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Jlocnioacyemocs numaniis npo icuyeaniist 0Un020 00MeNCe1020 PO38 3Ky 001020 PIsHUUEE020 Pi6HIH-
st 31 SMIHHUM ONEPAMOPHUM KOCPIULENMOM Y CKIHUCHHOBUMIPHOMY OAHAXOBOMY NPOCOPI.

Kmouo6i cnosa: pisnuuese piensanis, CKIMUEHHOBUMIDHULL NPOCMID, IHIUHUL ONEPAmOop, 00MeNceHul
P036’530K.

Hexait X — cKiH4YeHHOBUMIPHUI KOMILIEKCHUI GaHaXiB mpocTip 3 HOpMOIO | -|| 1 HyIb0BUM ete-
mentoM 0; A, B — siniitni oneparopu B X; I — ogumHWYHAN otiepaTtop B X.
Posraignemo pisnuileBe piBHAHHSA

X =A,x,+y,, nei, (1)

y skomy {y,,n€ Z} — 3amana, a {x,,n€ Z} — urykaHa MOCJTiZOBHICT eJIeMEHTIB mpoctopy X,
A =An>1,A =B n<0.

Hama mera — orpumaru HeoOXijHi i qoctathi ymMoBu Ha omepartopu A, B, npu BukoHaHHI
SKUX CIPAB/IKYETHCS TAKa YMOBA.

Ymoga 1. /l71a noBinbHOI 00MeskeHoi B X nocatifioBHocTi {y,,n€ Z} piBusaHus (1) Mae eanHmii
obMexenuit po3s’s3ok {x,,ne Z} y nupocropi X.

AnanoriyHe MUTAHHS JOCIKYBagocs, 30KkpeMa, B [1—3]| s pisHUIEBOTO PiBHAHHA 3i
crajmuMu i B [2, 4—6] 31 aminHuME ontepaTopHuMHU Koedirientamu. Y [6, ¢. 250] noeneno, 1o
JIJIS PI3HUIIEBOTO PIBHIHHS

xn+1:Tnxn+yn’nEZ’ (2)
YMOBa iCHYBaHHSI €MHOTO OOMEKEHOr0 PO3B’SI3KY eKBiBaJeHTHA YMOBI AMCKPETHOI AMXOTOMIl
1714 rtociioBHocTi onepatopis {1, n € Z} . OctanHIo yMOBY Ba)KKO nepeBipATh. [Hmmii miaxiz 10

JOCJIIIZKEHHS TUTaHHS TIPO ICHYBaHHSI €IMHOTO0 0OMEKEHOI0 PO3B 3Ky PiBHAHHS (2) 3a1porio-
HOBaHO B |2, c. 25]. Lleit miaxizx po3BUBAETHCS i BAKOPUCTOBYETHCS B IaHiit POOOTI.
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lonomizkHi TBeppKenHs. [ lokmanemo Q(_) ={zeX|sup|| A"z||< =}, QB ={z € X| icuye nocsrios-
n>1

micts {a(v, 0,2), v < 0} raka, mo a (0,0,2) =z Ba(v,0, z)=a(v+1,0,2), v< -1 supHa(v 0,2)|| <oo}.

Axmo yo =y, € Q,,y,=0,n#0, To nocnixosuicts {...,—a(-2,0, y+), —a(—l, 0, y+), 0, 0,...}
%/—J
0

€ BINOBIZHUM HOCIIOBHOCTI {y,,n€ Z} obMexeHnM po3B’siskoM piHsiHHS (1). Tomy BUKOHY-
€TBCSI TaKa JieMa.

Jlema 1. xwo suxonyemvcs ymosa 1, mo 0ist Koxcnozo ze Q? icnye eduna nocaidosuicmo
{a(v,0,2),v <0}

0; "0 0 0

Jlema 2. Txuyo sukonyemves ymosa 1,mo X =Q° +Q.., moomo X ¢ npsamoro cymoro Q~ ma Q.

HoBenenns. 3adikcyemo u € X i 1oBe/ieMOo, 1110 3HANAYThCS TaKi OLE Q9 , Be QB, mo u = o + .
Posrasinemo piBHSAHHS

Uy =Au,,n>1; w =Buy+u; u,. =Bu,n<-1.

3aymoBoio 1 BOHO Ma€ e1HMIT 0OMeskeHMiT Po3B’si30K {u,,,n € Z}. Toxi uy € Q°, ockimpku Uy = Auy,
Ug = A2u1, Uy = A"uy, ... — obMexeHa moCiTOBHICTD. Takox 4 € Q? , TOMY 110 Uy = Bu_y4,
u_y=Bu_y,...,aomxe, 1 uy maemo, mo a0, 0, uy) =u_y, a (1,0, u,) =u_,iT. 1 Tomy i Buy € Q?.
Otrxe, u=o + B, ne o= u,, B = —Bu,,

[loBenemMo enuHicTb Po3KIaLy. AKINO, Bi/l CyTPOTUBHOTO, /Ui IesIKOTO # € X BKa3aHUN PO3-
KJIaJ He €AUHNHI, TO 3HANAEThCSI W € Q(_) N Q?, w#0. AJie Tozi TOCHIIOBHICTD {..., a(-2,0,w),
a(-1,0, w), w, Aw, A2 w, ...} € HEHYJHLOBUM OOMEKEHUM PO3B’SI3KOM OTHOPiHOTO piBHSAHHS (1).
et/

0
[Iportupivust.

Jlema 3. Axuwo suxonyemocs ymosa 1, mo cnexkmpu ¢ (A), o (B) onepamopis A, B ne nepemu-
naromvcs 3 00unuunum koiom S ={heC || Al=1}.

HMoBenenus. [Ipunycrumo, Big cynporusHoro, 1o icaye A€ S() o (A), 3adikcyemo Biac-
HUI BEKTOp w omnepatopa A, BinmoBiiHMiI BracHoMy uucay A. Bracainok ymoBu 1 pisauiieBe
piBasSHHEI (1) Mae €MMHUN OOMEKEHUN PO3B’SI30K, BITOBIAHUN 0OMEKeHIN TMOCTiOBHOCTI

gD =10, w

...} Ieit po3B’sI30K SIBHO BU3HAYAETDCS 1 3AMUCYETHCS Y BULJISA X = {..., 0,

oi

@ka, k2w, ...}. AHasoriyHo st KoskHOro m > 1 BianmoBigHWii 0OMeKEHil IOC/iIOBHOCTI

1

7™ ={..,0, ©, o, ..., A" 10,0, ...} exunuit o6Mesxenuii poss’ 30K piBHsHus (1) Mae BUIIISL
0
=g 0,2, 2\ w, 3N w, ... mA" @, mAN" M o, mA" w0, ..}
1
Bigznaunmo, o B 6arnaxosomy mpocropi [ (Z, X) = (x= {x,,neZ}c X|| x | =supl|l x || < oo}

nez
pisnuiese piBasinus (1) sanucyerbes y purasiai Tx =y, ne T : 1, — [, — niniitauii HeniepepBHUI

oreparop, SIKUH KOKHOMY X ={x,,neZ}el, CTaBUTb Yy BIANOBIJAHICTb TaKUil EJEMEHT
Ix ={(Tx),,neZ}el,,, mo (Ix), = x,4 — Ax,, n>1, (Ix), = x,,.4 — Bx,, n<0. 3 ymosu 1 i reo-
pemu Banaxa mpo o6epHeHui orepaTop BUILINBAE, 1110 T Ma€e HellepepBHUI 0O0ePHEHUI OTIEPATOP
Tt Asne [T 5™ || = || #™ ||, = m||@|| anst koxnoro m > 1, mo cynepeunts oGmesxenocti T 1,
Takuwm unrom, S (N o(A)=J.

Anasioriuno niepesipsietnes, 1o S (1 o(B) =
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Hexait 6_(A), 6_(B) — yacTuHu crekTpis onepatopis A, B, ski jexaTb BcepeinHi, a 6, (A),
6,(B) — soBHi koa S. BasxkaTnMemo, mo MHOKUHU G, (A), 6, (B) HenmopoxHi. 3ayBaKuMo, 110
BCi OTPUMaHi HUKYE Pe3yIbTaTh 3ATUINAIOTHCS CIIPABEJTUBUME 1 Y BUTA/IKY, KOJIU Cepell TNX
MHOJKUH € TIOPOXKHi, 3 04eBUTHUMU 3MiHAMM B OTPUMAHUX (popMyJIax.

Bruacaifok semu 3 mpu BukoHanHi yMmoBH 1 mpocTip X po3KIaa€Thes B IPSIMY CyMy iHBapi-
aHTHUX BifiHOCHO A nignpocropiB X = X, (A) + X (A) takum unHoM, 1110 3By>KeHHA A _, A, onepa-
topa A Ha X_(A), X (A) matots ciektpu 6_(A), 6, (A). Takox X = X, (B) + X_(B) i 3By:XKeHHs
B, B, oneparopa B na X (B), X, (B) MaloTh Taki 5k BJIacTUBOCTI. BifzHaunmo, 1o 1pu 1npomy
30iTatoTHCST PsIN

DA AN I B L Y I B (3
n=1 n=1 n=1 n=1

Jdema 4. Axuwpo SNo(A)=D, SNo(B)=D,mo Q° = X_(A), Qf? =X, (B) .

Toenennst. Jlosenemo, mo Q¥ = X_ (A). Buacinox 36ixmocti psigy Z:; 1||Af || mocimoB-
nictp {|| A"z||, n>1} obmesxkena aist koxnoro ze€ X _(A),aorxke, X (A)c 0.

Takox y Bunazky, kom z € X, (A) QB , MATIIMEMO

Izll=1 A A% | <I AT [Fsup Afz 0, n— oo,
OCKiIbKH P 2:21!\%1;" | 36iraerbest. Takum ansoM, z=0 1 Q =X (A).

osenemo, mo Q? =X, (B). Hexaii z € X, (B). Ockinbku X, — inBapianTHUii 1pocTip Bix-
HOCHO oriepaTopa B, To a (V, 0, z): Bi_i z st KoskHoro v < 0, mpryomy sup || BX_12 || <eo. Tomy
2€Q% Orre, X, (B)cQ". v

Hexait z€ X_(B)N Q? . ITosnauumo yepes P_B,P+B npoekropu B X Ha X_(B), X, (B), 1o Bizi-

nosizaiots 306paxkentio X = X (B) + X, (B). Toxi ams koskroro v < 0

I z|=)| B¥* PBa(v,0,2)||<|| BY|-[| P || -sup | a(k, 0, 2) || = 0, v— —oo,

<1

OCKIJIBKY P Z _1]|Bf || 36iraetbes. Tomy z=0. Otxe, Q¥ = X, (B).

n=
OcHosHi pegynbratu. Hexait X = Qg + Qg . 3aikcyemo obmeskeHy ocioBHICTD ¥ = {Y,,, n € Z}

i mokmmazemo ||y |, =suplly, ||. Buacmigok jremu 2 eneMenT ¥, i€l MOCTITOBHOCTI €AUHUM YK~
nez
HOM 300paKy€Thesl y BULTIS Yo = Yo + Y » 1€ Yo € Q(_), Yy € QE . [Toznaunmo gepes P P+0 TTPOEK-
Topu B X HA MANPOCTOPU Qf) , Q(: , IO BiAMOBi1at0Th 300pakeHHI0 X = Q? + QE , P4, Pfl — TIPOEK-
topu B X na X_(A), X, (A), mo Bianosigaiots 300paskentio X = X (A) + X, (A).
[Toxkmagemo s koxHOTO 72 > 1

Pl =A"PlA"P{, P'=1-P!; P"=B"P.B'P’, PI"=I-P" (4)
-1 oo
xy =P+ Y POBMPEy -3 PPAYPy,; (5)
V=—oco v=1
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n—1 0 oo
Vn>2:x, = 3 ATRPry 4 3 AP POBNIPEy N PITAYTIVP Ay, (6)
v=n

k=1 V=—co

n—2
vn<0:x, =P" 1y, (+ Y proipMn-ipBy pniphy
V=—o00
in| p—1 1 © ni-lp 14—V pA
—B+|n|P+ Y_1—...— B P, '"'y_|n| - 2 B P APy, @
v=1
OcHoBHI pe3yabratit pOOOTH MICTSITh HIKIeC(hOPMYIHOBAHI TBEPIIKEHHS.
Jlema 5. IIpunycmumo, wo 6UKOHYIOMbC MAKL YMOBU:

(i) 6(ANS=D,6(B)NS=D;
(i) X=X_(A) + X,(B).

To0i Q° = X_(A), Q,e =X, (B) ipsiou 3 (5)—(7) abcomommno 36izaiomvcsi 3a HOPMOIO Ma 3a0a1omv
gionogionui obmedcenii nocrioosnocmi {y,,ne Z} obmexncenuii pose’s3ox {x,,ne L} pisnsums
(7). Ieii pose’sisox eOunuil y kaaci ecix oomexncenux 6 X nociidosnocmei.

HoBenennst. PiBHOCTI MHOKITH QE) =X_(A), Q? = X, (B) cIpaBmKylOThCS BHAC/LIOK JIeMU 4.
JoBeneMo, 110 JUisi BU3HAYEHUX 32 J0MOMOroio (4) npoekropiB nocruigosuicts {|| P ||,n>1} €
00OMEKEHOTO.

Cmpaszi, P?+P% =1, upmaomy P° npoexrye ma X _(A), a omxe, P = A"(I-P°)A"PA =
= PA — A" PO AZ" PA st nosinbioro n > 1, 3ikn

A 0 A -

[P NI<IPE+ (TP (]| P ][ -sup | A7 |-sup [ AT

n>1 n>1
Tyt sup|| A" ||< oo, sup || A[" || < e BHACTIHOK 36iKHOCTI psiztiB (3).

n>1 n>1

Awnagioriuno nocigossicts {|| P77 ||, n>1} € oOmeskeHow.

Tomy, 3 ypaxysautsm (3), psiau i3 (5)—(7) 36iraioTbest abCOTIOTHO 32 HOPMOIO 1 TTOCJIiI0B-
HicTh {X,,n€ Z} ¢ 0OMexKeHOIO.

BesnocepeHboIo 1Mi/ICTAHOBKOIO 1TEPEBIPSETHCS, 110 BU3HAYEHA 3a ortomMoroio (5)—(7) noc-
JaigoBHicTh {x,,n€ Z} € po3p’siskoM piBHsHHS (1), BiANOBIIHUM OOMEXEHIN ITOCTIOBHOCTI
{Yp neZy.

JloBeieMo €HICTh IHOTO PO3B’sI3Ky B KJIaci ooMeskeHnx y X mocJigoBHocreil. BHacimok Ji-
HilfHOCTI pidHUIIeBOTO PiBHAHHS (1) TOCUTH TIEPEKOHATHCS, IO OJIHOPiHE PI3HUIIEBE PIBHSIHHSI

X, =Ax,, n=>1, x,,=Bx,, n<0 (8)

Ma€ TUIbKY HYJTbOBUI OOMEKEHMIT PO3B’SI30K.

ITepesipumo 1e. Hexait {x,,, ne Z} — odmesxenuit poss’si3ok piBusinus (8), loBeremo cro-
yaTky, o x; = 0. Crpasai, OCKIIbKY IOCTIAOBHICTD {X(, Xy = Ax(, X5 = A2x1, ...} obOMesKeHa, TO
X € QB. Takox x€ Q?, ToMy o x; = Bxy, x, = Bx_{, x_; = Bx_,, ..., IpU4OMY MOCJIIOBHICTh
{.... x_{, Xy, Xy, ...} oOMesxena. Bracinok ymosu (i) X = Q9 + QB ,aorxe, x;=0.

Ockinbkn xy =0, 10 x,,4 =A"x =0 ma koxuoro n > 1. Takoxk BifzBHAYNMO, 1110 SIK 1 7151

x, npu dikcoBanomy k < 0 mepeBipsS€ETbCSA BKIIOYEHHS X, € Q/(: =X, (B). IIpu nupomy 0= X =
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= Bxy=B%*x_; =...= B**' x, spinxu x,€ X_(B). Tomy %} € X_(B)N X, (B), ssiaxn suninsac,
o &, = 0. Takum unHOM, piBHsIHIA (8) Ma€ JIUIIIE HYJIbOBUI 0OMEKEHNUIT PO3B'SI30K.

Teopema 1. Y cxinuennosumiprnomy xomniexcromy 6anaxosomy npocmopi X ymosa 1 euxony-
emuvcs moodi i minvku mooi, Koau suxonyromscs ymosu (i), (i) remu 5.

Arwo ymosu (i), (ii) suxornyromocsi, mo 8ionosionutl oomedxcenii nocrioosnocmi {y, , ne Z} eou-
Hull obmedcenuil po3e’s3ox {x,,, ne L} pisnuyesoeo pisusmuns (1) susnavaemocs gpopmynamu (5)—(7).

Teopema 1 € nmpsimum Haciakom jem 1—35.
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ON THE BOUNDED SOLUTIONS OF A DIFFERENCE EQUATION
WITH VARIABLE OPERATOR COEFFICIENT

We study the problem of existence of the unique bounded solution of a difference equation with variable operator
coefficient in a finite-dimensional Banach space.
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