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(IIpedcmasaeno waenom-kopecnondernmom HAH Yrpainu A. H. Kouwybeem)

Zlosedero ichysanHa ma edunicmsd po3e’ a3y dearozo dpob06020 JUPEPEHUIANDHO20 DIGHAHHA.
3a donomozoro memoda Bimana—Baaipona 3natideno nopadox 3pocmanna po3e’asky.

Karouost caosa: npobosa noxigHa, qudepeH iaibie piBHAHHS, i1a QyHKIiA, MeTox Bimana—
Bausmipona.

Hpobosi qudepeHIiiaabHi piBHSIHHS IITIPOKO BUKOPUCTOBYIOTH y (Di3UII JIJIST MOJIETIOBAHHST SIBUIIT

aHoOMaJIbHOI pesakcaril ta audysil. [Ipore BuBYeHHsT MaHUX PIBHAHDb 3HAXOAUTLCS HA MMOYATKO-

Biit cTail po3BuTKy. CrcTeMaTHIHUN PO3BUTOK aHAITUIHOI Teopil ApoOOBUX AuepEHITiaTbHIX

PiBHSIHb po3movaBcst TIbKU HegaBHO B npaigx Kinbaca, Pieepo, Tpyxinso, Kouybes [1-3].
Binomo [4-6], mo koxkuuil HeTpuBiaJbHUiT PO3B’'SI30K DIBHSAHHS

f9®2) +a(2)f(2) =0,  q€N, (1)
Je a(z) — 1oJiiHOM crereHsi m, € 1o dyHKIiiew nopsaky p[f] = 1+ m/q,

plf] = lim sup Inln M(r, f)

r—00 Inr

o M(r, f) = max{[f(2)[: [2] = 7}

3 inmoro 60Ky, /s Heniaux 3uadens ¢ € (0,1) piBusnus (1) 3 a(t) = A(t?), ne A — noninom
creneHst m, JOIycKae po3s’s3ok surysmy f(t) = v(t?), t > 0, ne v — uina dynkiis 3 plv] <
< (1+m)/g 3]

Posriisinemo npobose mudepentiianibie piBusiaasg y dopmi

DI(r1f(2))

. +a(2)f(z) =0, z € C, |z| =, (2)

ne Koedinienr a(z) € uinowo dyukuieo, ¢ > 0 i
Df(2) = Df(z) —~ T(q + 1)£(0), (3)

a DY — npobosa moximma Pimama-Jliysimms 3a sminnoo r. 3oxpema, D(rf(2)) = (zf(2)),
I'(q) — ramma-dynkuis Eitrepa. ¥V naniit po6oTi Mu J0BOJMMO iICHYBAHHS Ta €JIUHICTb PO3B A3KY
piBHsiHHs (2) 3 nouarkoBoo ymoBowo f(0) = fo i OIiHIOEMO 3pOCTaHHSI IUX PO3B’S3KiB, BUKOPU-
CTOBYIOUH y3araJibHennit Hamu Merol Bimana—Bastipona 1jist 1pob0BUX MOXiTHUX.
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1. [dpo6osa noximna Pimana—Jliysisuis. Hexait f € L(0,a), a > 0.

py L[St
s )‘r<q>0/<x—t>1—q

€ apobosuM inrerpasom Pimana—Jliysiwis nopsiaky g > 0 s f. ko, kpim Toro, ¢ € (n—1,n),
n € N, a dyuxiisa (I"_qf(:n))(”_l) Mae maifizke ckpisb Ha (0,a) mOXijHy, TO ApobOBa MOXiIHA
Pimana—Jliysimas nopsaaxky ¢ > 0 mist f BH3HAYAETHCST TAKAM IHHOM:

qu(:c):dd%{fnqu(w)}, g€ (n—1,n], n € N.

Bokpema, skio 0 < ¢ < 1, To

Dif(a) = /
0

I'(1—gq) %
JpobGosa noxigHa Mae Taky BiacTusicTb |7]:

LT s
D1 -1 _ _~\F) _B—q-1
R (R S

Tomy npoboBa moximna s 1ol ByHKINT f, Ky MOXKHA 300pa3uTH Y BULISIL PSIY

q,3>0. (4)

o .
= Z anz", z=re? € C, (5)
n=0

BUSHAYAETHCA TaKUM YHHOM:

12|9D9f (= Za” I'(n+1) o
(n+1—gq)

Bayeaoicenns 1. Anasor oneparopa D(rff (re')) moxkua smaiitu y [8, pos. 9]. Hame osna-
wenns 3abesneuye pisuicts D(rdf(re'?)) |,—o= 0. Hagpmicts Mioxuuka r¢ 10380/151€ 36epertn
AHAJITUIHICTD.

2. Y3zaragbHeHHsI MeToay Bimana—Bamipona ans apoboBux moximHux. Beememo
ocHOBHI moHsTTsI Teopii Bimana—Basipona |9, 10]. s winol dyskiil f Burusyty (5) npu r €
€ [0,400) osnaunmo MaxkcuMasbhuit wien p(r, f) = max{|a,|[r": n > 0} i nenrpanbunii injgexc
v(r, ) = max{n > 0: [anr™ = p(r, )} pany ()

Hexait (ay,)o” — HOCJIOBHICTD JOJATHAX HYUCEJ TAKHUX, IO (in4+1/0p, CHAJAE 13 3pOCTaH-
HSAM 7, & MOCJIOBHICTD Yucest (0y ), 3POCTAIOYNX i3 3POCTAHHIM 71, BU3HAYUMO TAKUM THHOM:

Q@ Qn—1 Qi

0< o0 < —, < on < )
a1 (679 Ap41

n > 1.

Byznemo kasaru, mo 3HaYeHHs T € HOPMAJbHUM (JUIsi TOCTigoBHOCTEH (ayn), (o) 1 (on)),
SIKITIO JIIST JIESIKOTO U BUKOHYETHCS

n
v On0y

ll’
vy

lan|r"™ < |ay|r n = 0.
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Yepes V' nosHaunMo KJac J0JaTHUX HEIlePEePBHUX HecnaHuX dyHKIin v Ha [0, +00) Takux,
+00
mo x2/(v(z) Inv(z)) spocrae 1o +oo upu x € [zg; +00), 29 > 0,1 [ dr/v(z) < +oo. Haupuk-
0
nan, dyskmiz v(z) = zIn" Mz, £ > e, v € (0,1), mamexuTs 10 KIacy V.
Teopema 1 [11]|. Hexat v € V i x(t) = 4y/v(t) Inv(t). IIpunycmumo, wo f € yinoro Pyrx-
UIEI0, BHAYEHNA T € HOPMAALHUM | JOCTNAMHBLO BEAUKUM, |20| = T, | 6UKOHYIOMBCA HEPIGHOCTNE

[f(z0)| = nM(r,f), v 2(v(r, f)) <n <1,

T(l_zl()%l(y)><g<r(1+40%l(y)>’ v=u(rf).

Todi, axwo q > 0, das |z| = 0 maemo

(&) 061 = 100+ o 2 )sten )
Bowpesa, awuo no — Inr = o(1/5(v)), mo

Mo, 110 = () {1+ 0 (2 ) farto.n) = v oty (£) artr) )

KOAMU T —> +00 N03G MHOACUHONW CKIHYEHHOT Ao2apudminnol mipu E, mobmo f dr/x <
EN[1,4+00)

< +o0.
Saysaorcennsn 2. DU(o? f(z)) Mae Taky camy acuMITOTHYHY OIIHKY, sik 09 DY f(z), To6T0 B y™MO-
Bax Teopemu 1 Juis |z| = o Maemo

D) = (1) + o e ). ®)

KOJI 1 — +00 11038 MHOXKHMHOIO CKiHYeHHOI jiorapudmidHol MipH.
Saysaorcenns 3. Teopema 1 ysaranbHioe Ha JpoboBi 1oxigui Teopemy 12 3 [10].
3. Orinka 3pocTaHHs PO3B’A3KiB Ap0o0OBUX AU epeHIiaIbHNX PiBHIHbD.
Teopema 2. Hexati q > 0. Pisnanna (2) 3 nowamxosoro ymosoro f(0) = fo mae edunud
Utaul Po3e’aA30k.
HoBenenns teopemu. Mu mykaruMemo il po3s’si3ok piBHsiHHs (2) y Burisii f(z) =

oo
= Y fnuz™. Yci koedinienru fy,, n = 1, MoxKyTh OyTH Bu3HaUeH] yepe3 KoebIII€HTH ay, PO3KIIALY

oo
B psa Teitmopa dynxmii a(z) = 3 apz* i 3 pismsamms (2) — xoedimient fo. Crpasm, 3 (4)

OTPUMYEMO

15"(7“‘1f(2))=5q<2fnrn+qem"> an ”*q“) 2" —T(1+q)f(0).

n=0

[Ticos mizcTaHOBKY MONEpeIHBOT PIBHOCT] B piBHSAHHSA (2) OI€p:KIMO
(n + q —i— 2) n
I R I WA ©
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[TpupisasBIM KoediieHTH NpU OJHAKOBUX creneHsx y (9), samumemo

__T@ .
f1——maof07
r'(3)
fo = === (foa1r + fiao);
r'3+q) (10)
+1) &
fj:_ ]il—Fq kaa] k-

Otxke, posp’sizkoMm piBHsiHHs (2) € dyHkuis f(z) 3 koedinienTamu, BU3HAYEHUMHU (DOPMYyIIa-
yu (10). Crpykrypa dopmyn (10) mokasye, 1o Bci koedinienrn f, € noninomamu Bin aj, j €
€{0,...,n — 1}, ta fp i, oTKe, BU3HAYEH] €MHUM YUHOM. SAJIUIIUIOCS I0OKA3ATH, 10 BYHKIIis
f(2) 3 xoedinientanu (10) e 1imoro.

Ockisbku dyHKIs a(z) € 1inowo, To st OyIb-sKoro € icHye ko Take, mo Jyisi Bcix k > ko
BUKOHYETbCst v/ |ax| < € i, oTike, |ag| < . Bpincn BuumBae, mo icuye crama M Taka, mo s
Oyap-siKoro k € Z

\ak\ < M1€k. (11)

3riIHo 3 aCUMITOTUYHOIO OIHKOI0 raMMa-(pyHKITH, a came
I(t+a) b 1
—==t"""(14+0(-) |, t— ) ba € R,
T(t +b) O oo “

icuye cranma My Taka, 1m0 Jisd Bcix j € N
rg+1 M.

ﬂ <22 (12)
FG+1+q) = j¢

[Mosnauumo oy, := MMy /ni n € Z; i|fo] = Co. Merogom MareMaTnaHOl IHAYKIIT I0BEIEMO
Terep, IO CIPaBEJINBOIO € TaKa OIiHKa Jyisd KoedilienTis f;:

j—1
15l < Coay [J(e+am),  jEN (13)

n=1
Cupasni, Bpaxosytoun uepisuocti (11) 1 (12), mus j = 1 maemo

I'(2 M-
@) )aofo < T;COMl = Cpaq.

M R

[Tpunycrumo, o mis gesikoro j € N Bukonyernest Hepisaicts (13). Toui

I'(j+2) Mo

it1| = |- =——=——aofj tarfj-1+...+aj-1f1 +a; < — X
| fiv1] ‘ F(]+2+q)( ofj +a1fj—1 j—1f1 + a;fo) CET

j—1 Jj—2
X (Mlcoaj H(E—Fan)—FMlCanOéjfl H(s—l—an)+. . .—|—M1008‘7_1041—|—M100€J) =

n=1 n=1
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Jj—1 Jj—2
= Coaj+1 <O¢j H(& + Oén) +eaj—1 H(E + an) + ...+ gJ—lal + 53> =

n=1 n=1

J
= Cojq1 H(€ + ay).

n=1

OcranHio piBHICTb HECKJIAJHO TEPEBIPUTH 38 1HJIYKIIIEIO.
Orxe, HepiBHicTb (13) M0BeeHO MOBHICTIO. 3 11i€] HEPIBHOCTI OE€PKUMO

j—1 j—1
In|fj| <InCy+ Ina, +;<1ne+1n<1 + O‘g”)) =InCo+O(nj)+ (j —1)e +;0? =

=jlne+O0(nj) + 03G9 = (1 +0(1))jlne.

BBigcu gt j > jo maemo In|fj|/j < 2lne. 3 gosinbHocTi € onepxkumo, o In | f;|/j — —oo

(j — 0), a Ie eKBiBaJIEHTHO TOMY, IO m — 0 mpu j — +00.

Omxke, dyukiis f(z) 3 koedinienramu (10) € 1o i Teopema JoBeeHA.

Teopema 3. Hexati a(z) € noainomom cmenens m = 0. Todi eci nempusianvri pose’sasku f
pishanna (2) maroms nopadox spocmanns o[f] = (m+1)/q.

st noBeseHHs 1i€l TeopeMu HaM MOTPIOHI TaKi TBEPIKEHHS.

Jlema 1 (mema 1.1.2 [10]). Hezadi g: (0,+00) — R, h: (0,400) = R — wmonomonni spocma-
1w Pynruii maxi, wo g(r) < h(r) nosa sunamxosoro mruoscunoro E ckinuennoi aozapudmivumoi
mipu. Todi daa 6ydv-axozo o > 0 icnye ro > 0 maxe, wo g(r) < h(r®) suxonyromovca daa ecix
r > 19.

JIema 2 (reopema 3.1 [10]). Hxwo f € uinoro pynruyicto nopadky o, mo

+ + 14+
olf] = timsup P g g IR )
r——+o00 Inr r—+oo Inr

HoBenenns teopemu. 3anumieMo piBHsiHHs (2) y BUIVISAI
DU(rif(2)) + za(z) f(2) = 0. (14)

Hexait f(z) € merpusiampbanm poss’sskoM (2) i v(r) — menrpasbuauM ingekcom f. 3rigmHo
3 Teopemoro 1 i 3ayBaxkenusim 2, Hexait F C Ry € MHOXKWHOIO CKiHYEHHOI JiorapudMiaHOl Mipu
TAKOIO, IO

DU(rif(2)) = v(r)!(1 4 0(1))f(2) (15)

BUKOHYEThCsI Jjist 7 = |z| & F, ne z Bubpane rak, mob f(z) = M(r, f). IligcraBusium pisuicrs (15)
y piBusnHs (14), omepKumo

v(r)? + (agz + a12° + ... + anz™ ) (1 4+ 0(1)) = 0. (16)
3sincu
1
v(r)? = v(r)|? =lapz + a2’ + ...+ amzm+1| |1+ o0(1)] > Z|am|rm+1,

r — 400, r¢ E.
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Omr:ke, 6epyun J10 yBaru Jiemy 2,

Int v (r) < m+1
Inr =~ ¢

o(1)

In* 1
lim sup In” v(r) =olf] = mt .
r—oo  Inr q

3 immoro 6oky, 3 (16) mMaemo mast gesskoro K > 0

v(r)? < K2l

11038 MHOXKUHOIO CKiHdeHHO! Jjiorapudmianol mipu. s o > 1 3 jiemun 1 BuiinBae, o

v(r) < Kr® a

ST BCIX r JOCUTH BeIUKHX. TakKuM IHHOM,

In* 1
lim sup n v(r) < am+ .
r—00 Inr q

Ockinbku o > 1 € IOBLIBHEM, OTPUMAEMO

olfl < mrl
q
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Poct pemiennii 1pobubix quddepeHnnaaibHbIX YpaBHEHUN

Hoxazano cyuecmeosanue u eQUHCMBEHHOCMb PEUEHUA HEKOMOPo20 dpobrozo Juddepeniuans-
no20 ypasuenus. C nomouwpro memoda Bumarna—Basupona natiden nopadox pocma peuwerus.

Karouesnie caosa: npobHas mpousBoaHast, 1nddepeHnaIbHoe ypaBHeHne, meaas QyHKII, Me-
Toy Bumana—Basupomna.
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Growth of solutions of fractional differential equations

We prove the existence and uniqueness of a solution of some fractional differential equation. With
the aid of the Wiman—Valiron method, the order of growth for the solution is found as well.

Keywords: fractional derivative, differential equation, entire function, Wiman—Valiron method.
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