaii. PaccmatpuBaercst HectannoHapHasi OCECUMMETPUYHAS 3a/1a4a JIJIsT YIIPYTO-
ro nojymnpoctpancTBa. OTHeceM TOJYITPOCTPAHCTBO K IUJINHAPUYECKUM KOOPAMHATAM 7, Z ,
0Ch 7 KOTOPBIX HAITPABJIEHA B/IOJIb TPAHUIIBI, OCh z — Briy0Ob (puc.1).

Harpyska B Buie HOpPMaJILHOTO HAIPSKEHUA C,,, OCECUMMETPUYHASL OTHOCUTEIbHO OCH Z ,
BO3HUKAET B HEKOTOPBIN HAYATbHBI MOMEHT BpeMern ¢ = () u B 00111eM ciiydae siBisieTcst hyHK-
1nueil BpeMeHu 1 KOOP/IMHATHI X.

3azaua hopmysmpyercs: B Ge3pazMepHbIX 0003HAUEHUSIX

z

Puc. 1. Cucrtema KoopauHaT

S X oz o W Gt Ok _Cpg_Cs

FERETp UL h’“fk‘x+2u’“‘c0’ﬁ‘co’
. A+2

b=g; Jik=1,2 ¢, = B B o = %

yepTa Hajl KOTOPBIMU HIKe Oy/IeT omyiieHa. 31ech f, ¢y — HEKOTOPbIe XapaKTepHble JTNHEeNHbII
pasMep 1 CKOPOCTb; Y — IJIOTHOCTh MaTepuaa; A, L — ynpyrue nocrosinubie Jlame, ¢, ¢, — co-
OTBETCTBEHHO CKOPOCTH PACHPOCTPAHEHHs BOIH PACIINPEHNUS U BOJIH CABUTA; O jp — KOMIIOHEH-
ThI HAIIPSPKEHHOTO COCTOSIHUST; U — KOMIIOHEHTBI BEKTOPA I1epeMeleHHI.

[ToBenene ypyroii cpeibl OMMCHIBAETCS CKAJISPHBIMU BOJTHOBBIMU moTeHInazamu © u
U, KOTOpBIE B CJIyYae OCECUMMETPUYHON 3a/[a41 TEOPUH YIIPYTOCTH YIOBIETBOPSIIOT BOJTHOBBIM
yYpaBHEHUSM [5]

1 9’ 1 0%y 2 19 0°
A(D—JW—O, A‘P—B—287—0, A=a7+;§+a? (1)
U CBSI3aHBI C YIIPYTUMU TIEPEMENIEHUSIMUA U HATIPSIKEHUSIMU COOTHOTIEHUSIMU
LI T S T\ 2
"= o T oroz 0z 2 ror’
2 52 2 3 2
_-28 )a_CI) 2[32 8@_8‘1’_18‘1‘
o2 0z2  or2gz roroz
(2)
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B kauecTBe rpaHUYHBIX yCJa0BUN pu z =0 OymeM paccMaTpUBaTh CMENIAHHbIE YCIOBHS
YeTBEPTOIl KpaeBOi 3a/la4ll TEOPUU YIIPYTOCTH, COIJIACHO KOTOPOM Ha rpanulle z =0 3amaercs
HOPMaJIbHOE HAIIPSKEHMEe U KacaTeslbHOe [epeMelenme

GZZ |Z:0 = Q(‘x? t)y ur |Z:0 = 0. (3)

Kpowme Toro, UMeIoT MecTo yCcJI0BUs 3aTyXaHUs MTOPOXK/IEHHBIX HeCTAIIMOHAPHON HArpy3KOi
BOJTHOBBIX BO3MYIIIEHNI Ha GecKoHeYHOCTH. HavyasibHble yCJI0BUS [ OTEHIAIOB HyJIEBbIE.

B mpocrpancTe nzobpaxkennii mo Jlammacy n Beccemio (Xaukemno) [6, 7] BosHOBbBIE ypaB-
HEHMsI IPUOOPETYT BHL

aZcDLB 82 aZ\PLB 82
v—(¥+&2 (I)LBZO, 82—2_ B—2+§2 \PLB:(). (4)

3nech s — mapamerp npeobpasosanus Jlamaca 1o ¢, ¢ — napamerp mnpeobpasoBanus beccess
o 7. Bepxuue unzgercst L u B npu GyHKIUIX 0003HAYAIOT, COOTBETCTBEHHO, N300paKeH e JIaH-
HOU (DyHKIMHU B TpoCTpaHCcTBe IipeobpasoBanuii Jlammaca u mpeobpasosanuii beccess. Omeparo-

PbI IPsAMOTO 1 06paTHOTO Ipeobpasosanuii obosnavarorcs L() u L~7(), B{}u B~1().
Oobmree perrenne ypaBHeHuii (4), 3aTyxaroliee Ipy z — oo, 3alIUChIBAECTCS B BUJIE

1 = A5, By a"s WB = (s, ) B P= T 10787 5 S =37+ BT (5)

3nech A(s,§), C(s,&) — HensBecTHbIE (QYHKITUN.
B pesyJsisrare y1oBIeTBOPEHUST TPAHUYHBIM YCIOBUSAM (3) TIOIyYnM B TIPOCTPAHCTBE M300-
paskeHMit BhIPasKeHNe /171 HOPMAJILHOTO TIepeMeIeHIs U,

-

ut? =QM (s &) o | 1+ 75 [ By g (©)

z z
262\, o f 2 B
1(1+0c§]e“ B&_e

-

W A HAIIPAKCHUA ©,

GLB _QLB(S E-’) (1+2B2§J6—2P _2B2§e—25:| 7
2 = : 2 2 : )

OrpaHn4nMcs BbIYUCTEHUEM TIEPEMENECHHS U, 1 COCPELOTOUMMCA Ha JOCTaTOYHO TUITMIHOM
cjlyyae BHEITHETO BO3JIENCTBUSI, KOT/Ia 00IacTh MPUJIOKEHUST HATPY3KHU sIBJIsieTCs (DUKCUPOBAH-
HBIM KPYToM pajanyca b, a ee 3aBUCUMOCTH OT BPEMEHU 3a/I1aeTcsl eMHUIHON pyHKIneir XeBu-
caitma H(t)

Qt,r)=Q(NH b -r)H(1). (8)

Oyukius Q(7) 3azaeT XapakTep pacipe/ieeHns HapsKeHUs BIOJIb OCH 7.

[Tepenumiiem ugB B BHUJIE, YI0OHOM [IJIsST TIOCJIEAYIOIINX MaHUITY ISIIHIT

utB(s,&,2)= QB (5,8 2); QP(&)=B{H(b-1)Q(r)}, ©

z

_£p _Zp -Zs
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3ajiaua Ternepb COCTOUT B 0OpallleHny MHTErPaibHBIX TipeodpaszoBanuii. Ecm ypacres ompe-
nemnts opurnnan pynximm - (s, €, 2), 1. e. hynkimio x (£, X, z ), TO IS Oy 4eHIs TIepeMelers
u,(t, z, X) MOXKHO IPUMEHUTDH CBEPTKY mipeobpasoBanust Oypwe byukuuii G(x) u (¢, x, z) [8].
3/iech W HUXKE MPEATOIAraeTcsi BO3MOKHOCTD TIEPEMEHBI MOPsi/IKa OOPAIEeHUsT MHTErPAIbHBIX
npeobpasoBaHUil.

Jlist nuBepenn npeoGpasosanst Beccestst OTAEIbHbIX c1araeMbIx B X npusieden taGumimd-
Hoe cooTHomenue [7]

—3\/ 32+0c2E_,2 —3\/ r24z2
_1| e ¢ e«
Js2+a%€?2 ) onr?+ 22

U U3BECTHOE CBOICTBO

2
BB E)) = —( LD, P )

B

O6paiienne npeobpasoBanus Jlarmaca BbIIIOJIHNAM, BOCIIOJIb30BaBIIMCH GOpMYI0ii [6]

V22
L_1(s_1e_5 o )=H(oct—\/r2+z2)

U ee CJIEJICTBUSAMHU, BBITEKAONMMI 13 TIPaBUJIa MHTETPUPOBAHNS OpUTHHAA. B pe3ysbrate opu-
ruHain x (t,r, z) 3aMUChIBAETCS B BUJlE

2 6.2 2
ﬂan@=%(" 222 d :yHW—Vﬂ+£)

(r? +22)5/2 B oc2(r2 +22)3/2

(10)

2 0.2 2 2
_1[ re—2z 2,7 +2z )H(Bt— /r2+z2),\ir: /x2+y2.

9 (r2+22)5/2 B2(r2 + 22)3/2

Bosspatumcs temeps K Boipaskeruio (9). 3amernm, uto WHBepCUs mpeodpazosans Jlaria-
ca st ulB(s,& z) yxe mpomssesena, Tak kak dynxims QB8 (§) me saBucur ot s. UuBepcuio
npeobpasoBanust Beccesist 3ammiieM B BUjle CBEPTKH, KOTOPAsK PEATM3YETCsT TIPH MTOMOIIH [[BOTi-
Hoii cBepTku Dypbe (HUKE X, Yy — IeKapTOBbI KOOPAMHATHI B TI0cKocTH z2=0) [8 ]

u, (t,r,2)=B(QBENE (1€ 2) =
ﬁ “ = HG - -2+ (-0 )ONE -2+ (=0 ) n (6,22 +C, 2 )dnde,

x(t,p,2)= H(t —é«/pQ + 22 )u(“)(t, p,z)+ H(t —%\/pz + 22 )u(ﬁ)(t, p, 2), (11)

0% 222 ) o2
2(p2 + 22)5/2 2(p2 + 22)3/2(12’
N p2-222 , 1 pr+27?

2(p2+22)5/2t _§(p2+22)3/2B2’
p=yA2+(%.

u(©) =

®opwmyast (11) bopManbHO HAOT pelieHre NCKOMOH 3aa4u. Y100HOe B TIPAKTUIECKOM
OTHOIIIEHUH PETieHHe TTONYINM, eCITH YAACTCSI KOHKPETH3UPOBATh 00JIACTH MHTETPUPOBAHUSL.
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/ a N 8

0 2 4 6 8 0 2 4 6 8 t
a 0

Puc. 2. Xapakrep pasBUTHs IPEPEMELIEHN U, Ha OCH Z B 3aBCUMOCTH OT BpeMeHu (a) u
OT PacCTOSIHUS 10 TPaHuibl (6)

Cayuaii 7= 0. [[7151 TOUEK, JIesKaInx Ha OCH Z, IepeMeIieHne «, ONpPeIesINM, TI0JI0KUB B BbI-
paxenun (11) x=y=0:

s (1,0,2)= 5 I H G R+ )W+ Dyt W2+ 0 2y,

Hepeiinst nanee B muockoct A, § K MOJAPHBIM KOOpAMHATAM p, 0, Tak uTO p=~/A% +{?,
0= arctg%, Oy1eM UMeTh

u,(t,0,2) = [gH (b~ p)Q(p)x(t, p, 2)pdp, (12)
rae

x(t,p,2)= H(t —é\/p2 + 22 )u(“)(t, p,2)+ H(t —%x/p2 + z22 )u(ﬁ)(t, P, 2),
p? =22 ) 02
2(p2 +22)5/2 2(p2 +Z2)3/20C2,
S L pP=22 5 1 pPa22®
2@ 27+ )R

(@) —

(13)

N3 (12), (13) ¢ yuetom cBolicTB hyHKIINN XeBrcaiia MOJYyINM OKOHYATETHHO BBIPAKEHUE
LIS TIEPEeMENIeH NS U, Ha OCH Z

HE P + 2 —at)JoJm Qpyu*Xt.p. 2pdp+ |
+H(0r =17 +2) [ G, p, 2)pdp

HE B + 22 - t) Lf‘”ﬁ Qpyu®(t, p, 2)pdp +
PN ) [ QP ep pdp |

u,(t,0,z)=H (ot - 2)

(14)

+H (Bt —z)
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Bripaskenue (14) 1103BOJISIET BBIYUCIUTD TIEPeMeETIEHNE TPU TIPOU3BOTIBHOM PacIpeiesIeHuN
Harpysku Baosb 7, 0 <7 <b. B nomasasioniem GolbIIMHCTBE TPAKTUYECKN aKTYaJbHBIX CJIy-
vyaeB uHTerpupoBanue B (14) MoxeT ObITH BBITIOJHEHO aHAIUTHYECKU. B yacTHOCTH, ecyiu pac-
npejieieHue Harpy3Ku OJTHOPOJTHOE, T. €. Q(r) =1, uz (13) u (14) nonyuum

Sk R DR N )
o o o
z bt? 1 b*+22 1 1
u,(t,0,2) = = - LD+ 22 <t <=Nb%+ 22, 15
i B YIS L i) 3 )
2,9 2 0.2 2,29 79 9
iz— bt - 12b t22 LB b 5/2,1f>1 b? + 22,
& 2([)2+22)3 202 p2 422 2 [32(192+22 B

z  1b0%(0? +B%) +2p222
Orciona nmeeM npeziesibHoe 3nadenue u,(t,0,2)[,_,. = =3 " .
o o?p>Nb? + 2

Ha puc. 2 npusenensl pe3ysTaThl BbluncaeHus nepemerenus npu Q(r) = —1. Ilapamerp b,
OIIPEIENISIONIUI pasMep 00JIaCTH TIPUIIOKEHUsST HArpy3Ku, BeIOpaH pasHbiM 1. Kpome Toro, tipu-
uato o = 1, B = 0,5, & = 1. 3Havyenue nepeMenienns OTHECEHO K €r0 CTaTHYECKOMY 3HAYEHHIO Ha
nosepxnoctu z =0, a umenno u,(t,0,0)|,_,_ = 27 Yo 2B 2b (0 + B?) = 2,5.

Puc. 2, a nnmoctpupyer pasButue mnepeMenieHus co BpeMeneM B (PMKCHPOBAHHBIX TOYKAX
ocu z: z=0; 1; 2; 4; 6; 8. Kak BuzHO 113 TpahmKoB, yIIOMIHYTOE CTAaTUYECKOe 3HAUEHWE TOCTUTA-
eTCsl B MOMEHT BPEMEHH, KOT/Ia B PACCMATPUBAEMYIO TOUKY MTPUXOAUT (PPOHT BOJHBI HCKAKEHMUS,
BO30ysKIaeMoil Ha Kpato obsactu 7 = b. I3110M KpUBOI B ee HAYAIbHON 0671acTH (XOPOIIIO BUHO
npu z = 2; 4) 0OycJIOBJIEH IIPUXOAOM B PACCMATPUBAEMYIO TOYKY BOJIHBI PaCHIMPEHMs], TeHEPH-
pyemoii tam ke. Puc. 2, 6 nipeicTaBiisieT pacipeieleHue MepeMelieHus: BI0Ib OCU Z B (DUKCH-
poBaHHbIe MOMEHTBI BpeMenw: ¢ = 1; 2; 4; 6; 8; 10.
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[TPO HECTAIIIOHAPHY OCECUMETPUYNY 3AMAUY
JUIA ITPYKHOTO HIBITPOCTOPY
[ITPU SMINTAHUX TPAHNTYHUX YMOBAX

Pozznsidaemocs 3a0aua 6UsHAUeHHs. HANPYICEHO-0ePOPMIBHOZ0 CIMAY NPYICHOZ0 NIBNPOCINOPY, HA ZPAHULL SIKO20
die necmauionapne nopmaivie nasanmamxcenns. Dopmymoemvcs smiwana Kpaiosa sadaua, piuenms. akoi 6yoy-
EMbCS 3 3ACMOCYBANHAM THmezpaivHux nepemeopeny Jannaca i Xankens. Buxonano moune obepmanis nepem-
sopenv. gk pesyrvmam, ompumMano anarimuutuil Po3e’a30K 3a0ai, w0 GUSHAUAE NepeMiuenis 8 J0BLIbHIT MOyl
0Ci cumempii 8 A0GIILHULL MOMEHN YACY.

Knrouoei cnosa: necmayionapii npysicHi Xeui, inmezpanvii nepemeopenist, SMIULAHT 2paHudni YyMosu

Academician of the NAS of Ukraine V.D. Kubenko

S.P. Timoshenko Institute of Mechanics of the NAS of Ukraine, Kiev
E-mail: vdk@inmech kiev.ua

ON ANONSTATIONARY AXISYMMETRIC PROBLEM
FOR THE ELASTIC HALF-SPACE UNDER MIXED
BOUNDARY CONDITIONS

The problem of determining a stress-strain state of the elastic half-space under a nonstationary normal loading is
considered. A mixed boundary-value problem is formulated, and its solution is constructed with the use of the Laplace
and Hankel integral transformations. The exact inversion of the transformations is executed. As a result, the ana-
Iytical solution is obtained, and it determines a normal displacement at an arbitrary point of the axis of symmetry at
an arbitrary moment of time.

Keywords: integral transformations, mixed boundary conditions.
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